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DYNAMICS OF A KIGID BODY. 

CHAPTER I. 

ON MOMENTS OF INERTIA. 

Sect. I. Elementary Properties. 

1. Def. 1. If the mass of every particle of a material 
system "be multiplied by the square of its distance from a 
straight line, the sum of the products so formed is called the 
moment ofiri^rtia of the system about that line. 

Def. 2. If Jf be the mass of a system, and k be such a 
quantity that Mi^ is its moment of inertia about a given 
I straight line, then k is called the radius of gyration of the 
i system about that line. 

Def. 3. If two straight lines Ox, Oy be taken as axes, 
and if the mass of every particle of the system be multiplied 
by its two co-ordinates a;, y, the sum of the products is called 
\h.Q product of inertia of the system about those two axes. 

Let a body be referred to any rectangular axes Ox, Oy, 
Oz, meeting in a point 0, and let x, y, z be the co-ordinates of 
any particle m, then, according to these definitions, the 
moments of inertia about the axes of x, y, z respectively will be 

A^Xm[f'\-z^)\ 
. B:=-tm{z^ + a?)\, 

R. D. 1 



Digitized 



by Google 



2 ON MOMENTS OF INERTIA^ 

and the prodacts of inertia about the axes o{yz^ zx^ xy^ 
D^Xm{yz)^ 

E^Xm{zx), 
F=^%m{xy). 

2. In the particular case of the body beins^ a lamina, 
taking the axis of z normal to the lamina, we have is = 0, 
and therefore 

Hence C^A-\-By or the moment of inertia of a lamina 
about an axis perpendicular to its plane is equal to the sum 
of the moments of inertia about any two perpendicular axes 
in its plane drawn from the point where the former axis meets 
the plane. 

3. Prop. I. Given the moments and products of inertia 
abotU all axes throiiffh the centre of gravity of a body, to 
deditce the moments and products ahout all other parallel axes, 

** The moment of inertia of a body or system of bodies 
about any axis is equal to the moment of inertia about a 
parallel axis through the centre of gravity plus the moment 
of inertia of the whole mass collected at the centre of 
gravity about the original axis/* 

" The product of inertia about any two axes is equal to 
the product of inertia about two parallel axes through the 
centre of gravity plus the product of inertia of the whole 
mass collected at the centre of gravity about the original axi6." 

First, take the axis about which the moment of inertia is 
, required as the axis of z. Let m be the mass of any particle 
of the body, which generally will be any small element. 

Let x^y, zhQ the co-ordinates of m^ 

X, y, z those of the centre of gravity G of the whole 
system of bodies, 

x\ y\ z those of m referred to a system of parallel 
axes through the centre of gravity. 
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ELEHENTABY PJtOPEBTIES. 3 

Then since 

tmx* %my %nz' 

are the co-ordinates of the centre of gravity of the system 
referred to the centre of gravity as the origin, it follows that 

The moment of inertia of the system abont the axis of z is 

Now 2w (? + y^ is the moment of inertia of a mass 2»i 
collected at the centre of gravity, and 2w(a?'* + y'*) is the 
moment of inertia of the system about an axis through O^ 
also Swic' = 0, 2my' = ; whence the proposition is proved. 

Secondly i take the axes of a;, y as the axes about which 
the product of inertia is required. 

The product required is 

^Xrnxy^ 

-2m(5 + aj')(P + y), 

= xy . %n + 2m {x*y*) 

+ xZmy + yXmx' 

= Sy2m + %mx*y\ 

Now xy • Xm is the product of inertia of a mass 2m col- 
lected at O and %imaiy is the product of the whole system 
about axes through <?; whence the proposition is proved. 

4. Let there be two parallel axes A and jB at distances 
a and h from the centre otgravity of the body. Then^ if Jf 
be the mass of the material system, 

moment of inertia) ^tut %_ (moment of inertia j^, , 
about A J "" ^ "" ( about B " 

l—% 
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4 ^ON MOMEKTS OF INERTIA. 

Hence when the moment of inertia of a body about one 
axis is known, that about any other parallel axis may be 
found. It is obvious that a similat proposition holds with 
regard to the products of inertia. . , 

5. The preceding proposition niay be generalised as 
follows. Let any system be in motion, and let x, y, z 
be the co-ordinates at time t of any particle of mass m, then 
dx dy dz ^i • i .^. i d^x d\ d\ . 

dt^ it' ITt ^* *^' velocities, and ^, ^, ^ the ac 

celerations of the particle resolved parallel to the axes; 
Suppose 

Tr ^ J / ^ ^*^ dy ^V dz d*z\ 

to be a given function depending on the structure and motion 
of the system, the summation extending throughout the sys- 
tem. Also let ^ be an algebraic function of the first or 
second order. Thus <f> may consist of such terms as 



Aa?'\-Bx^^'\- C^^+Eyz + Fx' 



where -4, J5, (7, &c. are some constants. Then the following 
general principle will hold. 

" The value of Ffor any system of co-ordinates is equal to 
the value of V obtained for a parallel system of co-ordinates 
with the centre of gravity for origin plus the value of V for 
the whole mass collected at the centre of gravity with refer- 
ence to the first system of co-ordinates." 

For let 5, y, z be the co-ordinates of the centre of gravity, 
and let 

x = X'\-x'y &c. &c.; 

dx _^Sx dx_ o o 

•*• di^di'^'dt'^''' ^"^^ 
Now since <p is an. algebraic function of the second order of 
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ELEMENTARY PBOPERTIES. 5; 

07, -T- , Zfi '^ y* ^^' ^* ^^ evident that on making the above sub-. 

stitution and expanding, the process of squaring &c. will lead 

to three sets of terms, those containing only 5, -i- ., -^ , (See, 

those containing the products of 5, x, &c., and lastly those con-r 

dx L. 

taining only x, — , &c. The first of these will on the whole 

Cut 

make up <f>[xy -rry &c. j , and the last <p (x\ -z- , &c.] . 
Hence we have 

where A^ J5, 6?, &c. are some constants. 

Now the term %m [x-j-j is the same as 52m -^, and 
this vanishes. For since Xmx' = 0, it follows that 
^ dx ^ 

Similarly all the other terms in the second line vanish. 

Hence the value of V is reduced to two tenoB. But the 
first of these is the value of Fat the origin for the whole mass 
collected at the centre of gravity, and the second of these the 
value of V for the whole system referred to the centre of 
gravity as origin. Hence the proposition is proved. 

The proposition would obviously be true if 
d^x ^y d^ 

de ' W df 

or any higher differential coefficients were also present in the 
function V. 
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6 ON MOMENTS OP INERTIA. 

6. Prop. II. Otven the momenta and products of inertia 
About three straight lines at right angles meeting in a pointy to 
deduce the moments and products of inertia about all other a>xes 
meeting in that point. 

"Take these three straight lines as the axes of co-ordinates. 
Let Ay By C be the moments of inertia about the axes of 
XyifyZ) Dy Ej F the products of inertia about the axes of 
yzy zx, xy. Let a, iS, 7 be the direction cosines of any straight 
line through the origin, then the moment of inertia Q of the 
body about that line will be given by the equation 

Q=:^a' + jBj8"+ (>f''2D^'-2ErfaL-'2Fafi:" 

Let P be any point of the body at which a mass m is 
situated, and let a?, y, z be the co-ordinates of P. Let ON be 




the line whose direction cosines are a, ^, 7, draw PN perpen- 
dicular to ON. 

Since ON is the projection of OP, it is clearly 

= a;a + y)8+«7> 
also OP* = aj^+/ + «", 

and l = a' + )8*+7*. 

The moment of inertia Q about ON 
^tmPN^ 
= tm {aj^ + / + s* - (oo; +^y + 7«)*} 
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— i^myz.^y — 2S7?M;aj.7 a— 22ma;y . a^ 
^Aa^ + B^ + 0/ - 2i?i87 - 2^a- 2i^a)8. 

7. This result may be exhibited geometrically; for con- 
struct the ellipsoid whose equation is • 

Then if B represent the length of any radius vector from the 
centre whose direction cosines are a, 0, 7, 

X^Ba, Y=Bfi, Z^By; 

substituting, we have Q = -= . Whence the moment of in- 
ertia about any radius vector from the centre varies inversely 
as the square of that radius vector. 

If this ellipsoid be referred to any other set of axes through 
its centre, the coefficients will be the moments and twice the 
products of inertia about the new axes. For take the Polar 
Equation 

~=u4a' + 2?i8'+ (V-2i)/37-2^a-2jRi^, 

and compare it with the general expression for the moment 
of inertia about the line whose direction cosines are a, ^8, 7. 
Then, since the two results must be the same for all values of 
^> ^9 7j the geometrical meaning of A^ B, (7, &c. is evident. 

Also, if the surface be referred to its principal diameters 
as axes, its equation will be of the form 

AX' + BY'+CZ' = €\ 

and A, B, C being moments of inertia are essentially positive. 
Hence the surface is an ellipsoid. 

Every point of a material system has therefore its cor- 
responding ellipsoid whose centre is situated at that point* 
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8 ON MOMENTS OF INERTIA. 

This is called the Momental Ellipsoid at that point. It is 
also sometimes called Poinsot's Ellipsoid. Wnen the mo- 
mental ellipsoid at any point is determined, the moment of 
inertia about any radius vector from the centre is proportional 
to the inverse square of that radius vector, and the relations 
of these several moments of inertia to each other may be de- 
duced from the corresponding relations of the radii vectores of 
an ellipsoid. 

8. The properties of the products of inertia of a body 
about different sets of axes ai-e not so useful as to require a 
complete discussion. The reader will have no difficulty in 
deducing the following results from the properties of an 
ellipsoid. 

(1) If any point be given and any plane drawn 
through it, then two straight lines at right angles Oa?, Oy, 
can always be found such that the product of inertia about 
these lines is zero. 

These are the axes of the section of the momental ellipsoid 
at the point formed by the given plane. 

(2) If two other straight lines at right angles Ox\ Oy' be 
taken in the same plane, making an angle 6 meaisured in the 
positive direction with Ox^ Oy respectively, then the product 
of inertia F* about Ox!, Oy is given by the equation 

F=isin25(^-J5), 
where A and B are the moments of inertia about Ox, Oy. 

(3) If -4', B be the moments of inertia about Ox, Oy\ 
then the expression AB — F"^ is constant for all positions of 
Ox^ Oy in the same plane, and is therefore equal to AB. 

(4) The value of A'B-F"" is the same for all planes 
through such that the areas of the sections formed by them 
with the momental ellipsoid at is constant. 

(5) For any plane whose equation is 

ic + wy + w« = 0, 
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the value of the product of inertia is given by the equation 

A'ff - i?"" = B.Cf + (7^.m' + A,By, 

where A^^B^^ G^ ?tre the moments of inertia about the prin- 
cipal diameters of the ellipsoid whose centre is at 0, and Z, m, n 
the direction cosines of the plane referred to these diameters 
as axes. 

(6) If / be the moment of inertia about any line in this 
plane making an angle with Ox, then 

/= -4 cos' ^ + 5 sin' 5. 

For the section of the momental ellipsoid by the plane is the 
ellipse whose equation, referred to its principal diameters as 
axes, is 

whence the property follows at once, 

9. Def. When three straight lines at right angles and 
meeting in a given point are such that if they be taken as 
axes of co-ordinates the products 

Xmxy, %ni/z, Xmzx 

all vanish, these are said to be Principal Axes. 

Principal axes can only be defined as a system, and not 



The moments of inertia about the principal axes at any 
point are sometimes called the Principal Moments of Inertia 
at that point. 

10. Prop. III. At every point of a material system there 
are always three principal axes at right angles to eajah other. 

The products of inertia about the axes are half the co- 
efficients of XY, YZ, ZX in the equation to the momental 
ellipsoid referred to these straight lines as axes of co-ordinates. 
Now if an ellipsoid be referred to its principal diameters z& 
axes, these coefficients vanish. Hence the principal diameters 
of the ellipsoid are the principal axes of the system. . But 
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10 ON MOMENTS OF INEBTIA. 

every ellipsoid has at least three principal diameters, hence 
every material system has at least three principal axes. 

If A, By C he the three principal moments of inertia at 
any point, the expression riven in Prop. ii. for the moment 
of inertia about any other line becomes 

11. The positions of the principal axes at many points 
in a body may also be found by inspection. 

Thus the principal axes of an ellipsoid at the centre of 
gravity are its principal diameters. Let these be taken as 
axes, then the sum Sma?|y = 0. For if any element m be 
taken two of whose co-ordinates are a?, y, another element m, 
of equal mass, can be found whose corresponding co-ordi- 
nates are — a?, t/. Hence the above sum for the whole body 
is zero. Similarly 2my«=0, ^mzx= 0, and these, by Art. 9, 
are the conditions that the diameters are the principal axes at 
the centre. 

So also the principal axes at the centre of an ellipse are 
the two principal diameters and a normal to the plane of the 
ellipse. 

By a consideration of some simple properties of ellipsoids^ 
the following propositions are evident : 

Of the moments of inertia of a body about axes meeting 
at a given point, the moment of inertia about one of the 
principal axes is greatest and about another the least. 

For, in the momental ellipsoid, the moment of inertia 
about any radius vector from the centre is least when that 
radius vector is greatest and vice versa. And it is evident 
that the greatest and least radii vectores are two of the 
principal diapieters. 

If the three principal moments at any point be equal 
to each other, the ellipsoid becomes a sphere. Every dia- 
meter is then a principal diameter, and the radii vectores are 
all equal. Hence every straight line through O is a principal 
axis at 0, and the moments of inertia about them are all 
equal. 
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For example, the perpendiculars from the centre of gravity 
of a cube on the three faces are principal axes; for, the body- 
being referred to them as axes, we clearly have 2ma?y = 0, 
tmyz^O, Xmzx^O, Also the three moments of inertia 
about them are by symmetry equal. Hence every axis 
through the centre of gravity of a cube is a principal axis, 
and the moments of inertia about them are all equal. 

12. The reciprocal surface of the momental ellipsoid is 
another ellipsoid, which is called the Ellipsoid of Gyration. 
This secona surface has also been employed to represent, 
geometrically, the position of the principal axes and the mo- 
ment of inertia about any line. 

" To show that the reciprocal surface of the ellipsoid 

is the ellipsoid 

Let ON he the perpendicular from the origin on the 
tangent plane at any point P of the first ellipsoid, and let 
?, w, n be the direction cosines of ON, then 

ON'^a'P + bW + (^n\ 

Produce ON to (? so that OQ = ^^y then Q is a point on 
the reciprocal surface. Let OQ = Ii; 

Changing this to rectangular co-ordinates, we get 

It follows, therefore, that the principal diameters of the 
ellipsoid of gyration are the principal axes of the body, and 
the moment of inertia about the perpendicular on any tangent- 
plane is measured by the square of that perpendicular. 
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12 ON MOMENTS OF INERTIA. 

13. In all the succeeding chapters the moments of inertia 
of several bodies will be so frequently occurring that it will 
be found advisable to commit to memory the following table : 

The moment of inertia of 

(1) A straight line of length 2a 

about an axis through its centre) _ o' 

perpendicular to it ) 3 ' 

(2) A triangle 

about an axis in its plane] 1 fZ — ff 

.1 1 T . r = mass ~ -^ , 

through an angular point) 6 y — p 

where /S, 7 are the distances of the other two angular points 
from the axis. 

(3) An ellipse semi-axes a and b 

about the major axis a = mass —j 

4 

„2 



minor axis b = mass ~; 

4 



aboilt an axis perpendicular to] _ a' 4- J* 

its plane through the centre] ^ 4 

This includes the case of a circle. 

(4) An ellipsoid semi-axes a, b, and c 

about the axis a = mass — - — . 

5 

This includes the case of a sphere. 

(5) A cube whose side is a 

about any axis through its) __ a' 

centre of gravity ) " 6 * 

All these moments of inertia, except that of the triangle, 
are about principal axes at the centre of gravity. Then by 
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13 



Prop. II. we can determine the moment of inertia about any 
other line through the centre of gravity, and by Prop. I. the 
moment about any parallel line. 

14. As the process for determining these moments of 
inertia is very nearly the same for all these cases, it will be 
suificient to consider only two instances. 

To determine the moment of inertia of an ellipse about 
the minor axis. 

Let the equation to the ellipse be 
b 



y 



^1^-^z:^. 



Take any elementary area FQ parallel to the axis of y, then 
clearly the moment of inertia is 

Jo ^Jq 

where fi is the mass of a unit of area. 




To integrate this, put a; = asin^, then the integral 
becomes 






— cos 4<^ , , _ TTO* ^ 



d<\>'- 



16 ' 



/. the moment of inertia = ii'rrah — = mass — . 

To determine the moment of inertia of an ellipsoid about 
a principal diameter. 
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Let the equation to the ellipsoid be 

(^ %t e 

Take any elementary area FNQ parallel to the plane of yz. 
Its area is evidently irPN. QN. Now PN is the value of z 




when y =s 0, and QN the value of y when ;? s= 0, as obtained 
from tne equation to the ellipsoid ; 



a ^ ^ a ' 

•'. the area of the element = — j- {o?^a?). 

Let fjk be the mass of a unit of volume, then the whole 
moment of inertia 

4 - fe' + c* 



'mass- 



J» + c» 
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Sect. II. On the Positions of the Principal Axes of a System, 

15. Prop. IV. A straight line being given, it is required 
to find at what point in its length it is a principal axis of the 
system^ and if any such point exist to find the other tvfoprinci* 
pal axes at thai point* 

Take the straight line as axis of z, and anj point in it 
as origin. Let u be the point at which it is a principal 
aids, and let Cx, Cy' be the other two principal axes. 

Let CO =^h^0^ angle between Cx' and Ox. Then 



\ 



a?' = a? cos tf + y sin ^1 
y == — a; sin d +y cos 6^ 
z* ^z^h 
Hence 

2wa;V = cos tf 2wa:;5 + sin ^ S'wy^l 

-A(co8d2ma?+sin^2?wy)J "" ^^^ 

Xmy*z* =s — sin tf %mxz + cos tf Xmyz\ __ . . 

- h{-Am0Xmx + cos ei^my)}" ^^ 

Xmxy^tm(/-a?)^^^+tmxycoa20^O (3) 

The last equation shows that 

•-^'-sIf^ » 

2F 

according to the previous notation. 

The equations (1) and (2) must be satisfied bj the same 
value of A. This gives as the condition that the axis of z is 
a principal axis at some point in its length, 

Xmxz Xniy = %myz %mx. 
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16 ox MOMENTS OF INERTIA. 

Substituting in (1), we get 

nJ^y±^^ 

The equation (5) expresses the condition that the axis of z 
should be a principal axis at some point in its length ; and 
the value of h gives the position of this point. The positions 
of the other two principal axes may then be found by equa- 
tion (4). 

To determine the geometrical meaning of this condition, 
take the plan^ of xz to pass through the centre of gravity of 
the body. Then we have ^my— 0, and the eiquation becomes 

'%mx %myz = 0. 

One of these factors must be zero. In order that A may be 
finite, we must have Xmyz = ^, Construct the momental 
ellipsoid at the centre of gravity. By Art. 7 its equation re- 
ferred to axes of co-ordinates parallel to Cx^ Cy, Gz, is 

according to the previous notation. The coefficient D of YZ 
is zero, because by Art. 3 

%myz = i> + Xm .yz. 

The equation to a section parallel to the plane yz is 

BY'+CZ' = €\ 

which is an ellipse referred to its principal diameters as axes. 
Hence, in order that a straight line may be a principal axis ^t 
some point not infinitely distant, it must be parallel to one of 
the principal diameters of the section of the momental ellip- 
soid at the centre of gravity, made by a plane perpendicular to 
the plane containing the axis and the centre of gravity. 

16. If Xmxz = and Xmyz = 0, the equations (1) and (2) 
are both satisfied by A = 0. These are therefore the sufficient 
and necessary conditions that the axis of z should be a prin- 
cipal axis at the origin. 
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ON PRINCIPAL AXES. 17 

If the system be a plane lamina and the axis of ;:; be a 
normal to the plane at any point, we have « = 0. Hence the 
conditions ^mxz^O and Swya = are satisfied. Therefore 
one of the principal axes at any point of a lamina is a normal 
to the plane at that point. 

In the case of a surface of revolution bounded by planes 
perpendicular to the axis, the axis is a principal axis at any 
point of its length. 

17. Again equation (4) enables us, when one principal 
axis is given, to find the other two. If ^ = a be the &st 

value of 0, all the others are included in d = a -|-n — ; hence 

all these values give only the same axes over again. 

18. Since (4) does not contain A, it appears that if the 
axis of 2; be a principal axis at more than one point, the 
principal axes at those points are parallel. Again, in that 
case (5) must be satisfied by more than one value of h. But 
since h enters only in the first power, this cannot be unless 

%mx = 0, Swiy = 0, 
%mxz = 0, • ^myz = ; 

80 that the axis must pass through the centre of gravity and 
be a principal axis at the origin, and therefore (since the 
origin is arbitrary) a principal axis at every point in its 
length. 

If the principal axes at the centre of gravity be taken as 
the axes of x, y, z, (1) and (2) are satisfied for all values of h. 
Hence, if a straight line be a principal axis at the centre of 
gravity, it is a principal axis at every point in its length. 

In many Dynamical investigations it is necessary to 
blow the positions of the principal axes at any point of 
a body, and for this purpose the following rules will be 
Twefol. 

B. D. 2 
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18 ON ;moment8 of inebtia. 

19. Prop. V. CUvm the positions of the principal axes 
Ox, Oy, Oz at the centre of gravity O, and the moments of 
inertia about them^ to find the positions of the principal oicca 
at any point P in the plans of xy, and tlie moments of inertia 
about those axes. 

Let the mass of the body be taken as unity, and Ipt A, B 
be the moments of inertia about the axes Ox^ Oy, of which 
we shall suppose A the greater. 

Take two points 8 and H in the axis of x on each side 
of the origin so that 

Then because these points are in one of the principal axes at 
the centre of gravity, the principal axes at 8 and H are 
parallel to the axes of co-ordinates, and the moments of 
inertia about those in the plane of ay are respectively A and 
B+08l^*=^A, and these being equal, any straight line 
through /8 and H in the plane of xy is a principal axis at 
that point, and the moment of inertia about it is equal to A. 

If P be any point in the plane of xy, then one of the prin- 
cipal axes at P will be perpendicular to the plane xy. For 
if ^, ; be the co-ordinates of P, the conditions that this line 
is a principal axis are 



Sm{x—p)z = 0\ 
Xm{ 



'{x—p)z = 0\ 
^(y-})i5 = or 



which are obviously satisfied because the centre of gravity is 
the origin, and the principal axes the axes of co-ordinates. 

The other two principal axes may be found thus. If two 
straight lines meeting at a point P be such that the moments 
of inertia about them are equal, then provided they are in a 
principal plane the principal axes at P bisect the angles 
between these two straight lines. For if with centre Pwe 
describe the Momental Ellipse, then the axes of this ellipse 
bisect the angles between any two equal radii vectores. 
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. ON PBINCIPAL AXES. 19 

Join SP and HP; the moments of inertia atout fiP, HP 
are each equal to -4. Hence, if PG and PTare the internal 




and external bisectors of the angle 8PH; PG, PT are the. 
principal axes at P. If therefore totth S and H as Jbci we 
describe any ellipse or hyperbolay the tangent and normal at 
any point are the principal axes at that point. 

20. Take any straight line MN through the origin, 
making an angle 6 with the axis of a?. Draw SM, HN per- 
pendiculars on MN, The moment of inertia about it is 

= ^cos'^ + Psin'(? 
= il-.(^-5)sin'^ 
^A^08Bine\^ 
^A--8M\ 

Through P draw PT parallel to MN, and let iSFand HZ 
be the perpendiculars from 8 and JSTon it. The moment of 
inertia about PT is then 

= moment about MN-{- MY* 

^A + (MT^8M)(MY+8M) 

^A + 8Y.HZ. 

In the same way it may be proved that the moment of 

2—2 
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20 ON MOMENTS OF INERTIA. 

inertia about a line PG passing between H and 8 is has 
than A by the product of the perpendicidars from 8 and H 
onFG. 

If therefore with S and H cis foci we describe any elli^ 
or hyperbola^ the moments of inertia about any tangent to e%\ 
of these curves is constant. 

It follows from this that the moments of inertia about the 
principal axes at Pare equal to 5-1- [ =| J . 

For if a and b be the axes of the ellipse we have 

a^^b^^OS'^A-'B, 
and hence 

and the hyperbola may be treated in a similar manner. 

21. Prop. VI. Oiven the positions of the principal asces 
Ox, Oy, Oz at the centre of gravity O, and the moments of 
inertia A, B, C about them^ to find the positions of the princi- 
pal cuces at any point. 

Let the mass of the body be taken as unity, and let j?, j, r 
be the co-ordinates of P. About the point P describe the 
Momental Ellipsoid. Its equation referred to axes through 
Pas origin parallel to Oa?, Oy, Oz is known to be 

A'X' + BT+C'Z'-'2 {Xmy'z') YZ-- 2 {tmz'x') ZX 

''2{tmx'y^XY^e' ...(1), 

where x\ y\ z are the co-ordinates of the particle m referred 
to axes through Pparallel to the axes of co-ordinates. Now 
by Prop. I. 

^my'z* = gr^ %mz'x'^rp, ^mx'y'^^pg 1 . . 
:4'=;^+/+r», ^=:P + r»4./, (7=C+y + jr*'^^\ ' 
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Hence the equation to the ellipsoid becomes 

A^X'+BY^^ G'Z^^2grYZ^2rpZX 

-2pyXr=€* (3). 

Suppose that this ellipsoid when referred to its principal 
axes is 

Then 7^, J^, I^ are the roots of the Discriminating Cubic 

(J- A) (7- B) (7- C) - j»r» (7- A) - r'/ (7- B) 

-i>V(^- C')-|-2;>Yr* = (4). 

And if ?, w, n be proportional to the direction-cosines of the 
axis corresponding to anj one of the values of 7, their values 
may be found from 

-47 — jjg^.m — ^r.w = 7.Z 1 

Em— qp.l — qr.n =7.m> (5). 

Cu'-rp.l "rq.m^ I.n] 

Now the centre of gravity being the origin, consider the 
ellipsoid whose equation is 

and suppose the point p, q, r to be situated on this ellipsoid, 
hence 

^'44=' («5- 

The normal to this ellipsoid at the point ^, q, r may 
be made to coincide with one of the principal axes at that . 
point. 

For the direction- cosines of the normal are respectively 
proportional to 
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"22 ON MOMENTS OF INERTIA. 

Substituting these in equations (5), and rememtering 
equation (6) we get 

= ^+^«4-2» + r«-aM)j(2). 
Similarly 7^ = 5+^*-!- j* + r'- J', 
/,= C-|.y + j« + /-.c*, 

from the second and third. That these equations may coexist, 
we must have 

a*-u4 = J*-5 = c*-(7 (7), 

or the ellipsoid must be confocal with that whose equation is 

3 + 5+^-^- 

Again, equation (4) will be satisfied by this value of /, 
for it may be deduced from (5) by elimination of Z, w, n. 

Similarly it may be shown that the other two principal 
axes at P are normals to the other two confocal surfaces of 
the second order*. 

As we shall have to make frequent reference to these sur- 
faces we shall call them the '^ subsidiary " surfaces of the 
second order. Calling each of the quantities in (7) X, their 
general equation will be 

^ , ft , ^' _. 

and X is the variable parameter that determines the particular 
ellipsoid under consideration. 

The ellipsoid that corresponds to X = is evidently the 
ellipsoid of gyration. 

22. We know that the lines of curvature on an ellipsoid 
are the curves in which it is intersected by confocal surfaces 

* This result was given by Prof. Thomson in the CamJbridge and JhM^ 
MathemaHecU Journal, 1846. 
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ON PBINCIPAL AXES. 23 

of the second order, and that the tangents to the lines of cur- 
vature meeting in any point are parallel to the axes of the 
diametral section made oy a plane parallel to the tangent 
plane at that point. 

Hence if through any point we describe the subsidiary 
ellipsoid, the principal axes are the normal to the ellipsoid at 
thai point, and the tangents to the lines of curvature, or which 
is the same thin^, parallels to the axes of the section parallel 
to the tangent ptane. 

23. Prop. VII. To find the moments of inertia about 
the three principal axes meeting at a point whose co-ordi- 
nates arep, q, r. 

The values of / given by equations (5) are the squares of 
the reciprocals of the axes of the momenta! ellipsoid at the point 
P. Hence the values of /given by (5) are the required moments 
of inertia. Let P be the length of the radius vector drawn 
from the centre of the "subsidiary" ellipsoid to the point 
(p, gr, r). Let Q and JR be the lengths of the axes of the dia- 
metral plane of the radius vector P. The equation to this dia- 
metral plane is 

and the direction-cosines of one of the axes of this section 
are proportional to 



(2«-a-' g»-&»' (2'-c^' 
Hence substituting in (5) 

= u4 + p*+2* + r' 
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Now the equation for finding the axes of the section is 



mnltiplj this eqiiation bj Q, and sabtiact from it 
and we get 



2' + 2! + !^ = l. 



Hence /,= ^ + y' + 2* + r^+ ^-a' 

, Simnarly I^^F'+B^-X. 

And the value of/., the moment of inertia about the normal, 
has been already soown to be 

We can deduce from these equations 

/, + /, + /, = .4 + 5+C^+2P«, 

/, + /,-/i = ^ + 5+ (7+2X. 

The last result is constant for all points on the subsidiary ellip- 
soid. 

24. Prop. VIII. To find the carves on the subsidiary 
ellipsoid through a given point at which the principal moments 
of inertia are equal to those at the given point. 

First, all those points at which the principal moment 
about the normal is constant, are found by making I^ constant. 
This gires P constant, and hence the required curve is the 
intersection of a sphere with the ellipsoid. This curve is well 
known to be the spherical ellipse. 
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ON PKIKCIPAL AXES. 25 

Secondly, those points at which the principal moment 
about a tangent is constant are found by makmg I^ ox I^ 
constant. 

Let n be the length of the perpendicular from the origin 
on the plane that contains the axes 1^,1^, then 

Also P'+(7 + i? = a' + J* + c'. 

Hence /, = P'+ ^ + 5»-\-5« 

and /, = a' + J« + c«^X-^. 

If any line of curvature be taken on the ellipsoid the tan- 
gents are all principal axes at the points of contact, and (as is 
proved in all books on Solid Geometry) along that line 

Q.Il = constant. 

Hence the moments of inertia about the tangents to any line 
of curvature are equal. 

In the plane that contains the axes 1^,1^, and through 
their point of intersection draw any straight line making an 
angle if) with the axis i^. Then the moment of inertia aoout 
this line is 

/= ij, cos'<^ + It sin^<f> 
= P"-X+^cos»<^ + ^sinV 

where D is the radius vector, parallel to the axis /, of the 
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26 ON MOMENTS OF INESTIA. 

section of the ellipsoid made by a plane drawn through the 
centre parallel to the tangent plane at the point P. 

But if any geodesic line be drawn on an ellipsoid, and if 
D be the semi-diameter of the surface parallel to any tangent 
to the geodesic line, and 11 the perpendicular on the tangent- 
plane to the ellipsoid at the point of contact of the tangent, 

ni) = constant. 

Hence the moments of inertia about the tangents to any 
geodesic line on the ellipsoid are equal. 

25. The locus of all those points at which one of the 
principal moments of inertia of the body is constant is called 
an equimomental surface. 

To find the equation to such a surface we have only to 
put Jj constant, this gives X^JP — L Hence the equation to 
the surface becomes 

x'+y' + z' + A-^l'^x' + y' + z' + B''I 

= 1. 



af + T/' + z'-^^G^I 



26. Prob. To find the locus of all those points in a hody 
at which the product of the three principal moments is equal to 
a given quantity. 

Take the principal axes at the centre of gravity for axes of 
co-ordinates, and let A^B, C, be the moments of inertia about 
them. Let x,y, z, be any point of the required locus. Then 
if we construct the momental ellipsoid whose ^centre is at 
{x, y, z), the product of its three axes is equal to a given 
quantity. The equation to this ellipsoid is 

A'X' + BY^+ C'Z^ - 2yz YZ- 2zxZX - 2a?yXr == €*, 

where A' ^ A + y^ + s^^ with similar expressions for JB' 
and (7. 

Digitized by CjOOQIC 



EXAMPLES. 27 

The axes of this surface may be found j&rom the Discrimi- 
nating Cubic 

(P-A') {P-B") (P- a) -3^V (P-^') - «V (P-P') 

-a?f{P-C) + 2xyz'^0. 

The term independent of P in this equation is equal to 
the product of the three principal moments, and is therefore 
to be made constant. Hence, the equation to the required 
locus is 

-•A'BC + fz'A'-]-s^a?B + a?fa + 2ai'y'z'^ Q, 

where Q is the constant product of the three principal 
moments. 



EXAMPLES. 

1. Find the moment of inertia of an arc of a circle whose 
radius is a, and which subtends an angle 2a at the centre : 

(1) About an axis through its centre perpendicular to its 
plane. EesulU Mcf, 

(2) About an axis through its middle point perpendicular 
to its plane. Bemlt 2M(i J o*. 

(3) Ab^ut the diameter which bisects the arc. 

MesuU. M(l-'^)i. 
\ 2a J 2 

(4) About its chord. 



2. The moment of inertia of a right cone of mass M 

le through 
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about the axis is if — b\ That about a straight line through 



28 ON MOMENTS OF INERTIA. 

the vertex perpendicular to the axis is M- (tt' + yjj and 

about a slant side M^^ —5 — j^ V , where a is the altitude of 
20 a+b 

the cone and h the radius of the base. 

3. The moment of inertia of an arc of an equiangular 
spiral measured from the pole to the extremity of the radius 

vector r is Jlif-r* about an axis perpendicular to its plane 
o 

through the pole. 

4. The moment of inertia of the part of a parabola cut 

3 

off by any ordinate at a distance x from the vertex is M-a? 

about the tangents at the vertex, and M\ about the principal 
diameter, where y is the ordinate corresponding to x. 

5. The moment of inertia of the lemniscate r* = a' cos 20 
about a line through the origin, in its plane and perpendicular 
to its axis is 

6. The moment of inertia of a triangle about a line per- 
pendicular to its plane through its centre of gravity is 

g(a« + 5' + c»), 

where a, J, c are the sides of the triangle. 

7. The surfaces of equal density in a heterogeneous 
body are a family of closed similar and similarly situated 
surfaces, having given the moment of inertia of a homoge- 
neous body bounded by any one of these surfaces, find that 
of the heterogeneous body about the sam^lixis. 

Let D if}{a) be the moment of inertia of the homogeneous 
body of density D, bounded by the surface whose parameter 
is a, and let p be the density of the heterogeneous body along 
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this surface. Then I p <j>{a)da is tke required moment of 

•'0 

inertia. 

Apply this method to find the moment of inertia about the 
major axis of an ellipsoid whose strata of equal density are 
similar concentric ellipsoids, the density along the major axis 
Tarying as the distance from the centre. 

Besult. if|(6» + c»). 
«/ 

2 

8. The angle of an equiangular spiral is cot"* ~ , prove 

o 

that the principal axes of an arc subtending an angle — - — ir 
at the pole with respect to the pole, are inclined at an angle 
~ to the extreme radii vectores. 

9. The principal axes of a right-angled triangle are one 
perpendicular to the plane, and two others inclined to its sides 
at the angle 

1, _i ah 

where a and b are the sides of the triangle adjacent to the 
right angle. 

10. Find the positions of the principal axes of a cube at 
any given point. 

11. Two particles, each of mass = 77i, are placed at the 
extremities of the minor axis of an elliptic area of mass M, 
Prove that two of the principal axes at any point of the cir- 
cumference of the ellipse will be the tangent and normal to 

the ellipse, provided^J= - ^^-^ . 

12. If Jcj^ , k^ be the radii of gyration of an elliptic lamina 
about two conjugate diameters ri + o ^^ constant. 
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30 ON MOMENTS OP INERTIA. 

13. The moment of inertia of an elliptic area about any 
diameter is proportional inversely to the whole length of the 
focal choi*d parallel to that diameter. 

14. Find the locus of those diameters of an ellipsoid, the 
moments of inertia about which are equal to the moment of 
inertia about the mean axis. 

15. Determine the conditions that there may be a point 
such that the moment of inertia about every axis through that 
point is the same. 

Result. Two of the principal moments at the centre of 
gravity must be equal, and each must be less than the third 
principal moment. There are then two points in the axis of 
unequal moment which satisfy the conditions. 

16. If A\ B\ G be the moments of inertia of a body 
about any three straight lines at right angles meeting in a 
point 0, and if -4, 5, C be the moments of inertia about the 
three principal axes at 0, prove that 

^' + ^+C' = ^ + 5+^, 

and that each of these quantities is equal to ^mr^^ where r Is 
the distance of any particle m of the body from 0. 

17. If two principal moments of inertia of a body be 
equal, the equation to a curve such that any tangent is a 
principal axis at the point of contact is of the form 

^ = ^ + jB^+C7r"+i?r"+JSr*, 

Its pole being the centre of gravity, and its plane passing 
through the principal axis of unequal moment. 

18. If A!^ S^ C* be the moments of Inertia about princi- 
pal axes through a point P, Ay B, G those about prmcipal 
axes through the centre of gravity; prove that (1) when 
A' + B"- G = A + B- G the locus of Pis one of the prin- 
cipal planes through the centre of gravity ; (2) when 

WA' + ^B + ^G)WA' + ^ff^^G)WB+^G^^/A') 

{^G+^A^^E) 
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is constant, the locus is an ellipsoid similar, similarly situated, 
and concentric with the central ellipsoid at the centre of 
gravity ; (3) when 5 = (7 and each is less than -4, and P lies 
on a lemniscate of revolution, havinff for foci the points where 
the central ellipsoid is a sphere, -4' — 5'=-4— jB, A and B 
being the moments about tte axes through P which pass 
through the axis A. 

19. The particles of a body attract an external point 
according to the law of nature. Prove that the resmtant 
attraction on every external point can be the same as that of 
a mass M collected at a fixed point only when (1) M is 
equal to the mass of the attracting body, and (2) every axis of 
the body at is a principal axis. 



Digitized 



by Google 



CHAPTER II. 

d'alembert's principle, &c. 

27. A RIGID body is a collection of material particles 
connected together hy invariable geometrical relations. Our 
first attempt therefore to determine the motion of such a body- 
would be to write down the equations of the several particles 
according to the principles laid down in treatises on Dynamics 
of a particle, and then to eliminate the unknown reactions 
between the particles, and thus obtain the equations of motion 
of a rigid body. 

But if we attempt to do this, we are at once stopped by 
our ignorance of the nature of the actions of one particle on 
another. It would be necessary to make some assumptions 
in regard to these. 

We might assume Jirst, that the action between two par- 
ticles is along the line which joins them ; secondly, that the 
action and reaction between any two are equal and opposite. 

The equations of motion o( each separate particle on 
these assumptions may be easily written down. Suppose 
there are n particles, then there will be 3n equations, and 
as shown in Todhunter's Statics, Chap. VI. there must be at 
least 3n — 6 unknown reactions. It is therefore clear that 
after the elimination has been effected there cannot be more 
than 6 resulting equations free from the unknown reactions. 

But if the equations are written down it will be seen 
that the reactions enter into the equation in such a manner 
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d'alembert's principle, &c. 38 

that we can always eliminate them, however numerous the 
particles may be, and obtain six resulting equations. 

But D'Alembert proposed a method by which these six 
Resulting equations may be obtained without writing down 
the equations of motion of the several particles, and without 
making any assumption as to the nature of their mutual 
actions except the following: — 

" The Internal actions and reactions of any rigid system 
in motion are in equilibrium amongst themselves." 

28. Prop. To explain UAUmherfs Pnncipley and to 
ohtain the equations of motion of a rigid System. 

Consider any particle of a system whose mass is m. Let 
J5^be the resultant of the impressed forces, B the resultant of 
the internal actions on m. Let /be the resultant acceleration 
of the particle, which may be called the effective accelerating 
force on w. 

Then by Dynamics of a particle, mf is the resultant of F 
and jB; hence if we reverse Jhe eflTective force on any particle, 
the three forces Fy JR, mf are in equilibrium. If we apply 
the same reasoning to every particle of the system, it is evi- 
dent, that the whole group of forces mf will be in equilibrium 
with the groups F and B. 

Now D'Alembert's principle asserts that the group of 
forces B will itself be in equilibrium ; whence it follows that 
the group of forces F will be in equilibrium with the group 
7nf 

Hence, if forces equal to the effective forces hut actina in 
exactly opposite directions were allied at each point of the 
system^ these tcould be in equilibrium with im impressed . 
forces. 

29. This proposition is usually called D'Alembert's prin- 
ciple, and we may at once deduce from it the equations of 
motion. 

Let a?, y, be the co-ordinates of the particle m at the 
time t referred to any set of rectangular axes fixed in space. 
R.D. 3 
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P'alembebt's principle, &C. 



Then -^ ^ ~^> 'd? ^^ ^ ^^ effective accelerations of 
tl^e particle. 

Let X, F, Z be the impressed accelerating forces on the 
same particle resolved parallel to the axes. 

By D'Alembert's principle the forces 

i^-%' "{^-'i)' »(^-S). 



m\ 



in 
have 



together with the similar forces on every particle, will be ii 
equilibrium. Hence, by the principles of Statics, we hav 
the six general equations 

s(»«§')=2(«.r). (A). 

These are obtained by resolving parallel to the axes. 

H^%-^^y^r.^Z-.Y) \ (B). 

These are obtained by taking moments about the axes. 

In a precisely similar manner by taking the expressions 
for the accelerations in Polar Co-ordinates, we should have 
obtained another, but equivalent, set of equations of motion, 

8Q. These six equations together with the geometrical re- 
lations are sufficient tox the determination of the motion of any 
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system; for fhe motion of a rigid body is known wKen the 
motions of any tHree points not in one straight line are known. 
By Greometiy we can determine the co-ordinates of every 
other particle of a rigid body in terms of the co-ordinates of 
these three chosen points ; substituting in the equations of 
motion we have six equations between the co-ordinates of the 
three points. Joinine these to the three geometrical equations 
expressing the fact that the distance between any two of the 
three points remains invariable, we have nine equations to 
determine the nine co-ordinates of the three chosen points. 
If there be moie than one body in the system, the same thing 
will be true for each body. If there be any unknown reac- 
tions it is obvious that the very circumstance which causes 
the reaction will give an additional geometrical equation. 

31. In D'Alembert's principle no assumption has been 
made as to the nature of the actions between the particles ; 
hence the principle is true whether the particles "be rigidly 
connected or not. We ipay, for example, apply the principle 
to the case of a fluid in motion or to any elastic or flexible 
body. 

The principle is in reality an extension of the first law of 
motion. That law is equivalent to an assertion that the 
molecular actions of the particles which constitute a body do 
not affect the motion of translation of that body. D' Alembert's 
principle asserts fiirther that they do not affect its motion 
when that motion consists of a combination of a motion of 
translation with one of rotation. 

The truth of the principle cannot be established by 
abstract reasoning* ..It. must be considered as resting on ex- 
perimental evidence, or rather on that inductive proof which 
IS derived firom the accurate coincidence of the results of cal- 
culations founded on this principle with the observed motions 
pf arigidbody,. . , . . 

32. We have seen that the six general equations of 
motion are sufficient for the solution of every JDynamical 
Problem, but in their present form they are too compli(}ated 
to be of much use. Certain general principles have therefore 

3—2 
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been deduced from them which will greatly facilitate their 
application to anj particular case. The two most important 
of these are : 

FiraU The motion of the centre of gravity of a system 
acted on by any forces is the same as if all the mass ^oere col* 
lected at me centre of gravity, and aU the forces were applied 
at that point paraUd to their former directions. 

Secondly. The motion of a body acted on by any forces^ 
about its centre of gravity, is the same as if the centre of gravity 
werefxedy and the same forces acted on the body. 

These are called the '^ Principles of the Conservation of 
the Motions of translation and rotation/' 

The first principle follows from the set (A) of the general 
equations of motion. 



Taking any one of them we have 

d'x\ 
n 



2 (»» ^j = 2 (mX). 



Let 0?, y, i be the co-ordinates of the centre of gravity, 

then 

x.Xm = Zmx; 

d*x ^ ^ 'd*x 

n SmX.**........ {l)f 

and the other two equations may be treated in a similar 
manner. 

But these are the equations which give the motions of a 
mass %m acted on by forces 2 (wX), &c. Hence the princi- 
ple folloTjrs. 

The second principle may be deduced from the set (B) of 
the general equations of motion. 
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Taking any one of them we have 

2m(a,g-y^) = 2m {xY-yX) (2). 

Let x=x-hx\ y=y+y', z^z + z\ 

Substituting, th« equation becomes 

Expanding*, we get 

= xXmY'-yXmXr\^ (ZmxY-yX) ..-..,..(3). 

But lw«' = 0, and Swy = 0; 

.*. ^^%A ==0, and Sm-^=sO. 



* This demonstration may be mnch shortened by the consideration that the 
origin of coH>rdinate8 is quite arbitrary. Let it be so chosen that the centre of 
gravity is passing through it at the moment under consideration. Then x^O, 
^ = 0, and the equation becomes 

^'^[flF'^ dfi) ^d^^'^'d^^'^ 

= Sflt(«r-y'Z). 

But since Zmx'=0, Z}}i/=0, thii at once redaces to the equation (4) in the 
text. 

It is obvious that the above transformation of the equation (2) might be 
deduced from the general proposition in Art. 5. . 
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Hence the whole of the; second line of the left-hand side of 
equation (3) vanishes. Again, 

-^ Xm =^ Swi Xy and r-^ Sm = S,m.Y. 

Hence the abore equation reduces to 

Sm(a,'^-y^) = Sm(a,'r-y'X>......(4), 

and the other two equations may be treated in a similar way. 

But these are exactly the equations we should have 
obtained if we had regarded the centre of gravity as a fixed 
point and taken it as the origin of moments. Hence the prin- 
ciple follows. 

33. From the two General Principles we may deduce 
the following Corollaries. 

First If there be a system of bodies subject only to 
their mutual actions, their centre of gravity is either at rest or 
moves uniformly in a straight line. 

By the term " mutual action" is meant any action of one 
body of the system on another which is balanced by the equal 
and opposite reaction of that other, such as their mutual at- 
tractions or the tensions of any strings elastic or inelastic 
joining two of the bodies. 

The centre of gravity of the solar system, for example, is 
either at rest or moves uniformly in a straight line ; the fixed 
stars being supposed too distant to exert any perceptible 
attraction. 

Secondly. If a body be acted on by any number of forces 
which are statically equivalent to a single force acting at each 
instant through the centre of gravity of the bodv, then the 
motion of the body about its centre of gravity will be undis^ 
turbed by the action of these forces. 

Thus if we suppose the earth, planets, sun, &c. to be spherical 
bodies such that the density of each varies as any function 
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of the distance from the centre of that body, then the at- 
traction of anj one on anj other would be the same as if 
each were collected into one particle at its respective centre 
of ffravity. ^ In this case therefore the rotation of each hea- 
venly body is unaffected by the attraction of all the others. 



EXAMPLES. 

1. Two particles moving in the same plane are projected 
in parallel but opposite directions with velocities mversely 
proportional to their masses. Find the motion of their centre 
of gravity. 

2. A person is placed on a perfectly smooth table, show 
how he may get off. 

3. A person is placed at one end of a perfectly rough 
board which rests on a smooth table. Supposmg he walks to 
the other end of the board, determine how much the board 
has moved. Supposing that he stepped off the board, show 
how to determine its subsequent motion. 

4. The motion of the centre of gravity of a shell shot 
from a gun in vacuo is a parabola, and its motion is unaffected 
by the bursting of the shell. 

5. A rod revolving uniformlv in a horizontal plane round 
a pivot at its extremity suddenly snaps in two: determine 
the motion of each part. 

6» A uniform chain of length c is held so that one ex- 
tremity just touches an inelastic plane, and is only under the 
action of a force in its length produced at a distance a on the 
opposite side of the plane ; show that the last particle of the 
cha in when let go will strike the plane with a velocity 

a/ — . log , fL being the absolute intensity of the force 

which varies inversely as the square of the distance. 
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CHAPTER III. 

MOTION ABOUT A FIXED AXIS. 

34. Prop. To determine the motion of a, body about a 
fixed axis under the ctctton of any forces. 

Let any plane passing through the axis and fixed in space 
be taken as a plane of reference, and let be the angle which 
any other plane through the axis and fixed in the body, makes 
with the first plane. Then our object is to determine ^ as a 
function of ^ 

Take any element m of the body and let its radius vector r 
perpendicular to the axis make an angle <f> with the plane of 
reference. The efiective moving forces on this element are 



d d> ^ dd> 



, perpendicular to and along the direc- 



tion of r. If these, taken throughout the system, be reversed, 
they will be in equilibrium with the impressed forces and 
with the reactions at the axis. 

Taking moments about the axis we have 

wheie L is the moment of the impressed forces about the 
axis. 

Now since the particles of the body are rigidly connected 
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MOTION ABOUT A FIXED AXIS. . 41 

with each other, it is obvious that --^ is the same for every 
particle and equal to -^ • Hence 

€P6 moment of forces about axis 
df moment of inertia about axis ' 

This equation when integrated will give the values oi0 
and -y- at any time, and thus the position and velocity of the 
body will have been found. 

35. Prop, A, hody moves about a fixed horizontal axis 
acted, on hy gravity only, to determine the motion. 

Take the vertical plane through the axis as the plane of 
reference, and the plane through the axis and the centre of 
gravity as the plane fixed in the body. Then the equation of 
motion is 

d^0 moment of forces . . 

d^ moment of inertia ^ ' 

_ Mgh sin 9 

Mije^h')' 

where h is the distance of the centre of gravity from the axis 
and M1^ is the moment of inertia of the body about an axis 
through the centre of gravity parallel to the fixed axis. 



Hence 



^+^..m*.0 p). 



The equation (2) cannot be integrated in finite terms, but 
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if the oscillations be small, we may reject the cubes aiid higher 
powers of and the equation will become 

Hence the time of a complete oscillation is 






2^^-' gh 

If h and h be measured in feet and g = 32'18, this formula 
gives the time in seconds. 

36. The e(]^uation of motion of a particle of any mass sus- 
pended by a stnng I is 

^+^.8in^=0....... (3), 

which may be deduced from equation (2) by putting 

h^O and h^h 

Hence the angular motions of the string and the body 
under the same initial conditions will be identical if 

l-'^ (4). 

This length is called the " length of the simple equivalent 
pendulum." 

Through G, the centre of gravity of the* body, draw a per- 
pendicular to the axi3 of revolution cutting it in C7. Then C 
IS called the centre of stMtpension. Produce GG to so that 
CO = Z. Then is called the centre of oscillation. K the 
whole mass of the body were collected at the centre of oscilla- 
tion and suspended by a thread to the centre of suspension, its 
angular motion and time of oscillation would be the same as 
that of the body under the same initial circumstances* 
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37- The equation (4) may be put tinder another form. 
Since CG^h and OO^l — h^ we have 

ca.oG^v. 

This equation shows that if be made the centre of suspen- 
sion, the axis being parallel to the axis about which h was 
taken, then G will be the centre of oscillation. Thus the 
centres of oscillation and suspension are convertible and the 
time of oscillation about each is the same. 

38. If the time of oscillation be given, I Is given and the 
equation (4) will give two values of A. Let these values be 
Aj, A,. Let two cylinders be described with that straight line 
as axis about which the radius of gyration k was taken, and 
let the radii of these cylinders be A^, A,. Then the times of 
oscillation of the body about any generating lines of these 
cylinders are the same, and are approximately equal to 

39. To find the axis of suspension parallel to a fixed 
line in the body such that the time of oscillation is a minimum 
it will be sufiicient to make I a minimum. Now 

y_ h'+k' 
■ I — 1 • 



Differentiating, h being a constant as before, we have 
= 1-^; 

. • it ~" /c. 

About G as centre describe a circle with radius k in the plane 
perpendicular to the fixed line. Then the time of oscillation 
about any axis through the circumference of this circle is less 
than if the axis had been taken nearer to or further off from 
the centre of gravity. 
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Since A^^=£A^y we haye ia this case A^»^,, each being 
= h, and the two cylinders above mentioned betcome identical. 
In this case the length I of the simple equivalent pendulum 
is=2i. 

The time of osdllation about the axis thus found is not 
an absolute minimum. It is a minimum for all axes drawn 
parallel to a ^ven straight line in the body. To find the 
axis about which the time is absolutely a minimum we must 
find the axis about which ^ is a minimum. Now it is proved 
in Art. 11, that of all axes through G the axis about which 
the moment of inertia is least or greatest is one of the prin- 
cipal axes. Hence the axis about which the time of oscilla- 
tion is a minimum is parallel to that j)rincipal axis through 
Q about which the moment of inertia is least. And if M1^ 
be the moment of inertia about that axis, the axis of suspen- 
sion is at a distance h measured in any direction from the 
principal axis. 

Phop. a body moves about a fixed axis under ike action 
of any forces, to find the pressures <?n the axis. 

40. First, Suppose the body and the forces to be sym- 
metrical about the jjlane through the centre of gravity per- 
pendicular to the axis. Then it is evident that the pressures 
on the axis are reducible to a single force at the centre 
of suspension. 

Let Fy G }i^ the actions of the point of support on the 




body resolved along and perpendicular to GG. Let X, Y be 
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the sum of the resolved parts of the impressed forces in the 
same directions, and L their moment round G. 

Let C0 = 1i and tf= angle which CO- makes with any 
straight line fixed in space. 

Taking ipoments ahout (7, we have 

W^M{e+h') •••• ^^^• 

The motion of the centre of gravity is the same as if all 
the forces acted at that point. Now it describes a circle 
round (7; hence, taking the tangential and normal resolutions, 
we have 

''df M ••• ^^> 

-^-dt\ =-ir- • ^^^' 

Equation (1) gives the values of --^ and -r , and then 
the pressures may be found by equations (2) and (3). 

If the only force acting on the body be ^ that of gravity, 
and if the body start from rest in that position which makes 
GG horizontal, then we have 

jf=J^cos^, Y='-Mffsm0, L = — Mgh8m9; 
d'0 gh . ^ 

integrating, we have 

but when ^ = * ^ vanishes, therefore (7=0, substituting 
these values in (2) and (3), we get 
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where is the angle which CG makes with the yertlcaL 

Let ,^ b^ the angle the direction of the pressure at C 
makes with the line CG, the angle being measmred from CQ 
downwards to the left^ then 



cot^fr^(l + S^ cot (9, 



which is a convenient formula to determine the direction of 
the pressure*. 

41. Secondly. Suppose either the body or the forces 
not to be symmetrical. 

Let the fixed axis be taken as the axis of z with any 
origin and plane of xz. These We shall afterwards so jchoose 
as to simplify our process as much as jwssible. Let x, jf, "i 
be the co-ordinates of the centre of gravity at the time t. 

Let fi) be the' angular velocity of the body,/ the angular 
acceleration, so that 

^^ at' . * 



* Let iilR be the resiiltaDt of i^ and G, and let 

Construct an ellipse with C for centre and axes equal to a and h measured 
along and .perpendicular to CG, .^en the resultant i^rtasuxe raries aa the 
diameter along which it acts. And the direction may he found thus ;- let the 
auxiliary circle cut the vertical in F, and let the perpendicular, from V on 
CG cut the ellipse in R, Thea'CJR is the direction of the pressure. 
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47 



Now every element m of the body describes a circle about 
the axis, hence its accelerations along and perpendicular to 




the radius vector r from the axis are — ©V and^. Let be 
the angle which r makes with the plane of xz at any time, 
then from the resolution offerees it is clear that 






dif 



: — a)V COS — yj* sin 



These equations may also be obtained by differentiating 
the equations . . 

a? = r cos d, y = r sin ^ 

twice, remembering that r is constant. 

Conceive the body to be fixed to the axis At two. points, 
distant a and a! from the origin, and let the reactions of the 
points on the body resolved parallel to the axes be re- 
spectively Fj (?, H; F\ G\ H\ 



The equations of motion then give 



^ d'x 



(1). : 
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= l,m (- to*y +;fx) 

= -io*My+fMi (2), 

= (3). 

Taking moments about tbe axes, we hare 
tm iyZ-zY) - Ga- Q'a' = Sm (y J -« §) 

^(o^myz'-ftmxz (4), 

by merely introducing z into the results in (2), 

= — (t>*%mxz —fXmyz (5), 

= i/A;V (6). 

Equation (6) serves to determine / and ©, and equations 
(I), (2), (4), (5) then determine F, (?, F\ O'; Hemi S' are 
indeterminate, but their sum is given by equation (3). 

Looking at these equations, we see that they would be 
greatly simplified in two eases. 
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Firsts if the axis of « be a principal axis at the origin, 

%nxz = 0, Xinyz = 0, 

and the^calculation of the right-hand sides of equations (4) and 
(5) would only be so much superfluous labour. Hence, in at- 
tempting a problem of this kind, we should, when possible, so 
choose the origin that the axis of revolution is a prmcipal axis 
of the bodj at that point. 

Secondly y except the determination of/ and g) by inte- 
grating equation (6), the whole process is merely an algebraiq 
substitution of/ and ©in the remaining equations. Hence our 
results will still be correct- if we choose the plane oixz to con- 
tain the centre of gravity at the moment under consideration ; 
this will make y^Oy and thus equations (1) and (2) will be 
simplified. 

42. Prop. A "body having one point fixed and acted 
on hy no impressed forces is set in rotation about an aims^ 
to determine the conditions under which it will continue to 
rotate about that aans. 

Let this fixed point Jbe taken as origin, and the initial 
axis of rotation as tne axis of z. Let this axis be supposed 
fixed at any other point. Now if the pressuries at this second 
point be zero, it is evident that no force will be required 
to keep the axis in its place, and the body will, even if 
no second point be fixed, permanently rotate about this axis. 
The conditions therefore of a permanent axis of rotation 
will be found by putting ^' = 0, (?' = 0, a=0 in the equa- 
tions of the last proposition. 

Since there are no impressed forces, equation (6) gives 
in that ca8e/=0; (4) and (5) give 

^mxz = 

Xmyz ■ 

(1), (2), (3) give the pressures on the fixed point. 

Hence, if a bodjr having one point fixed be set in ro- 
tation about any axis, it will not continue to rotate about 
that axis, unless it be a principal axis of the body at the 
fixed point. 

R.D. 4 
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50 MOTION ABOUT A FIXED AXIS, 

If the hodj he entirely free, we must also have J*=0, 
Q = 0, H=0. In this case equations (1) and (2) give a:= 0, 
y = 0. Hence the axis of revolution must pass through the 
centre of gravity, and be a principal axis at every point 
in its length. 

43. Fbop* To determine the farces which must act on a 
hody at resty and fixed at one pointy that it may begin to 
rotate about any proposed straight line through that point. 

Suppose this straight line to become fixed in space at 
some other point, then the forces must be such that the re- 
actions at this second point are zero. 

Let the fixed point be taken as the origin, and this 
straight line as the axis of z, and let the plane of xz contain 
the centre of gravity of the body at the be^innin^ of the 
motion. Then y = 0. Also since the body is initially at 
rest, CD =: 0. Then the equations of Art. 41 become 

XmX+F^O 

XmY+a^O (1), 

tmZ + H+H'^0 ^ 
Xm ijfZ^ zY)^ — /. Xmxz 

2«i {zX—xZ) ^—f.Xmyz > (2), 

%m{xY--yX)^ /.Jflfc") 

The equations (1) determine only the pressures on the 
fixed point. The second set show that the moments of the 
forces about the axes must be proportional to 

— Xmxz, — 2w»y«, Mk'\ 

The forces must therefore be equivalent to a single re- 
sultant force at the fixed point, and a single resultant couple, 
acting in a plane, whose equation is 

- tmxz . X- Xmyz . Y+ MIc^Z^ 0. 

Let the momental ellipsoid at the fixed point be constructed, 
and let its equation be 

AX^ + BY^+CZ*'- W YZ-- 2EZX - 2FXY^ c*. 
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MOTION ABOUT A FIXED AXIS. 51 

The equation to the diametral plane of the axis of 2; is 

Hence the plane of the resultant couple must he the 
diametral plane of the axis of rotation. 

^ The hodj will not in general continue to rotate about 
this axis. 

44. Ex* !• A door is suspended by two hinges from a 
fixed axis making an angle a with the vertical. Find the 
motion and pressures on the hinges. 

Since the fixed axis is evidentljr a principal axis at the 
middle point, we shall take this point for origin. Also we 
shall take the plane of xz so that it contains the centre of 
gravily of the door at the moment under consideration. 

The only force acting on the door is gravity, which may 
be supposed to act at the centre of gravity. We must first 
resolve this parallel to the axes. Let 6 be the angle the 
plane of the door makes with a vertical plane through the 




axis of suspension. If we draw a plane ZON such that its 
trace ON on the plane of XOFmakes an angle * with the 
axis of a?, this wiU be the vertical plane through the axis^ 

i by Google 
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and if we draw OV in this plane making ZOF= a, OF will 
be vertical. Hence the resolved parts of gravity are 

-Z"=^ sin a cos (f>, Y=g sin a sin ^, 

^=-.^cosa. 

The six equations of motion are 

'3fg9macos<l> + F+F' = tm-^ 

= Sw • (— G)'a?) 

= -ft>'i/S (1), 

%sina8in^+(?+(?' = 2m§ 

= Sw {fx) 
. =/^S (2), 

= 0, (3), 

- G^a + (? a = ;... (4), 

MffCosoLX + Fa-F'a=^0 (5), 

because the fixed axis is a principal axis 

— Jfc^sinasin^.5 = JfAj'*. -^ (6). 

Integrating the last equation, we have 
G+2ff sin a cos ^5 = h'W. 

Suppose the door to be initially placed at rest, with its 
plane making an angle /8 with the vertical plane through 
the axis; then when ^ = /8, tt) = 0; hence 

JcW = 2ff sin a (cos ^ — cos /8) 1 
and. A;'y^s=— ^sinasin^.^ J 
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B7 substitution in.tSe first four equations -F, F', (?, <r', 
may be found. 

Ex* 2. A perfectly rough circular horizontal hoard is 
capable of revolving freely round a vertical axda through its 
centre. A man whose weight is equal to that of the hoard walks 
on and round it at the edg^ : when he has completed the circuit 
what will he his position in space f 

Let a be the radius of the board, Mh^ its moment of 
inertia about the vertical axis. Let a> be the angular velocity 
of the board, a that of the man about the vertical axis at any 
time. And let F be the action between the feet of the man 
and the board. 

The equation of motion of the board is by Art^ 34 

i^t-^'--- «• 

The equation of motion of the man is by Art. 33 

■ ■"■•f =^ «• 

Eliminating -Fand integrating, we get 

the constant being nothing, because the man and board start 
from rest. 

Let (J, ^ be the angles described by the board and man 
round the vertical axis. 

Then c* = "^, © = -v- , and 

m + a'ff:^0. 
Hence, when (9' — ^ :*= 2tr, we have 

ff - T5 — i S-^r. 

This gives the angle in space described by the man.' 
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a* 7 

Ijct rbe the mean relative velocity with which the man 
walks along the board. Then 



O) — « = — ! 
a 

Fa 



••"'" if + a« 

_ 2r 
3^* 

This gives the mean angular velocity of the board. 

45. The oscillations of a rigid body may be made use of 
to determine the nnmerical value of the accelerating force of 
ffravity. Let L be the length of a simple equivalent pendu- 
lum of any body, and let Tbe the time of a complete oscilla^ 
tion. Then we have when the oscillations are small, 

Thus ff can be determined as soon as L and jfare known. 

The simplest body to make use of for this purpose is a 
straight rod, drawn as a wire, and suspended from one ex- 
tremity. It is easily proved that the centre of oscillation is at 
a distance from the point of suspension two-thirds of the length 
of the rod. Thus i7is known. T. may be found by comparing 
its oscillations with those of the pendulum of a clock. 

By inverting the rod and taking the mean of the results in 
each position any error arising from want of uniformity in 
densi^ or figure may be partially obviated. But it is very 
difficult to obtain a rod so uniform as to give results sufficiently 
accordant with each other. Captain Kater therefore proposed 
to use the property (Art. 37) of the convertibility of the cen- 
tres of suspension and oscillation to obtain more accurate 
results. FhiL Trans. 1818. 
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Let a body, furnished with a moveable weight, be pro- 
vided with a point of suspension (7, and another point on which 
it may vibrate, fixed as nearly as can be estimated in the 
centre of oscillation 0, and in a line with the point of suspen- 
sion and the centre of gravity. The oscillations of the body 
must now be observed when suspended from G and also when 
suspended firom 0. If the vibrations in each position should 
not be equal in equal times, they may readily De made so by 
shifting the moveable weiffht. When this is done, the distance 
between the two points O and 0, is the length of the simple 
equivalentpendulum. Thus the length L and the correspond- 
ing time T of vibration will be found uninfluenced by any 
irregularity of density or figure. In these experiments, after 
numerous trials of spheres, &c. knife edges were j)referred 
as a means of support. At the centres of suspension and 
oscillation there were two trian^lar apertures to admit the 
knife edges on which the body rested while making its 
oscillations. 

46. Having thus the means of measuring the length 
X with accuracy, it remains to determine the time T. This 
is efiected by comparing the vibrations of the body with 
those of a clock. The time of a single vibration or of any 
small arbitrary number of vibrations cannot be observed 
directly, because this would require the fraction of a second 
of time, as shown by the clock, to be estimated either by the 
eye or ear. The viorations of the body may be counted, and 
here there is no fraction to be estimated, but these vibrations 
will not probably fit in with the oscillations of the clock pen- 
dulum, and the difierences must be estimated. This defect is 
overcome by "the method of coincidences." Supposing the 
time of vibration of the clock to be a little less than that of the 
body, the pendulum of the clock will gain on the body, and 
at length at a certain vibration the two will for an instant 
coincide. The two pendulums will now be seen to separate 
and after a time will again approach each other, when the 
same phenomenon will take place. If the two pendulums 
continued to vibrate with periect uniformity, the number of 
oscillations of the pendulum of the clock in this interval will 
be an integer, ana the number of oscillations of the body in 
tiio same interval will be less by one complete oscillation 
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than that of the pendulum of the clock. Hence hj a simple 
proportion the time of a complete oscillation may be found. 

The coincidences were determined in the following man- 
ner. Certain marks made on the two pendulums were ob- 
served by a telescope at the lowest point of their arcs of 
vibration. The field of view was limited by a diaphragm to 
a narrow aperture across which the marks were seen to pass. 
At each succeeding vibration the clock pendulum follows the 
other more closely, and at last the clock-mark completely 
covers the other during their passage across the field of view 
of the telescope. After a few vibrations it appears again pre- 
ceding the other. The time of disappearance was gener^illy 
considered as the time of coincidence of the vibrations, though 
in strictness the mean of the times of disappearance and re- 
appearance ought to have been taken, but the error thus, pro- 
duced is evidently very small. Eifhcyc. Met Figure of the 
Earth. In the experiments made in Harton coal-pit in 1854^ 
the Astronomer Eoyal used Kater's method of observing the 
pendulum, {PML Trans. 1856.) 

The value of ST thus found will require several correction^. 
These are called " Eeductions." If the centre of oscillation 
do not describe a cycloid, allowance must be made for the 
alteration of time depending on the arc described. This is 
called " the reduction to infinitely small arcs.'* If the point of 
support T)e not absolutely fixed, another correction is required 
{Fhil. Trans. 1831). The eflfect of the buoyanev and the 
resistance of the air must also be allowed for. This is the 
** reduction to a vacuum." The length L must also be cor- 
rected for changes of temperature. 

The time of an oscillation thus corrected enables us, to find 
the value of gravity at the place of observation. A correction 
is now required to reduce tnis result to what it would have 
been at the level of the sea. The attraction of the ii>terven- 
ing land must be allowed for by Dr Young's rule {Phih 
Tram. 1819). We thus obtain the force of gwivity at the 
level of the sea, supposing all the land above this level were 
cut off and the sea constrained to keep its present level. As 
the sea would tend in such a case to cnange its level, furtiier 
corrections are still necessary if we wish to reduce the result. 
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to" the surface of that spheroid which most nearly represents 
the earth. Se6 Gamb. Phil Tram. VoL !• ^ 

47. There is another use to which the experimental de- 
termination of the length, of a simple equivalent pendulum 
may be applied. "It has been aaopted as a standard of 
length on account of being invariable and capable at any 
time of recovery. An Act of Parliament, 5 Geo. IV. defines 
the yard to contain 36 such parts, of which parts there are 
39'1393 in the length of a pendulum vibrating seconds of 
mean time in the latitude of London in vacuo at the level of 
the sea at temperature 62* F. The Commissioners, however, 
appointed to consider the mode of restoring the standards of 
weight and measure which were lost by fire in 1834, report 
that several elements of reduction of pendulum experiments 
are yet doubtful or erroneous, so that the results of a convert- 
ible pendulum are not so trustworthy as to serve for supply- 
ing a standard of length ; and they recommend a material 
standard, the distance namely between two marks on a certain 
bar of metal under given circumstances, in preference to any 
standard derived from measuring phenomena in nature {Be^ 
party 1841)." Griffin's Dynamica oja Rigid Body^ page 24, 



EXAMPLES. 

1. Find the time of the small oscillations of a cube (1) 
when one side is fixed, (2) when the diagonal of one of its 
faces is fixed; the axis in both cases being horizontal. 

BemlU The length of the simple equivalent pendulum 

is in the first case — r— a, in the second - a, where 2a is the 

side of the cube. 

2. Find the eccentricity of an elliptic lamina such that 
when it swings about one latus rectum, the other latus rectum 
may pass through the centre of oscillation. 

. Result. The eccentricity = ^. 
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3. A circular arc oscillates about an axis through itd 
middle point nerpendicular to the plane of the arc. Prore 
that the lengta of the simple equivalent pendulum is inde- 
pendent of the length of the arc and is equal to twice the 
radius of the arc. 

^ 4. A heavj uniform quadrant Is attached to a horizontal 
axis at the extremities of one of its bounding radii, and 
revolves about it ; determine the action on the points of sup- 
port, the quadrant being originally horizontal. 

5. Find what axis in the area of an ellipse must be 
fixed in order that the time of a small oscillation may be 
a minimum. 

6* The density of a rod varies as the distance from one 
end. Find the axis perpendicular to it about which the time 
of oscillation is a minimum. 

Result. The axis passes through either of two points 

whose distance from the centre of gravity Is — a, where a 

is the length of the rod. 

7. A rod is fixed at one extremity to an axis about 
which It can freely oscillate. The angle between the rod and 
the axis is a, find the angle ^ which the axis must make 
with the vertical in order that the rod may oscillate in n 
seconds of time. 

8. Find the time of oscillation of a rectangle about a 
horizontal axis passing through the middle point of the upper 
side, perpendicular to the line through that point bisecting 
the rectangle, and making an angle a with the upper side. 

9. A pyramid whose base is an equilateral triangle and 
whose faces are given isosceles triangles being made to turn 
about a fixed edge of its base, is left to itself immediately 
after passing the position of unstable equilibrium ; find the 
angular velocity In any position. 
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10. The centre of oscillation of a pendulum is retarded 
hj a constant force = ngf : prove that in small oscillations the 
decrement of the angle of ascent is nearlj* equal to 2n. 

11. In the case of motion about a horizontal axis under 
the action of gravity, shew that the forces are reducible to a 
single force, if the axis be a principal axis at the point where 
the perpendicular upon it from the centre of gravity meets it ; 
and not otherwise. If the axis be a principal axis, but at 
another point in it, and if the centre of gravi^ start from 
the horizontal plane passing through the axis ; determine the 
pressures. 

12. A uniform rod is revolving about a horizontal axis 
which passes through it at a distance b from the further end. 
Shew tnat the tendency to break is ^eatest at a point of the 
rod dist^t from that end double the difference between b and 
the length of the equivalent isochronous simple pendulum for 
all positions of the rod. 

13. A rod is inclined at an angle of 30^ to an axis about 
which it revolves with uniform angular veloci^. Supposing 
gravity to be neglected, compare the tendencies to break at 
different points of the rod. 

14. A uniform beam, moveable about a hinge at one 
extremity, is supported at the other by an elastic string fas- 
tened to a point at a distance c vertically above the hinge, so 
that the string and beam are, in the position of equilibrium, 
at right angles. Shew that if in that position the stretched 
lengm of the string is twice the natural length, the simple 

2c 
equivalent pendulum is of length -7- . 

16. A uniform stick hangs freely by one end, the other 
end being dose to the ground. An angular velocity in a 
vertical plane is then communicated to the stick, and when 
it has risen through an angle of 90®, the end by which it was 
hanging is loosed* What must be the initial angular velocity 
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go that on falling to the ground it may pitch in an upright 
position? 

16. A uniform circular plate radius a is capable of re- 
volvino; about a smooth horizontal axis through its centre, 
a rough string equal in mass to the plate and in length to its 
circumference hangs over its rim in equilibrium ; shew that 
the ve locit y of the string when it begins to leave the plate 

6 • 
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CHAPTEfi IV, 

MOTION IN TWO DIMENSIONS, 

Sect. I. Fixed Axes^ 

48. Theee are two principles which will in general con- 
duct us to the solution of every dynamical problem. These 
have been already demonstrated and may be briefly enunciated 
thus. . 

(1) The motion of the centre of ffravity of a rigid body is 
the same aa if all the mass were collected at that point and 
was acted on by all the forces applied at that point parallel 
to their original directions. 

(2) The motion of rotation round the centre of gravity is 
the same as if that point were fixed. 

The first of these principles enables us to write down the 
equations of the motion of the centre of gravity. The question 
is one of Dynamics of a Particle. There are three sets of 
equations which we may use. 

Fmt The equations in rectilines^ co-ordinates, 

Secondly. The equations in polar co-ordinates, 
df "^dtl"^' rdtKdt)^^* 
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Thirdly. The eqaations expressing the aocelerations 
along the tangent ana normal, 



P 



w-'- '-'^- 



where 8 and N are the resolved parts of impressed forces 
along the tangent and normal in the directions in which i 
and p are respectivelj measured. The quantities x, y, r, 0j 
are the co-ordinates of the centre of gravity, v its velocity, 
and p the radius of curvature of its path. 

The second principle will enable us to reeaxd the centre 
of gravity as a fixed point. The motion is men reduced to 
that about a fixed axis. The equation to such a motion is 

cP0 moment of forces 



d^ mome];it of inertia ' 

where is the angle made by any fixed straight line in the 
body with any fixed straight une m space. 

These considerations will furnish us with three equations 
of motion for every rigid body in the system under considera- 
tion. These may be called the Dynamical equations. It is 
obvious that as a body in two dimensions can admit of only 
three independent motions, no more than three equations to 
determine these can be obtained. These three independent 
motions are the two velocities of translation parallel to the 
axes and the velocity of rotation. 

Besides these there will be certain geometrical equations 
expressing the given connections of the system. Aa every 
such forced connection is necessarily accompanied by a reac- 
tion and every reaction by some forced connection, the number 
of geometrical equations will also be the same as the number 
of unknown reactions in the problem. If however any sub- 
sidiary quantity has been introduced there must be a new 
geometrical equation for every such quantity. 

49. Having obtained a sufficient number of equations of 
motion we must proceed to their solution. Two general 
methods have been proposed. 
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First Method. Differentiate the geometrical equations 

. ; 1 , . i. d^x d*v d*0 

twice with respect to <, and substitute for -^ , -A i -^ , 

from the dynamical equations. We shall then have a suf- 
ficient number of equations to determine the reactions. This 
method will be of great advantage whenever the geometrical 
equations are of the form 

Ax +By+ Ce^D (1), 

where A^ B, C^ D ate constants. Suppose also that the 
dynamical equations axe such that when written in the form 



.(2) 



de ^"^ ^ 

Ae7 contiun Anly.the reactions and constants on the right- 
hand side without any x, y, or 0. Then, when we substitute 
in the equation 

obtained by differentiating (1), we have an equation contain- 
ing oply the reactions and constants. This being true for all 
the geometrical relations, it is evident that all the reactions 
will be constant throughout the motion and their values may 
be found. Hence when these values are substituted in the 
dynamical equations (2), their right-hand members will all 
De constants and the values of x^ y, and may be found by 
an easy integration. 

If however « the geometrical equatiqns are not of the 
form (1), this method of solution will usually fail. For sup- 
pose any geometrical equation took the form 

containing squares instead oi fir^t powers, then its second 
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diffeieatial equation will be 



*:^ + 






and though we can substitute for ^5-, ^, we cannot iq 



dx 



general eliminate the terms -^ 



and 



df' de' 



50. Second Method. Supi)ose the system to consist of 
, ana * ' 

d'x 



only one body of mass m. 
written in the form 



m 



de 



df 



let the equations of motion be 



w-T^ = £B + 



mJ(?^^GB + ... 



where -4, B, G are the coefficients of some unknown reaction 
B which may enter into all the equations. Multiplying these 

equations respectively hy 2 ^ , 2— and 2 ^ » a^ adding, 

we get 

^ dx d^x ^ dy d\ ^ ^^dO d^9 

then it will be proved in a subsequent chapter that, by virtue 
of the geometrical equations, the coefficient of B will vanish. 
And in the same way all the other unknown reactions will 
disappear from the equation. 
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Integrating this equation we get 

^iir) ■*" ^ {'£) "^ ^^ i'iTf) ~ known function of a;, y, 
and 0. 

If there be two geometrical equations we shall he able to 
express x and y in terms of d, and substituting we shall have 

-J- = known function of 0. 
at 

This when solved will enable us to determine x, y, and 
as functions of t. 

If there be only one geometrical equation there will be 
only one unknown reaction in the original equations (2), This 
must be eliminated from the equations by some process differ- 
ent from that described above, and adapted to the particular 
case in question. It is obvious there cannot be more than 
two independent geometrical relations, for then no motion 
would in general be possible. 

If there be several bodies in the proposed Dynamical 
System, the same process will apply. Each set of equations 
must be multiplied by the factors above described and all the 
sets must be added together. 

This method, with a few exceptions, will give a first 
integral of the original equations free from any unknown 
reactions. If the 'vdiole system of bodies be so connected by 
its geometrical relations that only one independent motion of 
the whole system is possible this one equation will be sufficient 
to give that motion. 

This is called the method of vis vtva^ and the cases of 
exception will be considered under that head. • 

61. Ex. 1. A sphere whose centre of gravity is in its 
centre rolls doton a perfectly rough indinea plcme. Find th^ 
motion* 

Let a be the inclination of the plane to the horizon, a the 
radius of the sphere, m1^ its moment of inertia about a hori* 
zontal diameter. 

Let be that point of the inclined plane at which the 
sphere originally started, and N the point of contact at time t. 
B. D. 6 
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Then it obviously is best to choose for origin and ON for 
the axis of a?. The forces which act on the sphere are first, 




\a 



the reaction B perpendicular to ON, secondly, JPthe friction 
acting at N along NO, and mg acting vertically at G the 
centre. 

Then the first principle gives the equations 

— = ffsma.-- (1), 

3| = -.yco8a+- (2). 

The second principle gives 

d^0 _ Fa f^y. 

■5F~^-- ^^^' ' 

where may be taken to be the angle which the radius whose 
extiemity oririnally coincided with 0, makes with the normal 
to the inclined plane. Then is the angle turned through by 
the sphere. 

'Since there are two unknown reactions, JPand jB, we re- 
quire two geometrical equations. Since there is no slipping 
w6 have 

x^ae:. • (4). 
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Also since there is no jiunping 

y = a 



67 



(5). 

Both these equations are of the fona described in the first 
method. Hence differentiating twice 

cW~"df 
Substituting from (1), (2), (3), 

<7cosa-- = 



Hence 



F= 



m. 






"4* + a' 
R = mg cos a 



■i.gsva.a. 



.(6). 



If the sphere be homogeneous i? = --a% and we have 

o 



Hence 






If the sphere had been a particle sliding down a smooth 
plane the equation of motion would have been 

(Px 
^=y8in«. 



So that the acceleration of the rolling sphere is just ~ of 
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that of the particle. Supposing the sphere to start initially 
from rest, we have clearly 

16. . 

and the whole motion is determined. 

It is usual to delay the substitution of the value of Ai* in 
the equations until the end of the investigation, for this value 
is often very complicated. But there is another advantage. 
It serves as a verification of the signs in our original equa- 
tions, for if equation (6) had been 



F=::^m 



Jt? 



i^'-a' 



-tffBinay 



we should have expected some error, for it seems clear that , 
the friction could bot be made infinite by any alteration of the 
internal structure of the sphere. 

52. Ex. 2. A sphere rolls down another perfectly rough 
fixed sphere. Find the motion. 

Let a and b be the radii of the moving and fixed sphere, 
respectively, and the two centres. 




Let OB be a vertical radius of the fixed sphere^ and 
^ = ^ BOC. Let F and jB be the fiiction and normal reaction 
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ati\r. Then taking the tangential and nonnal resolutions, 
the equations for the motion of G are 



(« + *)fT=5^^^^*-^ (^)- 



Let ^ be that point of the moving sphere which originally 
coincided with B. Then if ^ be the angle which any fixed 
line GA in the body makes with any fixed line in space as the 
vertical, we have 

d'0 Fa ,,. 

I W^mk'—: ^^^• 

It should be observed that we cannot take as the angle 
; AGO because, though CA is fixed in the body, CO is not 
I fixed in space. 

j The geometrical equation is clearly 

a((?-^)=:J^ (4). 

[ Ko other is wanted, since in forming equations (1) and (2) 
the constancy of the distance GO has been already supposed. 
f The form of equation (4) shews that we can apply the first 
I method. We thus obtain 

and we are finally led to the equation 

By multiplying by 2 -^ and integrating we get after de- 
termining the constant 
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the rolling body being supposed to start from rest at a point 
indefinitely near B. 

To find where the body leaves the sphere we must put 
5 = 0, This gives by (2) 



dt 



10 



.•• Y5r(l-COS^)=5rcOS^; 

.. cos^ = — . 

53. Ex. 3. A rod OA can turn abcmt a hinge at 0, 
while the end A rests on a smooth wedge which can slide along 
a smooth horizontal plane through 0. Find the motion. 

Let a= the inclination of the wedge, Jf s its mass and 
x^OG. 




Let Z = the length of the beam, w = its mass and d^AOC. 
Let R = the reaction at A. Then we have 

the dynamical equations^ 

d^x _ JB sin a 

W'^T' 



.(1), 
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,,/, m. cos {oL — 6)--mg- cos 
^^ 2 (2), 



ml^ 



and the geometrical equation^ 



a; = -^.sin(a-5) (3)/ 

sin a 

It is obvious we must apply the second method of solu- 
tion. Hence 

^^di'de^^'^dt-de^-'^^^'^'^di 

+ 25|sinaf + Zcos(a-^|}.: 

The coeflScient of B is seen to vanish by differentiating^* 
equation (3). Integrating we have 

Substituting from (3) we have 
jjf ^j^ cos» {a-e) + mk'\ (^ = G - mgl sin 0. 

If the beam start from rest when ^ = )8, then G = mgl sin /3. 

This equation cannot be integrated any further. We can- 
not therefore find in terms of t. But the angular velocity of 
the beam, and therefore the velocity of the wedge, is given by 
the above equation, 

54. The nature of the action of one part OP of the 
rod on the remaining part PA may be found as follows. 

When a rod is under the action of forces in equilibrium, 
we know from Statics that this action is equivalent to the 
resultants of all the forces which act on one side of P, 
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These will generally be equivalent to a force and a couple. 
The latter is thie most important part of the action, ana is 
called the "Tendency to Break." 

Let du be any element of the rod distant u from P, 
and on the side of P nearer the end A of the rod, and let 
PA = z. The effective moving forces on du are 



du d*0 , du 
► y.«-^ andm-^ 



respectively perpendicular to and along the rod. The im- 
pressed force ia m-j-.g. The effective forces being reversed, 

the tendency to break at P is equal to the moment about P, 
of all the forces which act on the part FA of the rod. If 
this be called L^ we have 

r (" { du d^e ^ , du A T> 

and the values of -^ and R must be substituted. 

55. When any of the bodies in the system are not per- 
fectly rough, we know that the friction will be different accord- 
ing as the body only rolls, or partly rolls and partly slides. 
The difficulty m such a case is to determine which of these 
two possible motions is the actual one. The usual method is 
to taKe the friction to be P, assuming the body to roll. Then 
solving the equations on this supposition, we can determine 

the ratio -g , where R is the normal reaction. If this ratio 

be less than /*, the supposition was correct. If not there 
will be sliding, and we should take the friction =/ajS. 
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Ex. 4. A sphere is placed on a fixed rough inclined 
plane, the coefficient of friction being /*, determine whether 
the sphere vrill slide or roll. 

Taking the same figure and notation as in Example 1, 
we have ' 

F 2 ^ 
5==-tana, 

2 

if then A* > ^ tan a, the solution there given is correct. If 

fjL he less than this value, the equations will be 

d'x . uB 

_=^sma--, 

= flr cos a , 

•^ m 

df "' mh? ' 



whence we have 



d'x , . ,1 

-j^ = ^(sma-/icosa) j 



d*0 aga 



y. 



and the motion is evidentlj one of constant acceleration. 
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Sect. II. Moving Axes. 

56. There are many problems in Rigid Dynamics which 
can "be easily solved by a proper use of moving axes. We 
shall now proceed to determine the equations of motion of 
a body with reference to axes moving in any manner what- 
ever. Two sets of equations are clearly necessary, first the 
equations expressing tne motion of translation, and secondly 
those expressing the motion of rotation. 

57. Prop. I. To determine the equations of motion of 
a point with reference to two rectangular co-ordinate aases ^, 17, 
moving according to a given law, the origin being supposed 
fixed. 

Let Ox, Oy, be any two fixed axes ; Of, O17, moving axes, 




and let the angle xO^^d, then since 0M=^, PJf=i;, we 
have 

a:=f cosd — lysin^; 

d'x d^P ^ d^ri . a ^ fdP . ^ dn ^ dO 
- (f cos ^ - 17 sin 0) ^^ -(f sin^+,7 '^^^ ' 
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This equation gives the acceleration of P parallel to any 
fixed straight line Ox. If then we so choose the axis of 
X that the straight line Of is just passing through it at 
the moment under consideration, this equation will also give 
the acceleration along Of at that instant. 

But at that instant ^ = 0; hence 

de ~ df ^ \dt) ^ridt V dtj ^ ^' 

is the acceleration along Of. And as the same reasoning 
will apply at every other instant this must be always the 
acceleration along Of. 

Similarly by putting ^ = — — , we can show that the 
acceleration along Ovi is 

Wde'"^ [dtJ '^1'dt [^ di) ^^^• 

And the equations of motion can be formed by equating 
these two expressions to the resolved parts of the forces 
in the two directions Of, O17. 

58. There is another demonstration which may be ^ven 
of these two equations which is so simple that it will at 
once enable us to remember them. 

It is evident that the motion of P is made up of the 
motions of the two points M and N by simple additions* 
Bat the accelerations of M are 



f-f(f)'.i»gOir 

'B'^i^T) P^T^^^dicular to OM 



> » 
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and the accelerations of N are 

^ I ( ''' S) Pe'Tendicular to ON 

Hence adding these together with their proper signs as 
shown by the arrows in the figure, we have 



dt 



S"'' (f)' + |l (rf) = acceleration along Or,\ 

59. If the moving axes revolve with uniform angular 
velocity a>, the above equations take the simple form 

where X and Y are the resolved parts of the accelerating 
forces along the moving axes. 

60. It will frequently be found convenient to use Greek 
letters to express the co-ordinates of a particle when referred 
to moving axes^ and English letters when referred to fixed 
axes. 

61. Ex. A particle slides along a smooth curve which 
turns with uniform angular velocity o> ahout a fixed point O. 
To find the motion of the particle, 

* These equations were first published in Vol. x. of the Camhridffe PhU. 
7Vaf». They have been independently obtained by several persons, and were 
again published in the Quarterly Journal of MathemaHct, rSsS. 



Digitized 



by Google 



HOTING AXES. 



77 



Take 0^, Or) axes moving with the curve, and let 
R be the reaction at any point. Then we have the equa- 
tions 

Let V be the velocity relative to the curve, then re- 
membering that a> is constant, these equations reduce to 

These are the equations of motion of a particle moving 
along a Jiased curve and acted on by a repulsive force o?r 

tending from 0, with — — 2o)t? written for B. 

To find the motion we may therefore treat the curve as 
fixed. Hence resolving along the tangent 

dv - dr 

where r is the distance of the particle from 0. 
Also, resolving along the normal 

— = — ©V sm 9 -h { 2wv , 

p ' \m J 

where ^ is the angle r makes with the tangent. If ^ be 
the perpendicular drawn from on the tangent, we have 

— = — -j. ^y 4- 2wv. 
m p ^ 
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If Q) be not constant, the equation for v cannot be inte- 
grated, bat the expression for B is 

62. Prop. II. To determine the eqiuztums of motion of a 
point with reference to polar co-ordinates, the origin being svp^ 
posed to move according to any given law. 

Let Ox, Otf be any two fixed axes, G the moving origin 
and P the point. Let CP—r, and let OP make an angle 9 
with any fixed straight line Ox, 

Since the relative motion only, of P with respect to G is 
required, we may reduce G to rest by applying to both G 
ana P accelerations equal and opposite to tne accelerations 
of G. The particle P will then be acted on by the accelerating 
forces given by the question and by the reversed accelerations 
of the point C/. Hence we shall have 

f impressed accelerating force on P along CP 
plus 
CP, 



-Y^ "" ** ( 7^) =1 P'^^ reversed acceleration of G resolved along 

\ d ( dd\ fii^P^^^ssed accelerating force on P perpendi- 
- Tr;(r'-i-) = Jcular to GP plus reversed acceleration of G 
rdt\ at J (perpendicular to OP, 



^impressed accelerating force on P perpendi- 
cular to GF " ^ - - - ^ 
perpendicula 

63. Prop. III. To determine the equations of motion of 
a point in terms of its velocities parallel to two co-ordinate aoces 
which move a/xording to any given law. 

Let Oxy Oy be any two fixed axes ; Of, O17 the moving 
directions, and let as before the angle xO^=d. Let u, v, be 
the velocities of the point parallel to the axes Of, O17. Then 

j2- — ucoa0 — vsm0; 



fdu d0\ ^ ( dO dv\ . ^ 
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Then by the same reasoning as in Art. 57, putting first ^ = 

and then d = — — , we get the accelerations parallel to Of, Ot]. 

Hence if X and Y be the impressed accelerating forces in 
these directions, the equations of motion are 

du dO ^^ 

64. Prop. IV. To determine the equations of rotation of 
a body about a point which moves according to any given law. 

Let Oxy Oy be any fixed axes, and let the co-ordinates of 
the moving point G be^, j. 

Let aj=^ + f) 

Then the equation of motion is 

= moment of the forces about 0. 

Since the position of the fixed point is quite arbitrary, 
we may take it so that the moving origin is passing through 
it at the instant under consideration. At this instant we 
have ^ = 0, j = 0. Hence 

= i, the moment of the forces about G. 

Let f , ^ be the co-ordinates of the centre of gravity re- 
ferred to axes through G parallel to the axes Oxy Oy; then 
the above equation becomes 
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65. There is another demonstration which can be given 
of this proposition which will enable us to remember the 
result. 

Since only the relative motion of the body and the point 
G is required, we may reduce G to rest by applying to 
every element of the body an acceleration equal and opposite 
to that of G. Let now r be the distance of any particle of 

the body from C, -^ its angular velocity round G. Then the 

accelerations of the particle will be 



de 



fd0\^ .ldf.de\ 



along and perpendicular to r. Then reversing these and 
taking moments about (7, we have by D'Alembert's Principle, 

V §^( 2^^_ f™^™®'^* <>f *^® impressed forces plus the 
dt \ dt) " [moment of the added forces. 

If every particle w of a body be acted on by the same 
force /always acting parallel to a fixed direction, it is evident 
that the sum of the moments of all these forces about any 
point is equal to the moment of /Sm supposed to act at the 
centre of ^avity. This is true whatever / may be and is 
still true if for / we read the reversed acceleration of C. 
Hence we have 

(moment round G of the impressed forces 
plus the moment round G of the reversed 
effective force of G supposed to act at the 
centre of gravity (J5). 

By a well-known transformation we have 

andtherefore f^-,^=|(r'g); 

hence the two equations (A) and {B) are exactly the same. 
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66. If the point C be fixed in the body and move with it 
in space, -j- will be the same for every element of the body, 
and r will be constant thronghont the motion ; hence 






where to is the angular velocity of the body, and is the 
angle made by a fi^ed line in the body with a fixed line in 
^pace. 

67. From the general equation of moments about a 
moving point we learn that we may use the equation 

den _ moment of forces about G 
dt "" moment of inertia about G 
in the following cases. 

First. If the point G be fixed both in the body and in 
space; for then the acceleration of G is nothing. 

Secondly^ If the point G being fixed in the body move 
in space with uniform velocity ; for the same reason as before. 

Thirdly. If the point G be the centre of gravity ; for in 
that case f=0, 1^ = 0. 

Fourthly, If the point G be the instantaneous centre of 
rotation*, and the motion be a small oscillation. At the 
time t the body is turning about (7, and the velocily of G is 
therefore zero. At the time t + dt^ the body is turning about 
some point (7' very near to G. Let G& = da^ then the 

* If a body be in motion in one plane it is known that the actual displace- 
ment of every particle in the time dt is the same as if the body had been turned 
through some angle tadt about some fixed point C. This may be proved in the 
nme way as the corresponding proposition in Three Dimensions is proved in 
the next Section. See Prop. I. .The point O is called the instantaneous centre 
o! rotation, and w is called the instantaneous angp^lar velodty. See also 
Silmon's Higher Plane Curves, 18521 Arts. 146 and 364. 

B.P, 6 
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velocity of is wUr. Henoe in the time dt the velodly of 
G has increased from zero to adaj therefore its acceleration 

is a> -^. To obtain the accurate equation of moments about 

at . d<r . 

G we must apply the effective force Sw . « -r- in the reversed 

direction at the centre of gravity. But in small oscillations 
Q> and -jT are both small quantities whose squares and pro- 
ducts are to be neglected. Hence the moment of this force 
must be neglected, and the equation of motion will be die 
same as if (7 had been a fixed point 

It is to be observed that we may take moments abotit any 
point very near to the instantaneous centre of rotation, but 
it will usually be most convenient to take moments about 
the centre in its disturbed position. If there be any unknown 
reactions at the centre of rotation, their moments will then 
be zero. 

If the accurate equation of moments about the instai^- 

taneous centre be required, the value of © -^ must be found 

from the peculiar circumstances of the problem under con- 
sideration. For example, if a body roll on a curve, then the 
arc (f o* is described by G when the body has turned through 

an angle — H- -r where />, p are the radii of curvature of the 

P P 
body and curve at the point of contact, the curvatures being 
supposed to be in opposite directions. Hence, since todt is 
the angle turned through by the body in the time eft, 




68. If there be several bodies forming together a dynamic 
system, since the equation {B) is true for each of them 
separately, it will also be ^e when they are all taken 
together. In this case we cannot usually find a point G fixed 
with respect to all of them, and we shall therefore require 
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the followiBg proposition to enable ns toiwrrite down at once 
the value of 

69. Pkop. V. 7%e sum of the moments of all the ^fecttve 
forces cf any rigid hody c^vJt a point G is equal to the sum of 
their moments movt the cenltre (yfgrojoity pl^s the m&menJt about 
O of the effective force <f the centre of gravity. This propo- 
sition expressed in Algebraic language is 

where © is the angular velocity of the body, r, 5, the co-ordi- 
nates of the centre of gravity referred to U as origin and any 
fixed direction through G as initial line. 

Since r*-^ = aj -— — y-^ , the proposition follows at 



dt 
once from Art. 5. 



dt ^ dt 



70. Ex. A sphere has a spherical eccentric cavity JiUed 
with water and rolls on a perfectly rough horizontal plane. 
To find the motion. 

Let M and m be the masses of the sphere and water, 




a and I the radii of the two spherical surfaces, G and A their 
two centres. Let CA « c. 

6—2 
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Let X ^ON "be the abscissa of and let = the angk* 
NO A through which the sphere has turned. 

First Let the sphere and water be of the same density. 
Then G is the common centre of gravity of the whole system, 
and we may take moments about it as about a fixed point. 
Since the sides of the spherical cavity are supposed to be 
smooth, the water supposed to be originally at rest will have 
no rotation, hence the q^uantity represented by cd in Art. 69 
is here nothing. 

The equations are therefore 

■ {M+m)^ = -F (2), 



and the geometricaFequation Is 



dx d0 .^. 



where ifZ:« = (if +m) |a"- m (c* + | &«) . 

Solving these equations by the first method, we have F— 
d^6 . ^ 

and -p- = : hence the sphere moves with uniform velocity. 

Secondly. Let the sphere and water be of different 
densities. Let G, which lies in CL4, be the common centre 
of gravity, and let CG^h. Then by Prop, iv, takinj 
moments about (7, we have 

Jlf*'^ + mc^^ = i?b+jAcos5(Jf+m), 
— (Jf+i»)^Asin5,. 
d by Google 
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also 

(Jlf+^) _ ^F, 

and the geometrical equation Is 
dx _ de 

Eliminating JTand x from these equations, we get 
{Ml^ + m(? + {M^'m)a^-2{M+m)iihcoBe]^^ 

+2(Jf+m)aAsin^,Q)' = -2(if+«i)5rAsIn^,where ^ ==»• 
Integrating both sides, we have 

(^^^+a«-2aAcose)a)"=(7 + 2(if + w)i7Acos^, 

This equation gives the velocity of the sphere. 

In this investigation it has been supposed that there has 
been no jumping. When the fluid has the same density as 
the sphere the common centre of gravity has no vertical 
motion, and the pressure on the table being = {M-\-m)g^ is 
always positive, and thus there can be no junaping. But 
when the centre of gravity is not in the centre of the 
sphere then 

y = a — Acos^, 

d^_ R 
dt^'M+m ^' 

whence B can be found in terms of 0. If the motion be very 
slow it is evident from the second equation that B cannot be 
negative ; there will then be no jumping. 

If B vanish and become negative, the sphere will leave 
the table and the centre of gravity will describe a parabola. 
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Sect. Ill, Small OaciUatians and Initial Motions. 

71. If a body be placed m a positioa of stable eqnill- 
brimn and be then slightlj disturbed it will make small 
oscillations about that position of rest Suppose the dis- 
turbance originally given to the body to decrease without 
limit, then the consequent motion will also decrease without 
limit. But it will be found that the time of oscillation has in 
general a finite limit. This finite limit when it exists is 
called the time of a small oscillation. The smaller the 
motions, the more nea rly does the time of oscillation become 
equal to this limit* When the motion is sufficiently small 
we may take this as the true time of oscillation. 

Since the motion is supposed ultimately to vanish, it is 
obvious that we may nedect all squares and products of 
small quantities. Thus the equations will be greatly sim- 
plified. If we wish to preserve the linearity of our equations 
we must treat the equations in a difierent manner from that 
described in the previous section. For the chief method 
there described consists in multiplying both sides of the 
equations by quantities which in this case are very small, and 
we should then be obliged to consider terms of the second 
order. This is not usually found convenient in practice. 

72. When the system admits of only one independent 
motion our object in general is to reduce the equations to 
the form 

This is effected by neglecting the squares of the small' 
quantity a. The solution of this equation is known to be 

«=- + j:co8(Vw.*+j5), 

n ^ 

where A and B are two arbitrary constants. The physical 
interpretation of this equation has been determined in trea- 
tises on Dynamics of a JParticle. It is proved that it repre- 
sents an oscillatory motion, that the period of a complete 

oscillation is -7=, and that the central point is at a dis- 
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tance from the origin equal to - . The extent of the oscilla- 
tion is equal to A and depends on the initial conditions of 
the motion. But in this case the motion is' supposed ulti- 
mately to vanish. Thus it appears that we may determine 
all we require directly from the differential equation and 
without considering the initial conditions of motion. 

If w be negative the solution of the equation 

is « = — +^6^'4-jB6-^'. 

— w 

The motion will not be oscillatory since s will continually 
increase or decrease with t If n be zero, we shall have to 
consider the terms of the second order in the differential 
equation. 

73. First Method. When the system consists of a single 
body there is a very simple method of finding the motion, 
that is sometimes applicable. 

Find the instantaneous centre. This can be always effected 
when the directions of motion of two points are known. For 
if we draw from these points perpendiculars to their direc- 
tions of motion, these perpendiculars will meet in the instan- 
taneous centre of rotation. 

It has been shewn in the preceding section that if we 
neglect the squares of small quantities we may take moments 
about the instantaneous centre as a fixed centre. Now as the 
unknown reactions will usually act at this point, their 
moments will be zero, and thus we shall in general have an 
equation containing only known quantities. 

74. Ex. 1. A hemisphere performs sm^all oscillations on 
a ^perfectly rough horizontal plane : find the motion. 

Let be the centre, G the centre of gravilr of the 
hemisphere, Niht point of contact with the rough plane. . 
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Let the radius = a, CO^c, 0=^NCG. 




Here the point N is the centre of instantaneous rotation, 
hecause the plane being perfectly rough, sufficient friction will 
be called into play to keep -AT" at rest. 

Hence taking moments about N 

Since we can put QN^a — c in the small terms, this 
reduces to 

Therefore the time of a small oscillation is 






<^9 
It is clear that yt* + c'= (rad.)' of gyration about G 

2 , , 3 

= -a and c=- a. 

o o 

If the plane had been smooth, M would have been the 
instantaneous axis, GM being the perpendicular on CN, For 
the motion of -N^ is in a horizontal direction because the 
sphere remains in contact with the plane, and the motion 
of Q is vertical by Art. 33. Hence the two perpendi- 
culars OMy NM meet in the instantaneous axis. By rea- 
soning similar to the above the time will be found to be 



27r 
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76. Ex. 2. A cylindrical surface of any form rests in 
stable equilibritmi on another perfectly rough cylindrical swr-* 
face^ the cuces of the cylinders being parallel, A small dis" 
turbance being given to the upper surface^ to find the time of a 
small oscillation. 

Let JSAP and baP be sections of the cylinders perpendi- 
cnlar to their axes. Let OA, Ca be those normals to the two 
cylinders which before disturbance were vertical. Let OPC 
be the common normal at the time t. Through P draw a 
vertical line cutting a (7 in if, and let G be the centre of 




gravity of the body. Then unless G he on the left-hand 
side of Jf, the body will be in unstable equilibrium, and there 
can be no oscillation. 

Now we have only to determine the time of oscillation 
when the motion decreases without limit. Hence the arc aP 
will be ultimately zero, and therefore G and may be taken 
as the centres of curvature of aP and AP. Let r= OA^ 
r'= Ca, c = aM, and let be the angle which Ca makes with 
the vertical ; 

.% e^^CDE^iPOA + iPCa 

arc PA arc Pa ,^. ^ , 
= 1 ; — ultimately; 
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also 5=s z aMP= ultimately. 

But since one body rolls on the other, 
the arc Pa = arc PA ; 
therefore equating the two values of 0y 

1=1+1. 

err 

this equation determines c; also let aG^d and (7Jf which is 



Taking moments about P, we have 
which reduces to 



lll + c* 



therefore the time of oscillation is 27r/_, 

76. Second Method. Let the general Equations of mo- 
tion of all the bodies be formed. Then if the positions about 
which the oscillations take place be known some of the 
quantities involved will be small. The squares and higher 
powers of these maj be neglected, and then all the equations 
will become linear. If the unknown reactions be then elimi- 
nated, the resulting equations may easily be solved. 

If the positions about which the oscillations take place be 
unknown it is not necessary to solve the Statical Problem 
first. We may by one process determine the positions of 
rest, ascertain whether they are stable or not, and find the 
time of oscillation. The method of proceeding will be beat 
explained by an example. 

77. Ex. The ends of a unijbrm heavy rod AB of 
length 2l are constrained to movCj the one along a horizontal 
line Oxy the other odong a vertical line Oy. If the whole 
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system turn round Oy with a unj^hrm anguhr velocity co, tt is 
required to find the positions oj equilibrium and the time of 
a small oscillation. 

Let x^yhQ the co-ordinates of G the middle point of the 




rod, 6 the angle OAB the rod makes with Ox. Let By R' 
be the reactions at A and B. 

The effect of the rotation is the same as if the rod were at 
rest and each element dr of the rod were acted on "by a force 
fi)' (aj + r cos 6) dr tending from Oy, the distance r being mea- 
sped from G towards A. All these forces are equivalent to a 
single force acting at G 

= I tt)*(a?+rcos^)dr = G)'.a?.2Z, 



and a couple round G'^ 



= I Q)'(a; + rcos^ rain^rfr = G)*.2Z.-.8in^cos^. 



'3 



* If a body in one plane be turning about an axis in its own plane -with an 
angular Telocity ia, a general expression can be found for the resultants of the 
centriftigal forces on 3l the elements of the body. Take the centre of gravity 
O as origin and the axis of y parallel to the fixed axis. Let e be the distance 
of O from the axis of rotation. Then all the oentrifugal foroes are equivalent 
to a single resultant force at 

= w*.if(5, since «=0, 
and to a single resultant douple 

^^it^fxydm since y=0, 

9 «* , Plroduot of inertia about Cbb, Oy. 
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Then we have the dynamiad equations 
d'x 



21. 



de 



= -JB; + a^x.2l 



.(1). 



21.^ B+g.2l 

and the geometrical equations 

y^UmO] ^^^• 

Eliminating iZ, JK', from the equations (1), we get 

^-^-y-^-^^ -jW^9^ ^ a)'a?y- «' - sm ^ cos ^ ... (3). 



dt 



df 



df 



To find the position of rest. 

We observe that if the rod were placed in that position it 
would always remain there, and that therefore 






de 



df 



df 



This gives 



gx — <ji?Qcy — ©* ■5- sin 6 cos ^ = , 
o 



(4). 



TT 



Joining this with equations (2), we get ^ = -^ , or 

sin 6 =—3-- , and thus the positions of equilibrium are found. 
Let any one of these positions be represented by 
^ = a, x=^ay y = h. 

To find the motion of oscillation^ 
Let x^a+x\ y==S + y', ^=a + ^V where x\ y\ ff 
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are all small quantities, then we must substitute these values 
in equation (3). On the left-hand sidq since -1-3-, -J{ , --^- , 

are all small, we have simply to write a, 5, a, for a, y, d. On 
the right-hand side the substitution should be made by 
Taylor's Theorem, thus 

We know that the first term /(a, 5, a) will be equal to 
nothing, because this was the very equation (4) from which 
a, J, a^were found. We therefore get 

a-^-&-^+Ar-^ = (5'-a)'5)aj -©'ay -©'-cos 2a. 5. 

But 1^ putting ^ = a + ^' in equations (2), we get by 
Taylor's Theorem 

ru' =— Z sin a . ^', y' = Z cos a . ^', 

Hence the equation to determine the motion is 

(Z' + A?) -^ + {gl sina + -fi)V cos 2a) d' = 0, 

Now, if yZ sin a + - o'Z* cos 2a =n be positive when either 

of the two values of a is substituted, that position of equili-r 
brium is BicibU^ imd the time of a small oscillation is 



27r 



v^. 



If n be negative the equilibrium is unstable^ and there can 
be no oscillation. 

If n = 0, the body is in a position of neutral equilibrium, 
and we must calculate both sides of the equation as far as 
terms 4>f the second order. 



By a well-known transformation we have 
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Hence the left-hand side of equation (3) becomes 

The rlght-kand side becomes bj Tajlor's Theorem 

*"3a v' Bin a + 3 ®'^* cos 2aj ^ • 
Hence the equation of motion true to the second order is 

where C = ffl cos a - - of I* sin 2a. 
o 

The equilibrium is unstable for a displacement in one direc- 
tion and stable for a displacement in the opposite direction. 
Let C be positive and let a be the initial value of 6\ then the 
time T of re^x^hing the position of equilibrium iS 

/ 3(Z'+y) f de^ 

put ff — (X<f>, then 

hence the time of reaching the position of rest Yaries invetsely 
as the square root of the arc Hence when the axe becomes 
ultimately zero, the time becomes infinite. 

78. This problem might have been easily solved by the 
^ ^ To "* ' " ' ^ ^ 



first method. Tor if the^ two perpendiculars to Oxy Oy at 
A and B meet in JV, N is tbe instantaneous asis. TaJking 
moments about N^ we have the equation 

(?« + A?) ^=^ZcoB^-J*'fl)*(Z+r)*sm#cosl^~ 
= ^^Z cos tf — ^ • sin 6 cos Q 
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l^en the positions of equilibrium can be found from the 
equation 

_/(a) = 0, 

and the time of oscillation from the equation 

79. Third Method. When there are sereral bodies which 
may move independently of each other the number of equa- 
tions and unknown reactions may be very great. In the second 
method we begin our process by eliminating from the equations 
all the unknown reactions, and no frirther use is made of the 
Dynamical Equations. We shall now explain a method of 
obtaining at once the result of this elimination, which will 
not require us to write down the primitive Dynamical Equa- 
tions. 

If we reverse the effective forces, by D'Alembert's Prin- 
ciple they will be in e<juilibrium with tjie impressed forces. 
Now applyinff the Principle of Virtual Velocities, we have by 
Todhunter's Statics, Art. 254, 

• 2«(5fe+^«iy)=2».(j:sx+i%), 

where Sx St/ are any small arbitrary displacements consistent 
with the geometrical relations, and X, Y are the resolved 
parts of the impressed forces, omitting all the reactions. 

By referring to Art. 259 of Todhunter's Statics, it will be 
seen that this equation subdivides into as many equations as 
there are independent motions in the system. These with 
the geometrical equations will be sufficient to determine the 
motion. Suppose for example the system admit of only one 
independent motion, then x, y, &c. may be expressed in terms 
of some one variable, say 0. Let 

then after substitution, 80 will divide out of the equation, and 
we shall have a Dynamical Equation free from all the im- 
known reactions. 

80. If any of the bodies be a rigid body, the 2 on the 
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96 MOTION IN TWO DIMENSIONS. 

left-hand side becomes an integral, and the following pro- 
position will be necessary. 

Let 5, y, be the co-ordinates of the centre of gravity; 
<f> the angle any straight line makes with the axis of a;, Jf the 
mass of tne body, "fiien 

CT the virtual moment of all the effective forces is equal to the 
virtual moment of the whole mass collected at its centre of 
gravity, plus the virtual moment due to rotation round the 
centre of gravity. 

This may be proved as follows : Let a; = » + a;', and 
y = y + y'. Then, by Art. 5, the expression on the left-hand 
side becomes 

Putting oj'ssrcos^, y' = r sin ^, where r is independent 
of ty we get 

Multiplying these respectively by 

&b' = — r sin ^ S^ ^ 

^'== + rcos^S<^j • 
the last term of the above expression becomes 
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81. Ex. 1. Let us take the problem discussed in the 
second method. 

The only impressed forces are 2lq acting at Gy and the 
centrifugal force o)* (a; + r cos Sf) dr acting on each element dr 



and tending from Oy. The virtual moment of the former is 
2^Sy. The virtual moment of the latter is 

= ©'1 (Z + r) cos^rfr.8(Z + r)cos^ 

= -2Z.-^.a)' cos^.sin^.Stf. 
o 

Hence the dynamical equation is 

-^&c + -^Sy + i'^S^=5rSy-l-a)'sin^cos^85. 

The geometrical equations are 

ar = Z cos tf , y = Z sin ^ ; 
.•• &B = -ZsineS^, Sy = Zcos^S^, 
substituting, we get 

--^ Zsin^+ •^^^8^*+^'^ =5'Zcos^ — — o'sinff cos^, 

the very same equation which we obtained before. 

The remainder of the solution is therefore the same as 
before. 

82. Ex. 2. Two rods AB, BO are connected hy a smooth 
hinge at B, and are suspended from a fixed point ly one extre^ 
mity A, To determine the small oscillations of the system. 

Let AB, BG, make small angles 0, ff with the vertical. 
Let Xy y\ Xy y\ be the co-ord. of their centres of gravity, 
X being measured downwards from the point of suspension. 
Let ily 2l' be the lengths of the rods, 2Z»i, 2?'^ their masses, 
hy y their radii of gyration about their respective centres of 
gravity, 

B.D. 7 
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The equation of motion is 

The geometrical equations are 

X =1 cos 6y y = ? sin 69 

x' = 2l cos 0+r cos ^, y' = 2l sin ^ + Z' sin ^^ 

We have first to substitute for Sx, Sy, &c. in the equation 

of motion. As that equation will be subsequently divided by 

SO or 8^', it must be obtained in the first mstance correct to 

the second order. The terms on the left-hand side contain 

d^x d*v 

-j^ , -^ , &c. and we may substitute for Sa?, Sy, &c. their 

approximate values obtained by taking only the terms of th 
Jirst order; but on the right-hand side we must substitute the 
values of Sx, &c. correct to the second order. 

From the geometrical equations, we have 
tx^-Whe, hf^m, 

on the left-hand side of the equation of motion, we may put 
&c = 0, &c' = 0. 

Hence, substituting, we get 



K de ^^^ df ^'^ df)^^^\_(^ffW{i+2r)S0 
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But since B0 and Bff are independent, this gives 

Substituting in these equations for y and y' , the approxi- 
mate values 

y=l0, y'^2ie-vV6\ 

we get 

To solve these, assume 

6 — A sin(w^ + a), 

^' = ^'sin(n«4-a), 

substituting, we have 

[(jav + l* + K)A + il*^A'] n^^g (Z+ 2Z') ^1 
{ilWA + (Z" + r) A] n^ ^gl'A' J * 

Eliminating, we have 

{{41V + V + Te) n^^g (Z+ 2Z')} {(«'" + A:'^) n^-^H = 4ZiV, 
A -2ZZV 

The first equation is a quadratic to determine r^\ it is 
easily seen that both its roots are positive. Let the four 
values oin thus obtained be ± n^ and ± w^. Then the oscillation 
is represented by the equation 

B ^A^ sin (ji^t + aj + A^ sm (n,« + a,), 

^' = J/sin K< + aj + u4,'sin (wj^ + aj. 



7—2 
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100 MOTION IN TWO DIMENSIONS. 

The four arbitrary constants -4^, u4„ Oj, ofj, are to be de- 
termined by the initial values of ^, ^, -^ , -r- ♦ The nega- 
tive values of n give only the same terms over again. 

Thus the motion consists of two oscillations whose periods 
are -7=. and -7=. These go on together and do not interfere 

in any way with each other. If there had been three rods we 
should have had three oscillations, and so on. 

Initial Motions, 

83. Prop. A system of bodies being in equilibrium^ one 
of the supports suddenly gives way. It is required to find the 
reactions on the other points of support. 

Suppose first that the system consists only of a single 
body, and let it receive any small displacement. Let a;, y be 
the displacements of the centre of gravity along the axes, v the 
angle turned through. 

In the beginning of the motion, a?, y, and ^, are very small, 
and hence their squares and higher powers may be rejected. 
The geometrical equations will therefore take the form 

where -4, 5, 0, D are some constants. 

The geometrical equations must be found firom the dis' 
placed position of the body, because we require to differentiate 
them ; but this is not the case with the dynamical equations. 
These we write down at the instant when the body begins 
to move. Thus we have 

d'^x 

-j^ = function of reactions and known quantities, 

de ■" 

^ £?^ "" 
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Bj differentiating the geometrical equations and substi- 
tuting from the dynamical equations we obtain sufficient 
equations to determine the tniticd values of the reactions. 

If there be more than one body in the system, the process 
is exactly similar. 

84. Ex. A circular disc is hung up by three eqv^l 
strings attached to three points at equal distances in its cir^ 
cumforence^ and fastened to a peg vertically over the centre of 
the disc. One of these strings is suddenly cut. To deter- 
mine the initial tension of the other two. 

Let be the peg, AB the circle seen by an eye situated 




IB 



in its plane. Let OA be the string which is cut and C the 
centre of the chord joining the other two strings. Let G be 
the initial position of the centre of gravity. 

Let 2a = the angle between two strings, Z= the length of 
each string, a = the radius of the disc. Let x, y be the co- 
ordinates of the displaced position of the centre of gravity 
with reference to G, and let tf be the angle the displaced 
position of the disc makes with AB, 

Then the equations of motion are 
m -^A = 2 Tcos a cos /3 



d^V rn • rt 

m -1— ^mg-^ 2Tcob a.sm p 

mJ(?-y^r=2TQOBa.c.sml3 
where fi is the known angle OCG and c^ GC. 



•(i)> 
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These are the equations of motion at the instant when the 
system begins to move. The geometrical equations are to be 
found from the displaced position. 

The co-ordinates of G will be a; — c and y — cO. Let 
OG = b, Then since the length OC remains constant, we 
have 

(a?-c)'+(y-c^ + i)» = &» + c'; 

.•. -2ca?+25(y-c^) =0, 

by rejecting the squares of all small quantities. Differen- 
tiating we get 

Substituting from equations (1) we get 
2!rccosacos)8— my5+2T&cosasin)8- ^ 2rcosasin^ = 0, 

which is an equation to determine 21 

The tension T before the string was cut is given by the 
equation 

3jr'cos7 = 7n^, 

where y^^AOG. Thus the change of tension can be de- 
termined. 



85. It is not absolutely necessary to express the geome- 
trical equations in a linear form previous to differentiation. 
Supposing one of these equations to be 

^(a?,y...) = 0, 

then, differentiating, we get 



fH.|+f(y)|+...=o. 
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Differentiating again and remembering that the initial values of 
^ , -M- &c. are zero, since the system starts from rest, we get 



de 



de 



Substituting for -^ , -^ , &c. their values given by 

the dynamical equations, we have one of the equations re- 
quired to determine the unknown tensions and reactions. 

Ex. A fine string attached to a fixed point A carries a 
small ring of mass w, and passing over a small pulley B in 
the same horizontal' plane with the fixed point has a mass 
m^ + m^ a/ttached to the free extremity. The system being in 
equilibriumy the mass m^ is removed. Shew that the strain on 

the fixed point is instantly reduced hy -. ^ \^ — ^ times 

(Wj + w,) +m^ 

its former value. 




Let Tj and The the tensions of the string before and after 
the change. Let x and y be the distances of m and m^ from 
the horizontal line AB^ and let 6 be the angle the part Bm 
of the string makes with AB. 



The equations of motion are 

d^X m » /I 



initially . 



.(1). 
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Also 2V(a?" + a^+y=Z, 

where AB = 2a and I is the length of the string ; 

. 9__?_^ + ^-0- 

Substituting, we get 

2.8in^(5^-2-sin^ + (sr-± ) = 0; 

^ 2sin^ + l 

^ 4wij sin" + m 

But since the system is at rest when we put m^+ m, for w^, 
2 sm ^ = 



This problem and its solution are due to Mr C. B. Clarke 
of Queens' College. 



EXAMPLES. 
Sections I. and II. 

1. A rod is capable of moving about one extremity upon 
a smooth horizontal plane : an elastic string is attached to the 
other extremity, and is made fast to the plane in such a 
manner that when the string has its natural length, the rod 
and string are in the same straight line ; if the rod be drawn 
from the position in which the string has its natural length 
into any other and then let go, the angular velocity acquired 
in returning to its original position will be proportional to 
the initial extension of the string ; Hooke*s Law being sup- 
posed to hold throughout the motion. 
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2. A sphere rests on the top of a fixed sphere, and is 
^ veiy slightly displaced ; determine where it will leave the 

fixed sphere, (1) when the surfaces are smooth, (2) when they 
are perfectly rough. 

Remit. Let 6 be the angle the line joining the centres 
of the two spheres makes with the vertical at the moment of 

2 

separation, then when the spheres are smooth, cos ^ = - , when 

o 

rough, cos^= — . 

3. A cylinder with a hemispherical end moves on a hori- 
zontal plane from a given position. Find in any position the 
angular velocity of the body, the velocity of its centre of 
gravity, and the pressure on the horizontal plane ; (l) when 
the plane is perfectly smooth, (2) when perfectly rough. 

4. A heavy imiform sphere rolls on a rough plane and 
\^ is acted on bv a fixed centre of force in the plane varying 

inverselv as the square of the distance ; if the sphere be pro- 
jected along the plane from a given point in it, m a direction 
opposite to that of the centre of force, find the roughness of 
the plane at any point, supposing the whole of it to be 
required. 

5. , A perfectly rough cylinder .is placed on an inclined 
plane, and an elastic band tight but unstretched and parallel 
to the inclined plane has one extremity fixed, while the other 
is attached to the cylinder exactly opposite to its line of 
contact with the inclined plane. AU external support being 
removed motion ensues, determine the velocity in any given 
position, and how far the cylinder will descend. 

6. Two equal heavy spheres one solid and the other 
hoflow, and the hollow filled with fluid, are revolving with 
the same angular velocity about a horizontal axis and are 
laid side by side on a rough horizontal plane, the coefficient 
of friction for both being fi ; if the interior radius of the sphere 
he one-half of the extenor, and the density of the fluid equal 
to that of the solid, find the distance between them at any 
time, supposing that they move in parallel lines. 
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7. A smooth wire without inertia is bent into the form 
of a helix which is capable of revolving about a vertical axis 
coinciding with a generating line of the cylinder on which 
it is traced. A small heavy ring slides down the helix, 
starting from a point in which this vertical axis meets the 
helix : prove that the angular velocity of the helix will be a 
maximum when it has turned through an angle 6 given 
by the equation 

cos' + tan* a + ^ sin 2^ = 0, 
a being the inclination of the helix to the horizon. 

8. Two equal uniform rods of length 2a, loosely jointed 
at one extremity, are placed symmetrically upon a fixed 

smooth sphere of radius — r— , and raised into a horizontal 

position so that the hinge is in contact with the sphere. If 
they be allowed to descend under the action of gravity, show 
that, when they are first at rest, they are inclined at an 

angle cos"* - to the horizon, that the points of contact with 

the sphere are the centres of oscillation of the rods relatively 
to the hinge, that the pressure on the sphere at each point of 
contact equals one-fourth the weight of either rod, and that 
there is no strain on the hinge. 

9. Two circular discs are on a smooth horizontal plane ; 
one, whose radius is n times that of the other, is fixed, an 
elastic string wraps round them so that those portions of it 
not in contact with the discs are common interior tangents 
the natural length of the string being the sum of the cir- 
cumferences. The moveable disc is drawn from the other 
till the tension of the string is jT, prove that if it be how 
let go, the velocity acquired when it comes in contact with 
the fixed disc will be 



xV 
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where m is the mass of the moving disc, X the modulus of 
elasticity, a the radius of the moving disc. 

10. Two masses m^ ml are connected bj an inextensible 
strine, and laid over a double inclined plane of mass m + m', 
which is capable of moving freely on a smooth horizontal 
plane. If tne section of the inclined plane be isosceles, and 
a the inclination of its sides to the horizon, the system may 
be kept in a state of relative equilibrium by the force 

2 (m — m) g tan a 

applied to the plane. 

f 

11. A body whose centre of gravity oscillates in a 
straight line under the action of a force, which tends to a 
fixed point, and varies as the distance, has an angular 
velocity communicated to it about a principal axis through 
its centre of gravity, which is perpendicular to the direc- 
tion of motion ; show that the instantaneous axis traces out 
in space an elliptic cylinder. 

12. Two straight equal and uniform rods are connected 
at their ends by two stnngs of equal length a, so as to form 
a parallelogram. One rod is supported at its centre by a 
fixed axis about which it can turn freely, this axis being 

SBrpendicular to the plane of motion which is vertical, 
how that the middle point of the lower rod will oscillate 
in the same way as a simple pendulum of length a, and 
that the angular motion of the rods is independent of this 
oscillation. 

13. Three equal and perfectly smooth balls are in con- 
tact, each with the other two on a perfectly smooth plane, 
and another of the same size rests upon them. Supposing 
the motions of the balls to commence from these positions, 
find the velocity of each after the upper ball has aescended 
through a given space. 

14. A fine string is attached to two points -4, -B in the 
same horizontal plane, and carries a weight W at its middle 
point. A rod whose length is AB and weight TF, has a 
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ring at either end, through which the string passes, and 
is let fall from the position AB, Show that the string must 

be at least - AB, in order that the weight may ever reach 
o 

the rod. 

Also if the system he in equilibrium, and the weight 
be slightly and vertically displaced, determine the time of 
its small oscillations. 

15. Three equal particles A, B, G repelling each other 
with any forces, are tied together by three strings of unequal 
lenglii, so as to form a triangle. If the string joining B 
and C be cut, prove that the instantaneous changes of 

tension of the strings joining BA^ CA are - Tcos B and 

1 . 

- jTcos respectively, where B and are the angles op- 

posite the strings joining CA, AB respectively. 

16. Three pieces of one uniform wire, rigidly connected 
so as to form a triangle ABC, are in motion ; find the direc- 
tions of the strains in the connections of the angles. 

Result. The strain at A makes an angle 

ta "^ / sin ^ — sing \ 
U+cosjB + cos (7/ 
with the side BC. 

17. A fine thread is enclosed in a smooth circular tube 
which rotates freely about a vertical diameter ; prove that, 
in the position of relative equilibrium, the inclination {0) to 
the vertical, of the diameter through the centre of gravity 
of the thread, will be given by the equation 

cos^ = 



aa? cos P ' 



where © is the angular velocity of the tube, a its radius, 
and 2a)3 the length of the thread. Explain the case in 
which the value of a®' cos ^ lies between g and — g. 



Digitized 



by Google 



EXAMPLE* 109 

18. A spherical hollow is made in a cube of glass, and a 
particle is placed within. The cube is then set in motion on 
a smooth horizontal plane so that the particle just gets round 
the sphere, remaining in contact with it. Find the velocity 
of projection. 

19. A perfectly rough ball is placed within a hollow 
cylindrical garden-roller at its lowest point, and the roller is 
then drawn along a level walk with a uniform velocity F. 
Show that the ball will roll quite round the interior of the 

a being the radius of the ball, and h of the roller. 

20. A spherical shell (of radius a and mass m) rolls along 
a rough horizontal plane, whilst a smooth particle P oscillates 
within the shell in the vertical plane in which the centre of 
the shell moves, the particle being never very far from the 
lowest point. Show that the time of its oscillation will be 
the same as that of a simple pendulum of length 



where k is the radius of gyration of the shell about a dia- 
meter. 

21. A sphere with a hollow spherical eccentric cavity 
within it having a radius of the former for its diameter is 
placed on a perfectly rough inclined plane, with the centre of 
gravity at its shortest distance from the plane and left to 
itself: find the angular velocity of the body when it has just 
rolled once round, and the pressure on the plane. 

22. A scjuare formed of four similar uniform rods jointed 
freely at their extremities is laid upon a smooth horizontal 
table, one of its angular points being fixed : if angular velo- 
cities ©, «' in the plane of the table be communicated to the 
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two sides containing this angle, show that the greatest value 
of the angle (2a) between them is given bj the equation 

5 (© - fi)')' 
cos2a = --^^ ' 



tt 



6 a)" + a)' 



Section III. 

23. Two equal and parallel cylinders are rigidly con- 
nected together by a straight rod. One cylinder makes small 
oscillations by rolling on a perfectly rough plane, the other 
cylinder being supported by the rod which passes through a 
slit in the pkne. The time of oscillation being the same 
whichever cylinder is uppermost, prove that the length of the 
simple equivalent pendulum is equal to the distance between 
the cylinders. 

24. A uniform rod of length 2c rests in stable equilibrium 
with its lower end at the vertex of a cycloid whose plane is 
vertical and axis downwards, and passes through a small 
smooth fixed ring situated in. the axis at a distance h from the 
vertex. Show that if the equilibrium be slightly disturbed, 
the rod will perform small oscillations with its lower end on 
the arc of the cycloid in the time 

^^N 3(7(y-4ac) ' 
where 2a is the length of the axis of the cycloid. 

25. Two rods are jointed at one end by a'compass-joint, 
and the other ends slide by rings on a vertical smooth circle ; 
find the condition, and the time of oscillation. 

26. A small smooth ring slides on a circular wire of 
radius a which is constrained to revolve about a vertical axis 
in its own plane, at a distance c fro m the cen tre of the ring, 

with a uniform angular velocity V f,.y — ; show that the 

c72 + a 
ring will be in a position of stable relative equilibrium when 
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the radius of the circular wire passing through it is inclined 
at an angle 45** to the horizon ; and that if the ring be slightly 
displaced, it lyill perform a small oscillation in the time 



JaV2 cVV+a) 4 



27. Two equal extensible strings, stretched in a hori- 
zontal plane, have their ends fixed so as to touch at their 
middle points a circular disc at the extremities of a diameter. 
Supposing the strings to be nailed to the disc at these points, 
find the time of a small oscillation, (1) when the circle is 
turned through a small angle, the 6entre being unmoved, 
(2) when the centre is displaced in the line perpendicular to 
the strings. 

Interpret your result supposing that in the position of 
equilibrium the string is unstretched. 

28. Two points J9, (7 of a circular ring, moveable in its 
own plane about its centre, are connected with a fixed point 
A by elastic strings, the natural length of each of which is 
equal to the shortest distance (c) between A and the ring ; 
in the position of equilibrium AB^ AG are tangents to the 
ring; supposing the ring turned through any angle, calculate 
the motion ; and show that the time of a smau oscillation 



/ mc 



where m is the mass of the ring and X the 
modulus of elasticity of the strings. 

29. A uniform bar suspended by two equal parallel 
strings from two points in the same horizontal line, is turned 
through a given angle about the vertical line through its 
middle point: find the angular velocity of the bar in its 
lowest position, and the time of a small oscillation when the 
initial displacement is small. 

30. The upper extremity of a uniform beam, of length 
2a, is constrained to slide along a smooth horizontal rod with- 
out inertia, and the lower along a smooth vertical rod, 
through the upper extremity of which the horizontal rod 
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passes: the system rotates freely about the vertical io4l 
prove that if a be the inclination of the beam to the verticil 
when in a position of relative equilibrium, the angular velo^ 

city of the system will be (-: — - — ) : and if the beam bevS 
•^ '^ \iacosaJ ^ ^ 

slightly displaced from this position, show that it wiU make 

small oscillations in the time 

Air 



(-^(seca + 3cosa)j 

31. Six stretched elastic strings of the same material 
are attached to the angular points of a regular hexagon, the 
length of each stretched string being equal to that of a side 
of the hexagon, and they meet in a point to which a little 
insect of given mass clings, — ^while it is slightly displaced 
in the direction of one of the strings, having given the 
modulus of elasticity, find the number of oscillations per 
second, neglecting the attraction of gravity. 

32. Four equal rods are connected by smooth joints at 
their extremities, so as to form a rhombus : a constant force 
mf is applied to each rod at its middle point, and perpen- 
dicular to its length, each force tending outwards. K the 
equilibrium of the system be slightly disturbed by pressing 
two opposite comers towards each other, and the system be 
then abandoned to the action of the forces, show that the 
time of a small oscillation in the Jbrm of the system is 

/2a 
= 2ir a/ -^ where m=the mass, and a = the length of each rod. 

33. ^ A light imiform lamina in the form of a regular tra- 
pezoid is suspended by one of the parallel edges, and a weiffht 
Mg is uniformly distributed over the opposite edge ; supposmg 
the lamina to be elastic only in the direction of the breadth, 
find the position of equilibrium and the time of a small vertical 
oscillation. 
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If 2a and 2b be the lengths of the parallel edges, I the 
|bceadth of the lamina when unstretched, 

/Ml {log a -logb) 
2E{a-b) ' 

34. A sphere whose centre of gravity is not in its centre 
4 placed on a rough table ; the coefficient of friction being /it, 
etermine whether it will begin to slide or to roll. 

35. An equilateral triangle is suspended from a point by 
three strings, each equal to one of the sides,^ attached to its 
angular points, if one string be cut, show that the tensions of 
the other two are diminished in the ratio of 36 : 43. 

36. A horizontal rod of mass m and length 2a, hangs by 
two parallel strings of length 2a attached to its ends: an 
angular velocity a> being, suddenly communicated to it about 
a vertical axis through its centre, show that the initial increase 

of tension oi either string equals ■■■ ■ •,. and that the nod' will 

2 9* 

rise through a space -^ . 

37. A uniform solid, in the form of a paraboloid of revo- 
lution, rests with its vertex on a smooth horizontal plane. It 
is divided symmetrically by a vertical plane. Explain why 
the pressure on the plane is instantly diminished \ find the 
change of pressure. 

38. A circular ring is fixed in a vertical position upon a 
smooth horizontal plane, and a small ring i% placed on the 
circle, and attached to the highest point by a string, which 
subtends an angle a at the centre ; prove that if the string 
be cut and the circle left free, the pressures on the ring before 
and after the string is cut are in the ratio JIf + m sin* a : If, 
7n and Jbf being the masses of the ring and circle. 

39. Two uniform equal rods are: placed in the form of 
the letter X on a smooth horizontal plane, the upper and 
lower extremities being connected by equal strings ; shew that 
whichever string be cut, the tension of the other is the same 
function of the inclination of the rods, and initially is %g sin a, 
where a is the initial- inclination of the rods, 

B. D. 8 
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CHAPTEE V. 

MOTION OP A RIGID BODY IN THREE DIMENSIONS. 

Sect. I. The Oeometry of the Motion of a Rigid Body. 

86. If the particles of a body be rigidly connected, then 
whatever be the nature of the motion generated by the forces, 
there must be some general relations between the motions of 
the particles of the body. These must be such that if the 
motion of three points not in the same straight line be 
known, that of every other point may be deduced. It will 
then in the first place be our object to consider the general 
character of the motion of a rigid body apart from the forces 
that produce it, and to reduce the determination of the motion 
of every particle to as few independent quantities as possible : 
and in the second place we shall consider how when the forces 
are given these independent quantities may be found. 

87. Prop. I. One point of a moving rigid hody heing 
Jixed^ it is required to deduce the general relations between the 
motions of the other points of the hody. 

Let be the fixed point and let it be taken as the centre 
of a moveable sphere which we will suppose fixed in the body. 
Let the radius vector to any point Q of the body cut the 
sphere in P, then the motion of every point Q of the body 
will be represented by that of P. 

If the displacements of two points -4, P, on the sphere in 
the small time dt be given as AA\ BB\ then, clearly the dis- 
placement of any other point P on the sphere may be found 
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by constructing on AB as base a triangle AFB similar and 
equal to AFB, Then FP will represent the displacement of 
P. It may be assumed as evident, or it may be proved as in 
Euclid, that on the same base and on the same side of it there 
cannot be two triangles on the same sphere, which have their 
sides terminated in one extremity of the base equal to one 
another, and likewise those terminated in the other extre- 
mity. 

Let B and B be the middle points of the arcs AA^ BB^ 
and let BGy EG be arcs of great circles drawn perpendicu- 
lar to AA^ BB respectively. Then cleariy GA = GA and 




B^E~W 



CB=i CB\ and therefore since the bases -45, AB are equal, 
the two triangles AGB, AGB are equal and similar. Hence 
the displacement of G is zero. 

If we had taken any other points besides -4 and B to start 
with, we should still have obtained the same point G. For 
let F be any other point on the sphere. Then since the trian- 
gles APB, AFB are equal and similar, and also the triangles 
AGB, AGB\ the same formula that determines GF will de- 
termine CjP, hence GP^GP. Therefore if PF be bisected in 
B,RG will be perpendicular to PP. 

Also it is evident since the displacements of and G are 
zero, that the displacement of every point in the straight line 
(? (7 is also zero. 

8—2 
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Hence '^ cb.hochf ie in hwiian in any maiamer aiout a feted 
pointy there ie (H every instcmt, a straight Une OGsuch that ths 
cUsploGement of enery point in i^ in. the time dk i9 s^rxj^ and 
there. ^ Qnly me ejmh Ime^. 

88: It has been proved aibore il aaaj poinjfc P l!>e dbpIaoBd 
to Fj that. €F^ GJr.. We shall now prove that the ao^^ 
PGF is the same wherever the point P is taken. For 1«* 
A and B be any two points on the sphere: then »nice CA 
=GA and CB= GB and the base AB i* equa-l to the haae 
AlBy the triangles are equal and the angle AGB^ the ajigle 
A GB. Removing the common part we have left the angFe 
AG A = the angle BOB. Let this constant angle be called 
d0. 

It follows therefore that the displacement of every particle 
Pmay he represented hy turning the body round OG as axis 
through the angle dO, 

89. Def. The ultimate ratio of this angle dd to the time 
dt is called the angular velocity of the body about 0(7, and 
the straight line 0(7 is called the instantaneous axis at the 
time t. 

The angular velocity may also be defined to be the angle 
through which the bodv would turn in a unit of time if it 
continued to turn throughout that unit with the same angular 
velocity which it had at the proposed instant, and about the 
same a^s. 

90. Prop. II. To explain what is meant hy a hodjf; 
having angular velocities- about more than one axis at the same 
time. 

A body in: motion is- said to have an angular velocfliy «i 
about a stiaight line, wheix^ the body being turned ronnd tiiis' 
straight line through an angle adt, every point of the body ml 
brought from its positum at t&e time ^ to ite position: at. the 
time t + dt. 

Suppose IJiat dimng three successive intervals. eacK of 
time dty the body is turned successively round three di£Feient. 
straight lines OA^ OBy OG meeting at a point. O through 
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an^es &^i^ ©,tZ«^ w^l. Then we shall first prove thiit the 
final position is the same in whatev^ order these rotations are 
effected. Let P be any point in the body, and let its dis- 
tances from OA^ OB, OC, respectively be^r^, r^, ^3. First 
let the body be turned round OA, then P receives a dis- 
placement (ny^r^dt. By this motion let r, be increased to 
r^-\-dr^, then the displacement caused by the rotation about 
OB will be in magnitude ©^ {r^-\- dr^ dt. But according to 
the principles of the Differential Calculus we may in the limit 
neglect the quantities of the second order, and the displace- 
ment becomes co^r^dt. So also the displacement due to the 
remaininff rotation will be (o^r^dt. And these three results 
will be the same in whatever order the rotations take place. 
In a similar manner we can prove that the directions of these 
displacements will be independent of the order. The final 
displacement is the diagonal of the parallelepiped described 
on these three lines as sides, and is tnerefore independent of 
the order of the rotations. Since then the three rotations 
are quite independent, they may be said to take place simul- 
taneously. 

When a body is said to have angular velocities about 
three different axes it is only meant that the motion may be 
determined as follows. Divide the whole time into a number 
of small intervals each equal to dt. During each of these 
turn the body . round the three axes successively through 
angles a>^dt, a>^dt, ta^du Then when dt diminishes without 
limit the motion during the whole time will be accurately 
represented. 

91. Prop. III. Given the angular velocities ©j, cul, cj^ 
of a body about three axes Ox, Oy, Oz at right angles, to deter- 
mine the actual velocities of a particle whose co-ordinates are 
a?, y, z. 

These angular velocities are supposed positive when they 
tend the same way round the axes tnat positive couples tend 
in Statics. Thus the positive directions of (o^, «„ ©3 are 
respectively from y iX) z, from z to x, and from xto y. 

Let us determine the velocity of P parallel to the axis of 
z. Let PN be the ordinate z, and let PM be drawn per* 
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pendicular to Ox. The velocity of P due to the rotation 
about Ox is clearly to^PM. Eesolving this along NP we get 

<oJPM sin NPM^ ©^y. 

Similarly that due to the rotation about Oy is — ©^a?; and 




that due to the rotation about Oz is 0. Hence the whole 
velocity of P parallel to Oz is 

dz 

and the velocities parallel to the other axes 
dx 

dy 

92. The quantities 0)^, 6),, fi>,, are called the angular 
velocities of the body about the axes of x, v, z respectively, 
but they must be carefully distinguished from the angular 
velocities of any particular particle of the body about the 



Digitized 



by Google 



PRELIMINARY ANALYSIS. 119 

same axes. Let P be any particle of the body whose co-or- 
dinates are a;, y, «, and draw PL = r perpendicular to the axis 
of z. Let be the angle xON, then the instantaneous angu- 

lar velocity of P about Oz is -7-^ 

T> ^ ^dO dy dx 

= Cii^r* — a?J5 . ©^ — y2?ft), 
by substituting for ^ > ^ > their values just found ; 
dQ xz yz 

Hence the angular velocity of a particle about Oz is the 
same as that of the body when the particle lies in the plane 
of xy or when it lies in the plane given by 

93. Prop. IV. Given the angular velocities w^, co^, ©3, 
of a hody about three axes Ox, Oy, Oz, at right angles, to de- 
termine the position of the instantaneous axis and the angular 
velocity about it. 

Since the velocity of every point in the instantaneous axis 
is zero, its position may be at once found by equating to nothing 

the expressions fo^^ -tt > "^ > -^ > given in Prop. ill. Thus 

we have 

= fi>ja - (a^y V , 
= ©gaj — a)j« J 
and the equations to the instantaneous axis are therefore 
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Let ft) be the anguUr Telocity about the instantaneoxifl 
axis, and a, /8, 7 the angles it makes with the axes of co-ordi- 
nates; Let Xf y, z be the co-ordinates of any point P in the 
instantaneous axis, and let ^be the foot of the ordinate z. 

Let us consider the velocity of the point N. Its direction 
of motion is clearly perpendicular to the plane PON, and 
since the perpendicular distance of N from OP is ON cos 7, 
the velocity of N is a>, ON cos 7. Resolving this along Ox 
we have — cjy cos 7. But by Prop. ill. the velocity parallel to 
the axis of a? is — g>^ ; 

/. .<»3 = 0)QOS7. 

By similar reasoning we can prove 
.a>j=ft)C08a9 
ft)j, = ft) cos 13 ; 
adding the square^ of these three equations we get 
a/ «= ft)j' + la* + 6)3*. 

94. Prop. V. -ZjT two angular velocities ahout two axes 
OAf OJS, be represented in magnitude and direction hy the two 
Imgths OA, OB; then the diagonal OC of the parodlelogram 
constructed on OA, OB, as sides, will be the resultant uxis 
of rotation, and its length will represent the magnitude of 
the resultant angular velocity. This Prop, is usually called 
" The Parallelogram of Angular Velocities." 

Let P be any point in OG, and let PM, P^be drawn 
perpendicular to OA, OB. Then the velocity of any point P 
IS perpendicular to the plane AOB^ and is represented by 

OA.PM-OB.PN 
= OP. [OA.mi CO A - OB. sin COB] 
= 0. 

Therefore the point P is at rest and 0(7 is the resultant 
axis of rotation. 
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Let tf> (be *he wagalar meloiWitj about OC^ then tke velocity 




of any point A in 0-4 is perpendicular to the plane A OB 
and equal to o) . 0-4 . sin GO A. But it is also equal to 



OB. OAsmBOA] 

^P sin 50^ 
sm COA 

= oa 



Hence tlie angular velocity about 00 is represented in 
magnitude by OC. ^ 

95. Prop, VI. Moery motion of a rigid hody may he 
r^esen^ by a combination cf the two following motions. 

First. A motion of translation whereby every particle is 
vmecl par^lel to the direction of motion of any assumed paint 
Hgidly comuM^ted with the body, and with tie same velocity. 

Secondly. A motion of rotation of the whole body about 
mm Oixis through this assumed point. 

Ttis loay be proved as follows. It is evident that the 
cliange of position of the body can be effected by first moving 
any point from its old to its new position by a motion of 
ttanfilation, and secondly, retaining this point fixed, by 
iQ9ving nmy two points of the body not m one straight line 
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with 0, into their new positions. This last motion has been 
proved in Prop. I. to be equivalent to rotation about a single 
axis through 0. 

Let fi>i, Wg, 6)3, be the angular velocities of the body about 
three rectangular axes meeting in any assumed point 0, w, v, w 
the linear velocities of parallel to these axes. Then the 
velocities of any point whose co-ordinates are x, y, «, are 



otoK 



-^ = 17 + co^aj — (o^ 
dz 



96. Since we may begin by assuming a great number of 
different points as origin, the motion of a body from one posi- 
tion to another may be represented in a great many different 
ways. It remains to explain the connection that exists be- 
tween these diflftrent representations. The analogy which 
exists between forces and rotations will enable us to do this. 
We have seen that forces and rotations have the same law of 
composition and resolution, and therefore every proposition 
concerning forces has its corresponding proposition in the 
theory of rotations. But in order to make any use of these 
results it will be necessary to determine the analo^e of a 
couple. The following proposition will show that it corre- 
sponds to a motion of translation. 



97. Prop. VII. A body ha^s coexistent angular velocities 
wand w about two parallel aoces OA^ OA distant h from each 
other ^ to find the resulting motion. 

Let OA be taken as the axis of a?, and the plane of 
0-4, A'O' as plane of xy. Let P be any point whose co- 
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ordinates are a?, y, z. By Prop. III. the velocities of P 
resolved parallel to the axes are respectively 

§ = ®' § = -(« + «»>, | = «y + «'(y-A). 

If these three quantities be made to vanish simultaneously, 
we must have 

ha/ 
a =i 0, y = —-—7 . 

The motion is therefore one of rotation about a single axis, 
and the position of the axis is determined by the above 
values of y and z. If H be the resultant angular velocity 

about it, we have ;^ = — ^^> and 

••. fl = 6) + C»'. 

It appears therefore that the resultant axis of rotation 
may be found by exactly the same process as that by which 
we determine the resultant of two forces ©, ©' acting along 
OA, 0'A\ . 

If 0) = — ©' the resultant vanishes, but y becomes at the 
same time infinite. The motion in this case is given by 

dx ^ dy ^ dz y 

rr"^' dt-'"' dt=^'"> 

that is, the motion is one of translation parallel to the axis 
of z. 

98. We may deduce as a corollary to this proposition, 
that a motion of rotation co about an axis OA is equivalent 
to a motion of rotation © about a parallel axis A' plus 
a motion of translation A© perpendicular to the plane OJ., 
O'A'y and in the direction in which 0' moves. 

99. It is proved in Statics that a system of forces is 
generally equivalent to a single force and a single couple, 
and that these may be reduced to a resultant JR, acting along 
a line called the central axis, and a couple G about that axis. 
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Or they may also Tdc reduced to a resultant M of the saane 

magnitude as before, :actmg along any line parallel to tiie 

central axis at any chosen distance c from it, together with 

a couple G' about an axis perpendicular to the line whose 

length is c, and inclined to the resultant B at an angle d. 

Then we inow that G' = J^ H- IPc^^ and is a minimum when 

Be 
c = 0, and also that tan = ^~- . 

The same train of reasoning by which these results were 
established, will establish the following proposition. The 
general motion of a body having been reduced to a motion of 
translation and one of rotation, these are equivalent to a 
motion of rotation © about a line called the central axis, and 
a translation along that axis. Or they may also be reduced 
to a rotation a> of the same magnitude <o about any line 

Earallel to the central ssixis, .and at any chosen distance c 
•om it, together with a translation V along a line per- 
pendicular to the line c, and inclined to the axis of co at 
an angle <?. Then we know that F = v^T" + c"©" and k a 

minimum when c = 0, and also that taxi 6 = ^-. 

In a similar mannear many other propositions may be 
established. 



100. Prop. VIII. The motion of a body hemg reduced 
to a motion of translation and rotation^ it is required to find 
the condition that the motion may be one of rotation only about 
some aayisj and to find that axis. 

This evidently corresponds to the proposition in Statics, 
"To find the condition that a system of forces may be re- 
duced to a single resultant," and the required condition may 
be inferred from the result there obtained. 

But we 'may also reason thus. Let <b^, o,, «, be 

the angular velocities about the three axes of co-ordinates ; 
tt, 1?, w the linear velocities of the origin. Then the veloci- 
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ties of Miy point Pon the single axis of rota;don most vanish. 
Hence 



.(1). 



dz 

If the motion be one of rotation only, these are the 
equations to that axis, and they must therefore be really 
equivalent to only two. Multiplying these respectively by 
0)^, ©J, o>„ we get 

Wft)j + t?ft), + w(o^ = 0. 

This is therefore a necessary- condition, but it is not 
sufkient, for it is evident that the equations (1) cannot be 
satisfied if all the three quantities ©j, cu^, ©^ be zero. 



Sect. IL Theu moiion of a body ' of given form under any 
forces. 

101. Prop. I. To determine the general equations of 
motion of a body about a fixed point. 

Let the fixed point be taken as origin, and let a?, y, z 
be the co-ordinates at time t of any particle m referred to any 
rectangular axes fixed in space. Let Xm, Ym, Zm be the 
impressed forces acting on this element, and let i, -3f, N be 
the moments of all these forces about the axes of co-ordinates, 
and let P, ^, jB be the pressures of the fixed point on the 
body. 

Then by D'Alembert's Principle, if the effective forces 

d^x d^y d*z ^ v j ^ .• i 

7»^, '"^^-^i ^7S^ "^^^Ppii^d to every particle m m a 
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reversed direction, there will be equilibriuin between these 
forces and the impressed forces. Taking moments therefore 
about the axes, we have 

tm(^z-£-x^) = M j. (I). 



itesolving parallel to the axes, we hare 
2»J -73 = S + ^mZ 



■(H). 



To simplify these equations, let g),., ©,,, g), be the angular 
velocities about the axes. Then 



dy 
dz 



d^x dcoy dcOg . , V , . 



rfe" 



^^^ 



6^^ 



rfV (?o), dik)^ , , . , . 
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Substituting In the last of equations (I) we get 

- ^mxy . (ft)/— (oj) + 2m (a;* — ^) (o^^o)^ — 2my2? . fi>a.G), T 

+ Swia:^ . 6)^0), J 

The other two equations may be treated In the same 
manner. 

The original equations (I) cannot be used because they 
contain an infinite number of unknown accelerations. By 
this transformation they have all been reduced to depend on 
three unknown quantities, viz. o),, ft)^, a>,. But the equations 
thus obtained are so complicated as to be practically useless. 
To simplify them still further take axes OA, OB, OG, fixed 
in the body, and coincident with the principal axes of the 
body at the point 0, and let (o^, co^, 6)3 oe the angular velo- 
cities about these axes. 

Since the axes Ox, Oy, Oz are perfectly arbitrary, take 
them so that the axes 6 A, OB, OG are passing through 
them at the moment under consideration. Then 6)^. = to^, 
fi)y = a)j„ ft), = 0)3, and the last equation reduces to 

102. We have now to find the relation between —j-^ 
J at 

and -^ *. Let A, B, G, be the points in which the prin- 
cipal axes cut a sphere whose centre is at the fixed point. 
Let OL be any other axis,^ and let fl be the angular velocity 
about it. Let the angles LOA, LOB, LOG h^ called re- 
spectively a, A 7« Then 

H = ft)j cos a + ft)^ cos /8 + 6)3 cos 7 ; 

* This demonstration of the equality of -^ and -^ is due to Professor 
Slesser, of Queen's College, Belfast. 
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da ' rydfi . dy 

-co, sina^-a),sin^^-6), 81117^. 

Now let the line OL be fixed in space and coincide with OC 




at th^ moment under, consideration. Then «=«,> ^"5'' 
7 = 0; therefore 

eZn^rfwg da ^ dfi 

'dt^'df'^'di "^'li' 

Also -^ is the rate at which A separates fi:om 9k fixed 

JO 

point at (7,j which is clearly o)^. Similarly -^ =»»— (w^. Hence 

dt dt * 
mi d(o^ __d<a^ da>y ^d(0^ dco^^dio^ 

It^'di:' It^Tt' ~di^~dir 

The equation --^ = "7^ ^^7 appear at first sight to* be 
a mere truism, but it is not so ; 0)3 denotes t^o angular velb-^ 
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city of the body about the axis 00 fixed in ihe body, o, de- 
notes the angular velocity about a line Oz fixed in spcice, and 
determined by the condition that at the time t, 00 coincides 
with it. At the time t + Bty OC will have s^arated from Oz^ 
and we cannot therefore assert a priori that the angular velo- 
city about OC will continue to be the same as that about Oz. 
The above investigation proves that this is the case as far as 
the first order of small quantities. 

Substituting for -^ the equation of motion becomes 
tm{a^ + y^^'\-tm{x'^y')<o,iD,^N. 



Let A, B, G be the moments of inertia of the body about 
the principal axes at 0; then the three equations of motion 
are 



These axe called Euler's Equations. 



(HI). 



103. To determine the geometrical equations connecting 
ihe motion of the body in space with the angular velocities of 
the body about the three moving axes, OA^ OB, OC. 

Let the fixed point be taken as the centre of a sphere of 
lad. unity; let X, Y,Z,A,B, be the points in which the 
^here is cut by the fixed and moving axes respectively. Let 
ZC, BA produced if necessary, meet in E. Let the angle 
XZC^yfr, ZC—dy ECA—<f>. It is required to determine 
the geometrical relations between 0, ^, -^j and co^, co^, cOg. 

B.D. 9 
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It is CTident that the velocities of the point of the body 
coinciding with C are 

--—- sin perpendicular to ZGy 
and -^ along ZG^ 

and the velocity along EA of the point of the body coinciding 
with A is 

-^ sin ZE (due to variation of '^) 
+ -^ sin GE (due to variation of ^), 



TT 



or since GE = — , 






Now the velocities of the point of the body coinciding 
with (7, are also 

Oj along C4, 
G)j along BG^ 
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and the velocity along EA of the point coinciding with A 
is ©3,- hence resolving the latter set so as to make them 
coincide with the former, 

-^ Bm^ = — fi)j cos^ + fi>2 sm^"^ 



d0 . ^ 

-J- = cOj^ Bin (p + ©J cos ^ 



.(IV). 



dt 
dyjr ^ dd> 

The dynamical e5[nations (III) and the geometrical equa- 
tions (IV) are sufficient for the determination of the whole 
motion. 

104. To determine the pressure on the ^oced point. 

If X, y, z, be the co-ordinates of the centre of gravity, the 
equations (II) reduce to the form 

M.~ = P+t{mX), 

and two similar equations. It is necessary to express --^ 

the acceleration along a fixed straight line in terms of ©,, 
% ©,. This has been already done, and we have 

^- y ^+«»,(«J?-«^)-«.(«.'«-M}=P+S(mZ). 
and two similar equations. 

105. It appears from Euler's Equations that the whole 
jes of ©1, ©2, ©8 are not due merely to the direct action 

of the forces, but in part are due to the centrifugal force 
of the particles tending to carry them away from the axi^ 
about which they are revolving. For consider the equation 

da>^ N A'-B 

N 
Of the increase da>^ in the time dt, the part -pdt is due 

to the direct action of the forces whose moment is N, and the 

9—2 



M^ 
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part — YT- ft)jft)j^< is due to the centrifugal force. This 
may be proved as follows. 

If a hody he rotating ahout an axis 01 with an angular 
velocity ©, then the moment of the centrifugal forces ofthewhoU 
hody ahout the axis Oz is [A — B) <o^^a>^. 

Let P be the position of any particle m and let x, y, z 




be itis co-ordinates. Let PL be a perpendicular on 07, let 
OL = u, and PL = r. Then the centrifugal fwrce of the par- 
ticle m is 6)Vm tending from 01, 

The force ©Vm is evidently equivalent to the four forces 
(o^xm, a)*ym, cD^zm, and — wVwi acting at P parallel to a?, y, «, 
and u respectively. 

The moment of a>^xm round Oz=^-- <^xym 



<oym 



, = <oxym 
. = 



these three therefore produce no effect. 
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The force — coSim parallel to 01 is equiyalent to the three, 
— fl>fi)j um, — (»Wj urn, — ©0)3 unij acting at P parallel to the 
axes, and their moment round Oz is evidently 

Now since the direction-cosines of 01 are — , — , — ' , 

(O 6> GO 

therefore hj projecting the broken line a?, y, « on 0/, we 
get 

CO ft) "^ ft) 

therefore substituting for w, the moment of centrifugal forces 
about Oa is 

= {fo^y - ft)ja?) (ft)jaj + o^y + <o/) m, 
^to^xy + do^^^y^ + fo^^^yz — ft)jft)j a? — co^xy — asjio^ xz . w. 

Writing 2 before every term, and supposing the axes 
of a?, V, z^ to be principal axes, then the moment of the 
centrimgal forces about the principal axis Oz 

= o)ift)j,2w (y* — a?') 

=^ft)jG), (^— J5). 

106. The equations of Euler determine the motion with 
reference to axes fixed in the body. The motions of these 
axes being unknown, the moments about them must be found 
without any limitation as to their position. Hence the quan- 
tities Ly M, -AT will generally be very complicated functions of 
0, ^, yjr. When Euler's equations are joined to the geome- 
trical equations (IV), the eliminations to be performed are 
then so complicated as to be practically impossible. It be- 
comes necessary therefore to inquire whether the two sets of 
equations can be simplified by referring the motion to axes 
movinff in the body. This simplification can generally be 
effected when either two or all three of the principal moments 
of inertia at the fixed point are equal. 
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107, Prop. II. To discuss the different forms ioMck 
Eulers general equations of motion assume when two of the 
principal m^om^ents of inertia at the fixed point are equal to 
each other. 

Suppose A^B. Then instead of choosing fixed axes 
Ox and Oy^ we may choose axes 0^ and Orj which move in 
any manner round the third axis OG which remains fixed 
in the body. 

Let X ^ ^^ angle the axis of f makes with a?, and let 
0)^, ft), be the angulay velocities about the axes f , 17. Then 



««. = Of cos X — ft), sm ;^ 
d(o^ dcot d<o» . ■ ' d'v 



dy 



Let the axis of a; be taken so that the axis of f is pawing 
throngh it at the moment under consideration, then x~^' 

. ^-^_^ ^X 
" dt ~~dt '^di' 

Similarly by putting x= — - we get 

dwy_do^ dx 

dt '^'dt^'^^ dt' 

The axes of Of, Otj have been supposed to be moving from 
Ox to Ojfy and that expression contains the negative sign 
which treats of the axis of a?. 

Euler's equations now become 






(V). 



Digitized 



by Google 



UNDER ANT FORCES. 



135 



Two of the geometrical equations are the same as the 
first two, given m IV. Since the axes are moving in the 

body with an angular velocity -^ , in the third equation we 
must put -?■ — -^ for -^. Hence the three equations are 



dt dt 
dt 



dt 



sin ^ = — ©J cos ^ + cDj sin ^ 



de 

dt 
d4> 



t-»+i=-.+i 



= o, sin ^ + 0), cos <^ 



(VI.) 



108. There are two cases in which these equations 
become much simpler. 

First. Since -^ is perfectly arbitrary, let it be chosen 
= — ©3. Then the above equations reduce to 



at 



The third geometrical equation takes the form 

Secondly. Let -^ be so chosen that the axes Oz, 00 j . 

and OA shall be in one plane, then ^ = 0, and the geome- 
trical equations become 
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i6_ 

dt~' 



•«, 



-^ + ^«^s^=«. 



dt dt 

The dynamical equations are the same as (V). 

If i = and M be any fimction of these equations admit 
of complete solution, as shown in the following example. 

109, Pros. A body, two of whose principal moments at 
the centre of gravity are equals moves about some fixed point 
in the axis of unequal moment, under the action of gravity. 
Determine the motion. 

This is the problem of a top spinning on a perfectly rough 
horizontal plane. In the investigation a top is sometimes 
spoken of, for convenience of reference, but the process is 
quite general. 

Let the axis of Oz be vertical. Let the axis of unequal 
moment at the centre of gravity be the axis OG, and let this 
be called the axis of the body. Let h be the distance of the 
centre of gravity of the body from the fixed point 0, and let 
the mass of the body be taken as unity. Then by the second 
part of Art. 108, the equations of motion are 






^dco^ 



•(1). 
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-^'-"^ 



%m0^-, 



,(2). 



dt dt " 

Eliminating ^ and -^ we get 

-4 -jj^—A cot ^fiOj* — (/(WjO)* — ^'A.sin Q 
and a>3 = n is a constant quantity. 

Putting «*2 = ;j7j *^® fi^s* of these equations becomes 



.(3). 



.(4), 



A \-^ sin ^ + cos ^ -5- ft) J + <7n sin 5 ^ = 0. 

Integrating we get 

-4ft)jSin^-- CWcos ^ = a 

where a is an arbitrary constant. 

Multiplying the first of equations (3) by w^ and the second 
by ©J, and addtog, we get 

. / <i». . dfA\ -L ^ add 



••. A {a>*+o)^') =—2gh.coa6+fi, 



.(5), 



where fi is another arbitrary constant. These two equations 
(4) and (5) might also have been deduced from the pnnciples 
of Conservation of Areas and Vis Viva, 



i 
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It is evident that having now found o), in terms of ^, we 
can find in tenns of t by means of equation (2). The inte- 
gration will be found to be of the form 



'"/v: 



rfcos^ 



+ /3 COS ^ + 7 cos'^ + S cos'tf 

Also -~ the rate at which the top goes round the vertical 
can be found from the equation 

d-^ __ ®i _ a + CW cos 5 
"^""sin^"" ZsS?y 

showing that when the body is nearest the vertical, it goes 
round the vertical with the greatest angular velocity. 

The equation to determine the motion of the axis of the 
body is 

(a+ Cncosff)^ (^^^ fi-2ffhcoa0 , , . 
^»sin«^ ^[di) - A ^^^• 

From this equation we see that can never vanish unless 
a = — Cn, for the left-hand side of the above equation would 
then become infinite. Hence the axis of the body cannot, in 
general, become vertical. Suppose the body to be set in 
motion in any way with its axis at an inclination i to the ver- 
tical. The axis will begin to approach or to fall away from 

the vertical according as the initial value of -^ or o), is nega- 

tive or positive. This motion will continue until -^ vanishes: 

it is evident from the equation that the axis will then begin to 
return, and wUl oscillate between two limiting angles. To find 
these limits we have the equation 

{a+Cn cos 0^ - -4 (1 - cos* ^ (yS - 2gh cos 0) = 0....(7). 

This is a cubic equation to determine cos 0. It will be 
necessary to examine its roots. When cos ^ = — 1, the leftr 
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hand side is positive; when cos ^ = cos t, since the initial value 

Ty j is essentially positive, the left-hand side is either zero 

or negative.* hence the equation has one real root between 
cos 5 = — 1 and cos = cos t. Again, the left-hand side is^m- 
tive when cos tf = + 1, and is negative when cos ^ = oo . Hence 
there is another real root between cos = cos i and cos ^ = 1, 
and a third root greater than unity. This last root is inad- 
missible. 

K the initial values of a)^, o), are zero, we have by (4) 
and (5) a = — On cos t, fi = 2gh cos i. Hence the equation 
becomes 

(cos i - cos 0y = -^5-j . (1 - cos'^ (cos i- cos ff). 

C^n* 
Putting , . = 2p, the roots of this equation are 



cos ^ = cos » 

cos =jp — Vl — 2p cos t +y 



.—J w. 



The value cos ^ =jp + Vl — 2p cos t +^' is always greater 
than unity, for it is clearly decreased by putting unity for cos /, 
and its value is then p + l — jp = 1. The body will therefore 
oscillate between the values of given by the equations (8), 

If a top be set spinning on a perfectly smooth horizontal 
plane, its motion may be determined in the same way. The 
equations (2) and the left-hand sides of the equations (1) will 
be the same as before, and the whole process will be very 
similar. 

110. K a top be spun on the ground it is seen to raise 
itself up into a vertical position, and to remain so for some little 
time. But equation (5) shows that h cos 0, the height of the 
centre of gravity, can never exceed a certain quantity. If the 
initial values of ©jO^ are small, this quantity may be considerably 
less than h, and in this case the top can never become nearly 
vertical. If the ground were smooth, an equation similar 
to (5) can be easily proved to exist, and the same conclusion 
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will follow. But the case of a real top differs from the 
problem we have been considering in two particulars. The 
apex is not a mathematical point, and the friction is not 
generally sufficient to prevent sliding. The apex of the top 
both rolls and slides on the ground, 

111. Prop. III. To determine tn what eases we can take 
moments about the instantaneous axis as if it were a fixed 
axis. 

Following the usual notation the equations of motion are 
~dt 



:3f 



B^^[G-A)^,^,: 



c'-^^^iA^B).,.,. 



:-Rr 



Let Z, w, n be the direction cosines of the instantaneous 
axis, I and fl the moment of inertia and angular velocity 
about it; then a)j = H2, ©, = wifi, <o^=^nil. Substituting in 
the above equations, we get 

Al'^ -^[B-^ G)lmna^^ IL ^ Al ^a 



dt 



dt 
dm 



Bnf^ - ((7- A) ImnH^^mMSm -j- ft 
Cre^-'{A^B)lmna^^nN^ Cn^ a ^ 



dt 
adding these, 

dt 



dt 



dl 



dm 



.F-Q.[M1^Bn^ 



-«•§). 



where P is the moment of all the forces about the instan- 
taneous axis. Hence the equation 
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will hold whenever 

This is satisfied in the three following cases : 
FirsL When I, m, w, are constants. 



When A = B and n is constant, i. e. when the 
instantaneous axis always makes the same angle with the 
axis of unequal moment of inertia. 

Thirdly. When A^B^ C\ as for example, if the body 
he a cube or a sphere, and the fixed point be the centre of 
gravity. 

112. Ex. A right cone is placed with its slant side on 
d perfectly rough inclined plane, and rolls on it under the nction 
of gravity. It is required to find the motion. 

Let C be the axis of unequal moment of inertia, then 
since the cone rolls, the instantaneous axis makes a constant 
angle with the axis C. Hence we can take moments about 
the instantaneous axis. 

Let the fixed vertex of the cone be the origin, and let <f> 
be the angle the side of the cone in contact with the plane 
makes with the direction in which gravity acts when resolved 
along the plane. Let 2a be the angle, h the height of the 
cone, /3 the indination of the plane to the horizon. Then 

/-^ = — Jfe^ sin^ . 2^ sina.sin^, 

also fl sin a = -^ . cos a ; 

^ d^<l> 3 Mgh sin* a sin /8 . 

• • ~ta — "" 7 f ^~ • Sin <p. 

df 4 /cos a ^ 

This equation can be easily integrated and the whole 
motion found. If the cone just make complete revolutions. 
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the angular velocity at the lowest point will be given by the 
equation 

rx9_ ^0ff sin/S cosg 

"" h ■ sin* a + 6 cos^ a ' 

In the same way we may find the motion of a cone rolling 
under the action of any forces on another perfectly rough 
cone ; or, its vertex being fixed, rolling on any rough curve. 
These motions may also be found by means of the principle - 
of vis viva. 

113. Peop. IV. To discuss the different forms which 
Euhrs gemjeral eqtuitions of motion assume when the three prin- 
cipal m^oments of inertia at the fixed point are e^iuil to each 
other. 

There are three sets of axes such that when the motion is 
referred to them, the equations take a simple form. 

First, We may choose axes fixed in space. For sinc^ 
every axis is a principal axis in the body tne general equa-r 
tions in Art. 101 take the simple form 

d(o„ _ L 
Tt 1 
dwy _M 
~dt'^ A 
d^^N 
dt A^ 
and the geometrical equations (IV) are no longer wanted. 



.^, We may choose one axis as that of (7 fixed in 

space, and make the other two moveround it in any manner, 
as shown in Art. 107. The equations of motion then become 

dt "^ dt^A 
da)„ dy M 



da. 



N 

'a. 
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Thirdly, We can take as axes any three straight lines 
at right angles moving in space in an;5r proposed manner. 
To effect this the two following propositions will be neces- 
sary. 

114. Pkop. a. To determine the equations of motion of 
a particle with reference to axes moving in any manner about 
a fixed origin. 

Let the moving axes be Oa?, Oy^ Oz, and let their mo- 
tion be given by the angular velocities 6^^ O^y 6^ about the 
axes Ox, Oy, Oz, respectively. Let OL be any line ^erf in 
space making with Ox, Oy, Uz,^ the angles a, /S, 7. Let w, 
V, w be the velocities of any point P along the axes, and let 
Fbe the velocity resolved along OL. Then 

F= w cos a + 1; cos /S + w? cos 7 ; 
dV du dv r% , dw 

da. . a^$ . dy 

dV . 
Now because OL is fixed in space, -^ is the accelerating 

effect of the force along OL. 

Let X, Yy Z be the accelerating effects of the impressed 
forces along the axes. Then taking OL, so that the axis 
of z is passing through it at the moment under considera- 
tion, we have a = ^, /S = ~, 7 = 0, 

T"— ^_ (fa d^ 
dt dt dt 

dn 

But -^ is the rate at which OA separates from a fixed 
axis OL at Oz^ and this is clearly 6^\ 
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Similarly, 



z=^^-u0,+ve,. 



Cor. In the same way it may be shown that the velo- 
cities parallel to the moving axes are given by 

dz ^ ^ 

115. Prop. B. To determine the equations of rotation 
with reference to axes moving in any manner*. 

The preceding proposition is a simple corollary from the 
parallelogram of velocities. The result will therrfore be true 
for any other kind of magnitude which also obeys the " paral- 
lelogram law." In fact the demonstration is exactly the same. 
Now angular velocities do obey this law. Hence the follow- 
ing equations are clearly true: 

L dfo, 

* The results of these two propositions were first pubfisked by Mr Haywioti, 
in Vol. X. of the Camh. Phil. Trans. The latter set were subsequently inde- 
pendently obtained by Prof. Slesser, of Belfast, as an extension of the equations 
m Art. 107, which had been previously shown to him by the author. 
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It may be observed that these equations contain no quan- 
tities independent of the moving axes. 

r 

116. It will frequently be necessary to refer these moving 
axes to other axes fixed in space. Taking the same notation 
as in Art. 103, it is obvious (the axes being treated as a body 
consisting simply of three straight lines) that we shall obtain 
the results 

-T- sin ^ = — 0^ cos ^ -f ^j sin ^ 
-^ = 6^ sin ^ + 0^ cos j> 



t-'^t-". 



These equations will determine 6^^ 0^, 0^ in terms of the 
arbitrary quantities 0^ ^, y^. 

117. Ex. A perfectly rough plane revolves uniformly 
ahout a vertical axis in its own plane, a sphere ieing placed in 
contact with the plane, rolls along it under the action oj gravity. 
It is required to find the motion. 

Let the axis of revolution be taken as the axis of z, and 
let the axis of x be fixed in the plane and turn round the 
axis of Zt with an angular velocity n. Let a be the radius 
and M the mass of the sphere ; F, F the firictions between it 
and the plane resolved along the axes of x and z, and R the 
normal reaction. The equations of motion of the centre of 
gravity are by Art. 59 

d^x , F , . 

--•■^^4-S (2) 

dF—^+M (^^• 

B. D. 10 
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The equations of rotation by Art. 113 are 

i?fl), F'a ,.. 

•*-""■— T <*' 

t+"-.-« (*' 



dto^ _ Fa 
'W A 



.(6). 



The geometrical equations, since the point in contact 
with the plane is at rest relatively to the plane, are 

dsc 

■^+a». = (7) 

5<-"««=^ («)• 

To solve these, we proceed thus. Substituting from (7) 
in (6) we get F = ^^ -^ . Hence by (1) 

A + Ma^ cPx , ^ .^. 

-mr ^-^^=^ w. 

Let A.jtf 2 = sin' i. Then sin t = * / - . Solving equa- 
tion (9) we get 

where a, fi are arbitrary constants. 

Agam substituting from (8) in (4) and (5) we have 
d'z F'a' 

d(o^ . dz ^ 
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integrating tliis last, 

Hence from (3) 

{A+Ma')'^ + An'z^Ay'-Mffa' 

To simplify the constants suppose the sphere to start 
• from rest, and let the initial co-ordinates of the centre of 
gravity be a? = x^, y = a, a? = 0. 

Then a=fi^%\ and 7 = 0. 

Hence ^/^ + ^* ^^®'* • ^ =^ — 5^ sinV; 

/. « = — ^3 tanV{l — cos {nt cos t)}. 

Thus it appears that the sphere will not fall down. It 
I will never descend more than -^ below its original posi* 
tiQn. If n be zero the above value of z becomes 

« = — -flrsin'i'.^. 

2^ 

118. Ex. A sphere rolls under the action of gravity 
(m.(iperfBcily rough surface of revolution^ placed with its aans 
<j figure vertical. It is required to determine the motion. 

Let the moving axes of (7, A and B be respectively the 
normal to the surface, a tangent to the meridian of the surface 
at the point of contact, and a perpendicular to both. Let the 
axis of figure of the surface be taken as the axis of z, and let 
any two fixed lines, at right angles, be taken as axes of x 
and y. 

10—2 
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Let F^ F* be the resolved parts of the friction along the 
axes of ^ and B\ and B the normal reaction, a the radius 
of the sphere. 

Let the axes of Cand z make an angle 6 with each other, 
and let '^ be the angle between the planes Cz and xz. Then 
clearly as in the second part of Art. 108, 

Hence the equatiocis of Art. 115 become 

da,^ „d-^^ d0 F'a ,,. 

-^-a,.C03^^ +0..^ = ^ (1). 

^> + «.8in^-J + a.,cos^^ = -^ (2), 

,_._«,^__«,8m^-J = (3), 

the mass of the sphere being taken as unity. • 

The equations of Art. 114 for the motion of the centre 
of gravity become, since ti? = 0, 

*-,=«.«§ =j,dn«+^ («), 

* + i.c,«f = f'... TO. 

dd ' ad^ ' ^ ,^. 

— w T^-t;.sm^--^ = 5-5rcos^ (®)' ' 

And the geometrical equations are 

te — aft)j, = (7), 

t? + aft)j = • (8). 

Also if p — a be the radius of curvature of the meridian 
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of the surface, r the distance of the centre of the sphere 
from the axis of z^ we have 

afi), = w«p-^ (9), 

^aa), = v^r~^ (10). 

To solve these equations. 
Eliminating F^ F\ u, t?, we get 

(^ + «')@-.cos.f)+^co.| = , (11). 

{A + a*) (^''+ «. «>8^^) + Aco,sm $ J =gasi.n0 ...{12\ 

-^-^,-^^-^,Brne-f=0 (13). 

Multiplying these equations by a^y co^y Aof^, adding, and 
integrating, we get 

{A + aJ") {(D^ + (o^^Aa>;^a + 2jgpBmed0 (U), 

an equation which may also be obtained from the principle 
of vis viva. 

Also by substituting from (9) and (10) in (13), 

§=..(i-e.i.«) (.5). 

Again, substituting from (9) and (10) in (11) we have 

{A + a*) (^ + ^ cos e «,) + ^0)3 = (16). 

Differentiating this, and substituting from (15), we have 

Digitized by VjOOQIC 



/ 



150 MOTION OP A RIGID BODY 

where P is a known fdnction of p, r, 0, Now p and r may 
be found from the e(]^uation to the meridian curve as fdnc- 
tions of B. Hence P is a known function of 0. Solving this 
equation bv the ordinary rules, we have w^ expressed in 
terms of r, and then by (14) and (15) o), and ©3 may be 
determined. Knowing « and o),, equations (9) and (10) will 
determine 6 and '^^ and hence the motion of the sphere is 
found. 

119. If the surface of revolution be a sphere, we have 
p sin ^ = r, and hence by equation (15) cd^ is constant. Equa- 
tion (16) becomes in that case 



•'. sin ^ . tt). = /8 + —. — \ . cos 6. 
* -4 + a' 



The remainder of the solution is the same as before, 
and does not present any diflSculty. 

120. Prop. V. To extend Euler^s equations of motion 
to the case in which the shape and stmcture of the body are 
being gradually altered during the motion by changes of temr 
perutureor any other cause. 

Let X, y, z be the co-ordinates of any particle of mass 
m at the time ty referred to ernes fixed in space. Then we 
have the equation of motion 

H'^-'w)-^ <"• 

and two similar equations. 

L.. *.-S»(.|-,|) p), 

with similar expressions for A^, A,. 
Then the equation (1) becomes 

§=^ ••(')■ 



Digitized 



by Google 



UNDER ANT FORCES. 15i 

Let the motion be referred to three rectangular axes Oa?', 
Oy, OJ moving in any manner about the origin 0, Let 
a^^^^ be the angles these three axes make with the fixed 
axis of z. 

Now A3 is the sum of the products of the mass of each 
particle into twice the projection on the plane of xy of the 
area of the surface traced out by the radius vector of that 
particle drawn from the origin. Let A/, A,', Ag' be the 
corresponding "areas" described on the planes xy\ y'z\ z'x 
respectively. Then by a known theorem proved in Geometry 
of Three Dimensions, the sum of the projections of A/, A^', A3' 
on xy is equal to A3 ; 

/. A3 = A/cosaH- Ajj'cos/8+ A3'cos7 (4). 

Since the fixed axes are quite arbitrary, let them be 
taken so that the moving axes are passing through them at 
the time t. Then 

A/ = Ai, hj=ih^, h^ = h^; 

and by the same reasoning as in Arts. 114 and 115, we can 
deduce from equation (4) that 

f = §-'-V^, + V^. (5), 

where 0^^, 0^, 0^ are the angular velocities of the axes with 
reference to themselves. 

Hence the equations of motion of the system become 






(6). 



dt 

These equations may be put under another form which 
is more convenient. Let x', y', z' be the co-ordinates of the 
particle m referred to the moving axes, and let 
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Since the fixed axes coincide with these at the timef, 
we have 

and by Art. 114, 



±^^ + 0x-0z 



dt dt 

and by similar reasoning, 

h' = H, + A0,-F0,-E0„ 
h^ = ff, + £0,-J)0,-F0^. 

Hence the general .ec[nation of motion becomes 

+ {B^A)0,0, + W,0,^D0,0, + 0,H,'-0,H,=^N. (7), 

and two similar equations. 

Let the movinff axes be so chosen as to coincide with the 
principal axes at the time t. Then i> = 0, JB? = 0, i^=0, and 
these equations become* 



±{A0, + ff;)-{B-O0A + O,H,-0,ff, = L 



dt 

d_ 
dt 



{B0,+ff,)-{C-A)e,0, + 0,H,-0,ff,^M 



^{C0, + ff,)-{A-B)0,0, + 0,R,-0,H,^N 



L..(8). 



In these equations H^^ H^^ H^ give the motions of the 
system relative to the moving axes. Thus if. the body be a 

* These equations are due to LiouviUe, and were published in his ifa/A«* 
waJtical Jowmal in 185^. 
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rigid body, and if Wj, ©,, ©, were the angular velocities about 
the axes, we have 

by Art. 92. 

Euler's equations and the equations of Art. 115 are in- 
cluded in these equations as particular cases. Thus, if the 
svstem be a rigid body, and if the moving axes be fixed in 
the body, 5^ = 0, J?2 = 0, fi^ = 0, and the equations become 

and two similar equations. 

If every axis in the body at be a principal axis, we get 

and two similar equations. 

121. If the motion be such that the system is always 
.metrical about each of the three moving axes, we have 
^j =0, -ff, = 0, -5^ = 0, The equations then become 

§^iC0;)-iA-B)0,0, = N^ 



(9). 



122. Ex. An eUvpaoid whose centre is fixed contracts hy 
coolingy and being set in motion in any manner is under the 
action of no forces. Determine the motion. Liouville's Journal. 

Since the principal diameters are principal axes at the fixed 
point, we may take them as moving axes of reference. Also 
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since the body is symmetrical about the axes, we may use' 
equations (9). Hence we have 

Multiplying these equations respectively by Ad^^ -B^,, Cd^f 
adding and integrating, we get 

where k is some constant. 

To obtain another integral assume that 

A^AJit), B = BJ{t), 0=^CJ{t). 

Also let e,f{t)=u^, ^,yi<)=«„ ej{t)^u,, 

jrp 1 

and -r- = _^7-r , then the equations become 
at J [t) 

5.^-(c;.-^o)«.«.=o 
<:?o^-(A-^o)«x«,=oj 

and these equations will be integrated in the next section. 
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Sect. III. The motion of a lady of any form under the 
action of no external forces. 

123. Prop. To determine the motion of a body about a 
fixed pointy in the case in which there are no impressed forces. 

The equations of motion are 

multiplying these respectively by gj^, «„ 0)3; adding and inte- 
grating we get 

A<o,^ + B€o^'+G(o,'^h' (1), 

where A' is an arbitrary constant. 

Again, multiplying the equations respectively by Aoj^^ 
Boi^y Co)^ we get, similarly, 

A\' + ff(o^'+C\^=^k* (2), 

where i* is an arbitrary constant. 

These two first integrals may be deduced, as will here- 
after be seen, from the principles of vis viva and Conser- 
vation of Areas. 

To find a third integral, let 

©,» + ©,• + ®3* = a)» (3); 

da>. . c?ft), . dw^ da) 



dt 



dt 



dt 



then multiplying the original equations respectively by -^ , 
^ , ^ , and adding we get 
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rfo) fB-C . G-A A- 






J^ ®1«,«>. 



A ^ B ^ 
Bat solving the equations (1), (2), (3), we get 
BG 



.(4). 



\A-a){A-B) 

GA 

\B-A){B-C) 

AB 






.(5), 



where X^ = — ^ — -^t^ , with similax expressions for \ and 



\. Substituting in equation (4), we have 



Q) 



^ = V(X,-«,«)(X,-a,'){\-«,'). 



.(6), 



Since 



{B^C){G^A){A^£) ~ 



The integration of equation (6) can be reduced without 
'epend on an elliptical " 
can be effected in finite terms in two cases; when -4a=jB, 



diflSculty to depend on an elliptical integral. The integration 



and when i* = 5A*, where B is neither the greatest nor the 
least of the three quantities -4, B, C, Both these cases will 
be discussed further on. 

124. Let the momental ellipsoid at the fixed. point be 
constructed, and let its equation be 



Aaf + By^^-Cz^^e^ 



.(7). 



Let r be the radius vector of the momental ellipsoid coinci- 
dent with the instantaneous axis, and p the pei^endicular from 
the centre on the tangent plane at the extremitjr of r. Also, 
as before, let obe the angular velocity about the instantaneous 



axis. 
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Then since 



^=:^=^ = - 



X y z r 
comparing equations (1) and (7) we get 



.*. a)=p,r (8). 

Again, the expression for the perpendicular on the tangent 
plane at (x, y, z) is known to be 



l ^V + ^y+Cg' 



f 



hence, as before, comparing this equation with (2), we have 






Comparing this with (8) we see that 

i'=¥ w. 

Prom these two equations we infer : 

First. The angular velocity alxmt the radius vector round 
which the body is turning varies as that radius vector. 

Secondly. The perpendicular on the tangent plane at the 
extemity of the aods of revolution is constant, or, which is the 
9ame thing, the area of the section of the momental ellipsoid 
diametral to the axis of revolution is constant and equal to 



^ hs/ABG' 
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Thirdly. The angular velocity about p the perpendicular 
on the tangent plane is constant. For the cosine of the angle 

between p and r is - , tence the resolved angular velocity is 
o,^ = |\y(8)and(9). 

125. It remains to determine the motion of the body in 
space. This may be deduced from equations (IV) but we may 
proceed more simply thus : 

If the body be referred to axes fixed in space, then 
Integrating, we have 

So also 2m(yg-«|) = A, 

Aj, A,, A, being arbitrary constants to be determined from the 
initial conditions of motion. 

Let the motion be' referred to three co-ordinate axes Ox\ 
Oy\ Oz moving in any manner about the fixed point 0. Let 
^V ^1' ^? ^«» \y^%\ S> ^8> ^s ^® *be direction-cosines of these 
with reference to the former system of axes. Also let A/, A,'. 
hi be the quantities corresponding to A^, A,, A,. 

l^ow *«~^^ (^^ ""y ;^) is the sum of the products of 

the mass of each particle into twice the projection on the plane 
of xy of the area of the surface traced out by the radius vector 
of that particle drawn from the origin. 
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Hence by a known theorem proved in Analytical Geo- 
metry of Three Dimensions, the sum of the projections of 
A/, Aj', hi on the plane of xy is equal to h^ ; 

Now»;=J»(«'f-y^) 

= 2«n (a?'* + y") ©,' — ^maiz\ m^ — Xmy'z' . cd^'. 

Take the second system of axes so that the principal axes 
iof the body coincide with them at the moment unaer con- 
sideration. Then 

Hence the above equation becomes 

So also \ = -4tt)j . ttj + -Btt)j . a, + CSwj . a,, 

The straight line whose direction cosines are proportional 
to Aj, A„ A^ is clearly fixed throughout the motion. It is 
therefore called the " Invariable Line." 

Let a, A 7 1^ the angles made by the invariable line with 
the principal axes. Then 

cos«=*^i±M+M.. 

Substituting and remembering the equations 
with four other similar equations, we get 



cos a = -^ . 
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Similarly, 














COS^s 


"if 


, and 


COS 7 





These are the direction-cosines of a line fixed in space 
referred to axes fixed in the body and moving with it. 

The direction-cosines of the instantaneous axis are 

hence this axis meets the momental ellipsoid in a point 
whose co-ordinates are 

€* €* €^ 

Ti^-^ A^«' a"^»- 
The equation to the tangent plane at this point is therefore 

hence it is perpendicular to the invariable line. Also as its 
distance irom the fixed point is constant, this tangent plane 
is absolutely fixed in space. 

Tlie motion of the momental ellipsoid is therefore such thatj 
its centre being fixed, it always touches a fixed plane, and the 
point ofcontaxit being in the instantaneous axis has no velocity. 
Hence the motion may be represented by supposing the cen- 
tral ellipsoid to roll on the fixed plane, with its centre fixed. 
This plane is called the *' Invariable tangent Plane." 

126. The motion of the ellipsoid has been represented 
by supposing it to roll on a certain plane, the centre of the 
ellipsoid being supposed fixed. The point of contact is the 
extremity of the instantaneous axis, which therefore traces 
out two curves, one on the surface of the ellipsoid which is 
fixed in the body, and the other on the plane which is fixed 
in space. The first of these curves id called the polhode^ the 
Becond the herpolhode. 

This same motion may be also represented geometrically 
in another manner. If the extremity of a radius vector firom 
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the fixed point trace out the polhode, the radius vector itself 
traces out a conical surface fixed in the body which is of the 
second order. If the extremity of a radius vector traces out 
the herpolhode, the radius vector itself traces out a conical 
surface fixed in space. If we suppose the first of these sur- 
faces to roll on the second, the motion of the body will be 
truly represented. 

These representations of the motion are due to Poinsot. 

127. If a body, having one point fixed, be set in rotation 
about any axis, it will not in general continue to rotate about 
it, but the axis will describe on the central ellipsoid the pol- 
hode passing through its initial position. It is also evident 
that it will move along this polhode always in the same 
direction. The equations to any polhode may be found from 
the consideration that the length of the perpendicular on the 
tangent plane at any point of the polhode is constant. Hence 
by Art. 124 its equations are 

Aa? + B/ + Cfe* = €* j ' 
where \ is the variable parameter. Eliminating y we have 

Hence if B be the axis of greatest or least moment of 
inertia, the signs of the coefficients of o^ and z^ will be the 
same, and the projection of the polhode will be an ellipse. 
But if B be the axis of mean moment of inertia, the projec- 
tion is an hyperbola. 

It follows, therefore, that all the polhodes are closed curves 
drawn round the axes of greatest and least moment. The 
boundary line which separates the two sets ..of polhodes is 
that polhode whose projection on the plane perpendicular to 
the axis of mean moment consists of an hyperbola whose con- 
cavity tends neither to the axis of greatest nor to the axis of 
least moment. In this case the projection consists of two 
straight lines whose equations are 

• A{A-B)7?--C{B^C)z^^0. 

B, D. 11 



Digitized 



by Google 



162 MOTION OF A RIGID BODY 

Hence the polliode consists of two ellipses passing througli 
the axis of mean moment, and therefore it corresponds to the 
case in which the perpendicular on the tangent plane is equal 
to the mean axis of the ellipsoid. This polhode is called the 
*' separating polhode," 

128. It is clear that the extremity of the axis of revo- 
lution will describe a closed curve round the axis of greatest 
or least moment according as it is initially on the one side or 
the other of the separating polhode. But in no case can it 
describe a closed curve about the axis of mean moment. This 
is usually expressed by saying that the rotations about the 
axes of greatest and least moment are stable^ while that about 
the mean axis is unstable. These expressions are not how- 
ever perfectly accurate, for the projection of the polhode on 
the plane of xy being , 

A{A^C)a?-\-B{B^C)f = \'--Ce\ 

if the quantities -4 (^ — (7), B[B—C) should differ very 
much from each other, the polhode will be an elongated oval, 
and though the axis might have been originally only very 
slightly displaced from the principal axis, it will recede very 
far from it. So again if the extremity of the axis of revo- 
lution be placed on the separating polhode it is possible that 
it may tend continually to approach nearer to coincidence 
with the principal axis of mean moment. For, let B be the 
axis of mean moment, and A the axis of greatest moment, 
then 

A[A^B)x^^C{B^C)z^^, 

Ibut since x and z are proportional to o^, o),, this becomes 

A{A--,B)a>,'=C{B^C)a>^\ 

But A\' + 5 V H- C\' = k* ; 

therefore 

BC{A^C) o,3»= (4-5) iJc'-^BX) I W- 
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But 5^._(Cr-^)o).,«. = 0j 



't = V 



^^^4^^(*-i^<); 



when »j, 0)3 have like signs ((7— -4) ©^ 0)3 is negative, and 

therefore -~ must be negative, hence in this expression the 

upper or lower sign is to be used according as o)^, w^ have like 
or unlike signs. 



0* dt ^ By 



{A-B){B-C) 



" k*-B'co* dt~'^By AC 

— Tn suppose ; 






"31 



Hence as ^ is indefinitely increased cd, approaches to T -^ as 

itB limit, and therefore hj (1) ©j and (o^ approach zero. 

The conclusion therefore is that the axis of revolution 
continually approaches to coincidence with the mean axis of 
principal moment, but never actually coincides with it. It 
approaches the nearest end of the mean axis when ©^ ©3 have 
UTuike signs. 

129. Peop. To find the form of the herpolhode. 

Let 8 represent the arc of the polhode, and a that of the 
herpolhode. Then since one curve rolls on the other 

S^<T (!)• 

Let r be the radius vector of the polhode measured from 
the centre of the ellipsoid, and p that of the herpolhode 
measured from the foot of the perpendicular drawn from 
the centre of the ellipsoid on the nxed plane, containing 
the herpolhode ; then if/ be this perpendicular 

■ »'=/'+/>• '. (2). 

11—2 
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Let the equation to the polhode be expressed in the 
form 

*(^,r)=0 (3), 

then the equation to the herpolhode is , 

<f>{<rJf+7)^0 (4). 

130. Since the projection of the polhode on one of the 
principal planes is always an ellipse, the polhode must be 
a re-entenng curve. 

By considering the herpolhode to be traced out by the 
rolling of an ellipsoid on the plane of the paper, it is clear 
that the herpolhode always lies between two circles which 
it alternately touches. The herpolhode is therefore not in 
general re-entering ; but if the angular distance of the two 
points in which it successively touches, the same circle be 
corhmensurable with 27r, it will be a re-entering curve. 

131. The equation to the herpolhode cannot generally 
be found. If however the polhode be the separating polhode, 
the intejgrations can be effected and the herpolhode can be 
found. The polhode is in this case a plane curve and there- 
fore an ellipse. Let fi, J, be the semi-axes of the ellipse.' 

/drV 
Then 1 — (3-) is the square of the sine of the angle be- 
tween any radius vector r and the perpendicular p on the 
tangent. Let r be the semi-diameter conjugate to r. Then 

but T^^p*'\-V] therefore rdr^^p] 
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bat {dsY = [dpY + p' {ddYy where d is the vectorial angle, hence 

p'>Jn^ - p* 
where n^ = ^—h\ Integrating we have 

« n + V^i-p 

P 

the prime radius being drawn to the point where the 
plane of the herpolhode is met hj the instantaneous axis 

This is the equation to the herpolhode. It remains to 
find b and /3 in terms of A, By C. Since )9 is a diameter 
of the section of the ellipsoid made by the plane containing 
the axes A and Cy and is such that the perpendicular on the 
tangent at its extremity = h, we have 

where a and c are the semi-axes of the section ; 



e* ,. e* 



after some reduction. But a' = -j , 6* = -= , o'- 

hence 

n*_ {A-B ).{B-C) 
€*~ A.B.G ' 

and the equation to the herpolhode becomes 

9 _ 

n'JB 
where ff=~jr' 



G 
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This is the equation to a double spiral whose two branches 
form an infinite number of revolutions in opposite directions 
about the origin, and approach it without limit 

132. Prop. To find the velocity with which the ex- 
tremity of the instantaneous aocis traverses the polhode or 
herpolhode. 

Let t; = — = -3- be the velocity with which the instan- 
at at 

taneous axis traverses either curve, and 00 the angular ve- 
locity of the body about the instantaneous axis. Let J?, R 
be tne principal radii of curvature at a common point of the 
polhode and herpolhode of the two conical surfaces traced out 
m the body and in space by the instantaneous axis. These 
surfaces may be supposed to be made up of triangular planes. 
Let ds and ds be the inclinations of two successive planes. 
Then the body in turning round the instantaneous axis de- 
scribes the angle de ± ds'. But it also describes oodt; 

••. 0)dt=^d6±dB\ 

But J6 = |, rf,' = |; 



dt U * n'J ' 



the upper or lower sign to be used according as the curvatures 
are in opposite or the same directions. 

As an example of the utility of this formula let us 
consider the case of the earth set in rotation about an axis 
making an angle a with the axis of figure. Then both the 
polhode and herpolhod^e are circles. Let c be the radius vector 
of the spheroid which is the initial axis of revolution. 

Then by Meunier's theorem in Geometry of Three 
Dimensions, 

^ cos a = radius of polhode 



5= c sm a, 



Digitized 



by Google 



UNDER NO FORCES. 167 

R' =t radius of herpolhode 

= c sin /8 ; 

where )8 is the aiiffle which the instantaneous axis makes 
with the invariable line, 

, 27r 

and Q) = • 



24 X 60 X 60 ' 
whence v may be found by the theorem. 

If T, T' be the times in which the axis of revolution de- 
scribes complete circles in the Earth and in space respectively, 
then 

rp _ 27rc sin a ^^f _ ^ttc sin /9 

133. The momenta! ellipsoid is the reciprocal surface of 
the ellipsoid of gyration. Every curve on the one surface has 
its reciprocal curve on the other. The reciprocal curves of the 

Solhode corresponding to any value of p, the constant perpen- 
icular on the tangent plane, are the curves of intersection 
of the ellipsoid of gyration with the sphere whose radius 

is r = — . The reciprocal curves of the separating polhode 

are the central circular sections. The invariable line though 
fixed in space moves in the body, its intersection with the 
ellipsoid of gyration traces out the reciprocal of the polhode 
described by the instantaneous axis. The invariable line thus 
describes in the body a right cone on an elliptic base. This 
cone becomes a plane when the instantaneous axis describes 
the separating polhode. Hence in this case the body moves 
so that a certain plane fixed in the body always passes through 
a strafght line fixed in space. 

134. It is well known that the steadiness or stability of 
a moving bodjr is much increased by a rapid rotation about 
a principal axis. The reason of this is as follows. The in- 
stantaneous axis describes a polhode in the body and a 
herpolhode in space. If the body be set rotating about an 
axis very near the principal axis of greatest or least moment, 
both the polhode and heipolhode will generally be very small 
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curves, and the direction of that principal axis of the body 
will be very nearly fixed in space. If now a small impulse 
/ act on the body, the effect will be to alter slightly the 
position of the instantaneous axis. It will be moved from 
one polhode to another very near the former, and thus the 
angular position of the axis in space will not be much 
affected. Let fl be the angular velocity of the body, co that 
generated by the impulse, then by the parallelogram of 
angular velocities, the change, in the position of the instan- 
taneous axis cannot be greater than sin"* jz • If therefore ft 

be great, (o must also be great, to produce any considerable 
change in the axis of rotation. !But if the body had no 
initial rotation 12, the impulse may generate an angular 
velocity (o about an axis not nearly coincident with a prin- 
cipal axis. Both the polhode and the herpolhode may then 
be large curves, and tne instantaneous axis of rotation will 
move about both in the body and in space. The motion will 
then appear very unsteady. In this manner, for example, we 
may explain why in the game of cup and ball, spinning the 
ball about a vertical axis makes it more easy to catch on 
the spike. Any motion caused by a wrong pull of the string 
or by gravity, will not produce so great a change of motion 
as it would have done if the ball had been initially at rest. 
The fixed direction of the earth's axis in space is also due 
to its rotation about its axis of figure. 

135. When the invariable line is taken as the axis of z 
the equations of motion may be put under another form. 

The direction-cosines of the invariable line are 
cosa=-^S cos/9=-^, cos7=-p». 

Referring to the figure of Art. 103, we have 

cos a = cos AE . cos EZ= — cos ^ . sin 6 
cos /8 = cos BE . cos EZ= sin <^ . sin ^ 
cos 7 = cos GZ = cos 0. 
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Equating these values of cos a, cos^, cos 7 we get o)^, ©j, 
6>g in terms of 6 and ^. Then substituting in the geometrical 
equations of Art. 103, we have 

~ = — A;*sm^sin^cos<^ ['a'~~v>] 

It A =^By these equations will be greatly simplified. We 
have in that oase 



d0 

dt~ A 
di> . . d-ir k'coad 



The results of the next Article may be easily deduced 
from these equations. 



136. Prop. To determine the motion of the hody when 
two of the principal m^oments at the fixed point are equal. 

Let the body be set rotating with an angular velocity cd 
about an instantaneous axis 0/, making au angle a with 
OC the axis of figure. 

The momental ellipsoid becomes in this case a spheroid, 
the axis of which is the axis of the body. From the sym- 
metry of the figure it is evident that as the spheroid rolls 
on the invariable plane, the angles LOG, LOI are constant^ 
and that the three axes 07, OL, OC are always in one 
plane. 
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The section of the momental ellipsoid by the plane in 
which 07, OL, OG lie is an ellipse whose semi-axes are 

k/-T and A /yv. Also, OL being perpendicular to the tan- 
gent at / to this ellipse, is perpendicular to the conjugate dia- 
meter of 07; ^\ by conies 

tan p^-p *^^ *• 

The angular velocity of the body about 01 varies as the 
radius vector 01 of the spheroid, and is therefore constant. 
Hence 01 describes a right cone in the body round OG witli 
a uniform angular velocity, and a right cone in space round 
OL with a uniform angular velocity. 

The angular velocity v of 01 round 0(7 in the body may 
be found most readily by referring to the original equations of 
motion in Art. 123. We have in this case 

d(o^ A-G 
d(o,^ A-G . 



Solying these in the usual way we have 
<o. = Fsva. 



\ A 



n« + 






where F and / are arbitrary constants. Let x ^® ^^ angle 
the projection of the instantaneous axis on the plane perpen- 
dicular to 0(7 makes with the fixed straight line which has 
been taken for the axis OA^ then 



tan Y = -* , and v = -^; 
'^ ©i at 



X- 



A--G 



nt^fl 



Digitized 



by Google 



. SHALL OSCILLATIONS. 17l 

A-C 

where n = © cos a is the angular velocity about the axis of 
figure. 

The angular velocity v of 01 round OL in space may . 
be found from the consideration that OC, 01, OL are 
always in one plane. Describe a sphere round as centre 
cutting 00, OL in G and L. The displacement CO' of C 
in the time dt due to the angular velocity © round I is 

CO sin adt Hence od — — ^ dt is the angle made by the two 

sm /3 ° "^ 

arcs CL, CL on the sphere. But, since OC, 01, OL are 
always in one plane, this is the angular velocity of 01 about 
OL. Hence 

, sin a 

1/ =--© -; 5 

sm/8 



V^^sin'a+C'^cos^a 
= 0) 5 . 



Sect. IV. Small Oscillations in Three Dimensions about a 
position of equilibrium, 

137. Problems of small oscillations are usually of two 
kinds. The mean position about which the oscillation takes 

5 lace may either be fixed or it may have a motion in space, 
^hese will be considered in turn. As an example of the 
former, we may have a body in equilibrium rotating about an 
axis through its centre of gravity and under any conditions 
of constraint. Suppose the body to be slightly disturbed, we 
have first to determine whether it will or will not remain 
near its position of rest. One condition will usually be that 
the axis of rotation must be very near to a principal axis in 
the body, for no other axis could be one of free permanent 
rotation. We have also to determine the motion of the body 
about its position of rest. This will be determined when we 
know at every instant the position of a line fixed in the body 
and the angular velocity about it. 
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There are two Bimplifications which when they occur will 
be of the greatest assistance, ^r^^, the angular velocity about 
the principal axis which was very near to the instantaneous 
axis of rotation at the beginning of the motion may be con- 
stant, and secondly^ when gravity is the only force, the alti- 
tude of the centre of gravity above some horizontal fixed 
plane mav be constant. A little consideration will show that 
these will be true in most cases. 

The general problem to be considered in this section may 
be stated as follows : 

PrOB, a body has one point fixed in spojce and is in ro^ 
tation about an instantaneovs axis which makes a small angle 
with a principal axis in the body at the fi^xed point. Suppos- 
ing the body to be making small oscillations about its mean 
position^ it is required to determine the motion. 

138. First method. Let be the fixed point, OA, OB, 00 
the principal axes at that point, and let 00 he that prin- 
cipal axis from which the instantaneous axis is never far 
distant. Let the mean position of 0(7 be taken as the axis 
oiz. 

By hypothesis L, Jf, N, the moments of the forces about 
the axes are all small quantities, also ©^ cOj are small. Let n 
be the mean value of od^, then in the small terms we may 
put cDg = w. Hence the equations of motion become 

A^'-{B'-C)na>^=^L 

JB^^(^C-'A)n(D,^M 

0^ ^N 

at 

Let the position of the axis 00 in space be defined as 
usual by the angles d, ^, y^, and let 

^ = sin ^ cos ^ ] .V 

2' = — sin ^ sin <^ J ' 

then^ and q are both small quantities. 



V 



(1). 
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Keferring to the figure and reasoning of Art. 103, we have 

_+C0S^^=(.3, 

fl)j = -^j sin 9 — sm a -^ cos 9 , 
:, ft)j cos d = cos d-r: sin 9 — sm ^ COS 9 (0)3 — -r- j , 



similarly, 



da 



CO, cos = -£-a>,q 



(3). 



Also — p and — q are the direction-cosines of OZ with 
reference to the axes OA and OB, for 

—J? = — sin ^ cos <^ = cos ZE. cos -4^= cos AZ. 
Similarly, '-'q = coaBZ. 

But since OG very nearly coincides with OZ, is very- 
small and the above equations become 

d6 dylr ^ 

dt'^-dt^''^ 



da 



ft). 



dp 



dt 



nq 



(4). 



Let the axis Ox be so chosen that the mean value of 
^ + yfr=:nL Let two axes Ox, Oxf revolve round Oz with 
an angular velocity n, so that the angle xOx =^nU Then 
these moving axes will never deviate far from the principal 
axes OA, OB, Also p and q will now be the direction- 
cosines of OG referred to these moving axes Ox', Oy\ For 
the points G and A lie very nearly in the arc joining Zod, 
hence since Zx and GA axe both right angles^ the arcs ZA 
and Ggi are supplements, ^rid .*. p = —cos ZA = cos Gx '. 
Similarly, J = cos (7y[. "L 
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Substituting for w^ and a>, from (4) in the equations of 
motion we get 



B^-iA + B-C)nf^-iA-C)n*p=M 



(A). 



These equations are linear, and when solved will deter- 
mine the motion ^00 with reference to the moving axes 
Oxy Oy\ The motion o£ 00 referred to saij Juced axes in 
space can then be easily found. 

139. The quantities L and M are the moments about 
the axes OA and OB, and hj the geometry peculiar to the 
proposed question must be expressed in terms of ^ and q. 
Si^ce the squares of jp and j are to be neglected,, these ex-» 
pressions will be of the form 

L = ap + aq\ 
M^bp + b'qr 

If it be difficult to find the moments of the forces about 
OAy OBy we may find the moments about' the axes Ox\ Oy\ 
Oz. Let these be U, Jf , N'\ then 

L^Il cos Aoi + M' cos Ay + JV' cos Az 

since M\ N' are small quantities and the angles Ay\ Az* 
are nearly right angles. 

Similarly M=M\ N^N\ Thus the moments of the 
forces are the same whether they be taken about the principal 
axes OAy OB, 00, or about the co-ordinate axes Ox\ Oy\ 
Oz\ 

In findinff these moments the following remark will also 
be useful. If jp', q, 1 be the direction-cosines of any line OP 
near 00 referred to; the axes OA, OB, 00, then its direc-» 
tion-cosines referre^-to. Oic', Oy\ Oz will be respectively 
i?+y, ? + y', and 1. 
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For join CA by an arc of a great circle, and drop per- 
pendiculars FN, xn on it from P and x. Then since ^ FN 
and ^ xn are very small, cos / Fx' and cos ^ Nn only differ 
by quantities of the second order, hence 

cos Pa;' = cos ^w 

= sin{ai+ NA) 

s= sin Cn cos -^^"-4 + cos Cn sin NA. 

Now Cn and AN are nearly right angles, and when 
multiplied by small terms their sines may be taken equal 
to unity. Also cos NA = cos FA =^p\ and cos Cn = cos Cx =p 
when we reject the squares of small quantities. Hence we 
have 

COB Fx=p+p\ 

and similarly 

cos Fy' =iq-\-q\ 

140. The equations for the determination of p and q 
will in general be of the form 

and they must be solved by the methods described in treatises 
on Differential Equations. For convenience of reference, we 
shall here give a short summary of the different steps. 

Case L It will frequently happen that the terms 5p, 
Vq are absent. When this is the case, assume 



p==FcoB{\t+f)\ 
J =G^ sin (\< +/))'" 
substituting, we get 

GiX^ + cj^-F.ak) 
F{\' + c')^^Ga'\y 



(2), 



(3), 
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whence we have the biquadratic 

(Wc)(X' + c)=aaV (4), 

for the determination of \ while either of equations (3) will 
give the ratio -^ . 

Supposing the four values of \ to be all real, as will 
generally be the case, and equal to ±\,±X2, then the 
complete integral will be 

p = i^cos (\ t +/) + r cos {\ t +/) 

where F, F\fyf\ are four arbitrary constants to be deter- 
mined by the initial values of P^ q^-f^ y 77 • 

If the four roots of the equation (4) be not all real, the 
expressions for p and q must be rationalized by writing for 
the sine and cosme their exponential values. 

The equation (4) may be written in the form 

\* + (c + c'-aa) \' + cc = 0. 

In order that these values of X' may be teal we must 
have 

{c-\-c* — da'Y — 4cc' = a positive quantity (A) , 

In order that the two values of \' may have the sam 
sign we must have the last term of the quadratic positive, 

/. cc ^a positive quantity (B). 

In order that the values of V may both be positive^ we 
must have the second term of the quadratic negativd ; 

/. c + c* --aa* =^ a negative quantity (C). 
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The condition (A) is satisfied if c + c' and ad have oppo- 
site signs. If c, d be both negative and aa positive, all 
three conditions are satisfied. 



,.0^} «• 



X«-c)=i^(J-aX) 1 



141, Coae IL If the equations be complete, assume 

r- 

substituting, we get 

whence we have the biquadratic 

(X*-c) (X«-c') = (J- aX) (&' + o'X) (4) 

for the determination of X while either of the equations (3) 

G 
will give the ratio -^ . 

If all the roots of this equation be real, the motion will 
not be oscillatory, a positive root will correspond to a motion 
that continually increases, a negative root to a motion that 
gradually dies awdy. 

A pair of negative roots X =s a ± /8 V^ corresponds to 
two terms in (2) of the form 

;p = (i^+ F') e«' cos ^t +. (i^- F') V=T 6«« sin ^t \ 

and imaginary values must be given ta F, F' and <?, G' to 
render these expressions real. 

' Trom equation (3) we have 
B.D. 12 

Digitized by CjOOQIC 



178 MOTION OF A BIGID BODY. 

where u and v are known, the value of X = a + /8V— 1 being 
substituted from equation (4), Hence clearly when we write 
\ = a — j8V— 1, we have 

Therefore if the first equation be written in the form 

p = J2e«< cos ^t + Ke^ sin ^t, 

the second will take the form 

q = {Bu + Kv) ^coQ^t + {Ku-Hv) ^^&mfit. 

It is evident that unless a be either zero or negative, 
the motion cannot be considered one of small oscillation. 

The equation (4) may be written in the form 

V-(c + c'-aa')V+(ay-a'J)\+cc'-W = a. 

In order that the four roots of this equation may be of 
the form X — + /8 V— 1, we must have 

aJ'-a'i = (A). 

Then as before, in order that the two values of X" may 
be real, both of the same sign, and that sign negative, we 
must have 

cc' -hV I all positive •.. (B). 

c + c'^-aa' ' 

142. Ex. A conical top Kcls its vertex resting on aper^- 
fectly rough horizontal plane, and is in rotation with its axis 
of figure very nearly vertical. Find the least angular velocity 
that it may not tumble down. 
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The only force, besides those at the fixed point, which 
acts on the body is gravity; and if i be the distance of the 
centre of gravity from the vertex, the moments of these about 
the axes are , 

M^ zX" xZ— hpg. 
Hence the equations of motion in Art. 138 become 

^g4(2^-(7)«|-(^-0)«*2 = ^.j, 

taking the mass of the body to be unity. 

These equations may be written in the form 

To solve these, asstime 

y=(?8m()U+/)r 

Substituting we have 

G{A\* + b)^-a\.F] 
F(A\' + h)^-a\,a\' 
.'. iAX'+h)*=a*\\ 
OT, A\*±{2A-C)n.\+{A-C)n'+gh = 0', 



^ .2A-G , '^CW-4A.ah 

••• ^"+ IX--"*'" — 23 — ' 

12-2 
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In order that the top maj not tnmble down^ theae \Blaes 
of X must be real. Hence ive muat have 



n not less than 



^/AA.gh 



C 



143. Second Method* When the body is such that two 
of the principal moments of inertia at the fixed point are 
equal, me equations of the first method may be changed into 
another form. Instead of referring the motion of (7 to two 
axes Ox[, Oy' which move in sjpace in a known manner, we 
may refer it to two fixed axes OX, OY. 

Let be the fixed point; OG the principal axis about 
which the body rotates, and let OA^ OB be two other 
principal axes which move in the body with an angular 
velocity = — n, and which therefore never deviate far fix)m 
the fixed axes OX, OY^ 

The equations of motion referred to the axes OA^ OB^ OC 
are by Art. 107, 

A[^ + rm)-{A^C)na>,^L^ 
A (^ - na>\ + {A-C) na>, = M 



(1). 



Ijet P, Q be the direction-cosmes of OC referred to the 
fixed axes. Then P = cos (CZ), .'. ^=-sin(CX) ^^^. 



and siihilarly 


dp 

dQ 
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Substituting these expressions in the equations (1), we get 






M ) 



which are the general equations of small oscillations, 

144. Ex. I. A sphere is stispended from a fixed point 
hy a string and makes smaU oscillations about the vertical 
through the point of suspension; find the motion. 

Let I be the length and T the tension of the string ; P', 
Q[ the cosines of me angles it makes with two fixed hori- 
zontal axes OX, OF drawn through the point of suspen- 
sion, and let the positive direction of the axis of z be measured 
downwards. Let Q be the centre of the sphere, and G'G 
the radius passing through the point of contact C of the 
string, and let a be its length. I^et O'Q produced cut the 
sphere again in (7, and let QC h^ the positive direction of the 
axis of C. 

Then the equations of motion are, taking the mass as unity, 

Dynamical Equations, 

d^x ^.^ 

^ TO' 

^(^-»S)=-(,^-.r) 

^Ta{Q'-Q) 

Geometrical Equations, 

x^lF+aP, 
y--lQ' + aQ, 
e^l +i«. 
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By sifnplification these reduce to 

To solve tiese put " 

P= ^cos (Xf +/), P' = J" cos (X< +/), 

Then we have 

F'{T\*-g)=-aX*F] 

^F+{\'-^)f^ nXG 
Hence we have , 

whicli leads to 

(^X«-^)(x•±nX-|f) = |<7X^ 

This equation gives four real values of \*. Let the values 
ofXte ±Xi, ±\,±\, ±\' Then the oscillation will be 
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represented bjr P = F^ cos {\« + /) + i^, cos. (V + X) + two 
otner terms, with similax expressions for P', Q^ Qf. 

I The equations above will give the values of -=, , -=• , -=- 

corresponding to each value of X. Thus we shall have left 
eight arbitrarv constants, viz. F^, P., F^, P,, /„ /„ /g, /^ to 
I be determined by the initial values of 

' ' If we take the negative values of X, we merely get the 
I same expression over again. 

The values of P, P', &c. being known, those of a;, y, z 
i may be found, and thus the whole motion may be determined. 

i 145. Ex. II. A hoop rolls along a perfectly rough 
; horizontal plane, it is required to determine the least angular 
\ velocity that it may move with its plane very nearly vertical. 

Supposing the hoop to be originally vertical it will from 
symmetry roll along a curve which is nearly a -straight line. 
Let this be taken for the axis of a?, and let the axis of y be 
vertical. Let F, Zht the resolved parts of the friction along 
the axes of '^ and z^ and R be the normal reaction. Then 
taking the mass of the hoop as unity we have R^g* 



The equations of motion of the hoop are 



Now, Jf the moment of the forces about Oy is clearly = 0, 
and ii = r- ^« — -B«^> where is equal to the angle the projec- 
tion of GG on the plane yz makes with Z'. But 0= Q, 

/. -L'=^Za^^agQ. 
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Also if x,y^zhe the co-ordinates of G we have 

But to^ = 0), COS AOx-\-(o^ cos BOx + a^ cos COx 
= Wj + nP 

. „ cPQ dP 

-^^"•^-*":^' 

Substituting in the first equation, we have 

and integrating the second equation 

— = — 2w ^ + constant. 
Hence we have 

Therefore the hoop will roll if 

ag 



If the hoop be a circular arc, -4 = — , and we have 



">i\/|- 



Let Fbe the Telocity of the centre of the hoop, then we hare 



V>^Vag. 
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146. Third Method. Suppose the geometricar relations 
that constrain the body are sucn that one point of the instan- 
taneous axis is known throughout the motion. Tbeu we 
know that in small oscillations we maj take moments about 
this point as if it was fixed. This will greatly simplify our 
equations, for the unknowu reactions will generally act at this 
point. 

Through this point, which we will call 0, let axes Ox^ Ovy 
Oz, be drawn parallel to the principal axes GA, GB, CrO 
at the centre of gravity, and let x, y, h be the co-ordinates 
of G so that 5, y, are very small. 

Eeferring to first principles, we have by (101) the general 
equation 

and two other similar equations, where i, Af, N are the 
moments about the axes Ox, Oy, Oz respectively. 

In these equations we are to neglect the squares of all 
small quantities. Hence the squares and products of 5, y, 

a>gf o)y, --^ , are to be rejected. Also since the axes are 

parallel to the principal axes at G we have ^mxz-Ax, 
Xmyz=^hy, and Xmxy^xy^ the mass of the body being 
taken as unity. 



The equations therefore reduce to 

dm 
ITt 



A' ^-{B- - C)<0,n + h^n*=L 



£'^f-{C!'-A')a,n-hxn*=M 



at 
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where A,B, C are the moments of inertia about the axes of 
Ox, Oy, Oz, 

As before let p = 6 cos ^ 1 
J = — ^ sin <^ J 

Then the above become, as in Art. 138, 



(C). 



at 

The moments X, M^^N, and the quantities A, ^, y, must 
then be found as before in terms of p and q by the geometry 
of the question, and the equations will then become independ- 
ent of the position of the instantaneous axis. They will 
therefore be true throughout the motion. 

They may be integrated in the usual manner', and the 
whole motion may be found. 

147. Ex. An ellipsoid is in rotation about a principal 
diameter and is placed with the extremity of this diameter in 
contact with a perfectly rough horizontal plane% Supposing 
the body to make small oscillations, determine the motion. 

By Art. 138 it is evident that the axes GG, GA, OB 
make angles with the vertical whose direction-cosines are 
1, —p, — q. Hence the resolved parts of gravity along the 
axes Oz, Ox, Oy will be Z=^—g, X—pg, Y—gg. Let x, 
y, c be the CQ-ordinates of G referred to these axes, then we 
have 

L-^-gy-cgq\ 

M—gx-^cgp >• 

N^O J 

We must now fiiid x and y in terms oip and q. Taking 
the extremity^ of the axis of G as origin of a new set of 
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axes x\ y\ »' parallel to OA^ OB^ ff (7 respectively, the equa* 
tion to the sumce is 

the term — being neglected since it is of the order f ~ J . 

Let x\ y\ z* be the co-ordinates of the point of contact 
of the ellipsoid with the plane. The equation to the normal 
at this point 

^-^' _ 'n-y' _ g-^\ 

cx* cy —1 * 
But this normal is the vertical, hence its direction-cosinea 

^1, -i>, -?; 

_^cx _ cy 

But aj' = — 5, and y' = — y, 

- a*» _ JV 
c •^ c 

Substituting in the general equations of motion we get 

(6c^ + a^ J-12c^nJ + (a'-c*)(6n« + ^)i> = 

To solve these, let 

^ = i^sin(X«4-/), 
q=- Gcoa{\t+f). 

Substituting in (1), we shall get a biquadratic equation 
to determine \. 

In order that the motion may be oscillatory, the four 
values of \ must be real. Hence by Art. 140 the three quan- 
tities . 



(1). 



Digitized 



by Google 



188 MOTION OF A BIOID BOPT. 

Ir" + ^ c Aec* + «» "^ Be" + W (ec* + a») (6c» + b*)j 

must all be positive. 

If c be the least axis of the ellipsoid, these conditions are 
satisfied for all values of n. See Art. 140. 

If c be the mean axis of the ellipsoid, the second quantity 
is essentially negative, and no value of n can be found that 
will make the position of the ellipsoid stable. 

If c be the greatest axis of the ellipsoid, the second con- 
dition is satisfied. Let 

Then since the first quantity is positive we must have 
Wc*--6Sln«-5|-Err-4(6n» + ^y((?^a«)(c«--5') 

= positive quantity (-4), 

and since the third expression must be positive we have 

""'^mhrm (^)- 

If this value of n' be substituted in the expression (A) it 
makes {A) negative, hence this value of w' lies between the 
roots of the quadratic equation formed by equating {A) to 
zero. In order therefore that the three conditions may be 
satisfied we must have n' greater than the greatest root of the 
equation formed by equating (A) to zero. It is evident that 
one of the roots of this equation is essentially positive. 
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148, Fourth Method. When the "body performing small 
oscillations is a rod, we may obtain the linear equations 
of motion -very simply hy referring to the original equations 
of motion in Chap. ll. as in the following problem. 

A unif(yrm heavy rod suspended from a fixed point hy 
a string^ makes smatl oscillations about the vertical. Determine 
the motion. 

Let be taken as origin, and let the axis of z be 
measured vertically downwards; let I be the length of the 
string, 2a the length of the rod. Let p\ q* ; p, q be the 
cosines of the angles the string and roa respectively make 
with the axes of x and y, and let u be the distance of 
any element du of the rod from that extremity to which 
the string is attached. Then the co-ordinates of the ele- 
ment will be 

x = lp •\-up\ 

y«^' + ttj[ •••• W- 

z = l-\-u ^ 
The equations of motion of the centre of gravity will be 

^ de ^'^ de M I ^^>' 

T 

where T is the tension of the string, and M the mass of the 
rod. 3j D'Alembert's Principle, the equation of moments 
round x will be 

* =tdu{yg)^ 

which becomes by (1) 
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or 



-'('f-§)-^^-i'§-^«+«»)- 



which by equation (2) reduces to 



Therefore the four equations of motion are 



(3)j 



,<?y,4 i^p 

and two similar equations for y, j'. 
To solve these, put 

/ = jPsin(Xi + a), ^=5= G^sin(X< + a), 
we get 

••• ^'-^^'^•^•+¥=». 

and the values of X may be found from this equation. 



Sect. V. On steady Motion and small Oscillations^ 

149. Hitherto we have supjjosed the body to be per- 
forming small oscillations about its position oi equilibrium. 
But if the body have a steady motion in space and perform 
small oscillations about this moving position, the equations 
become more complicated. To simplify the problem, let two 
of the principal moments A^ B^ at ^e fixed point b,e equaL 
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The two following problems will "be suflScient to show the 
mode of proceeding in the cases first, when one point of 
the body is absolutely fixed ; and secondly^ when the body 
rolls fireely on a rough plane, 

150. Prob. I. A lody two of whose principal moments 
at the centre of gravity O are equal turns about a fixed point 
0, in the aans of unequal moment under the action of gravity. 
The aosis GO being inclined to the vertical at an angle a, and 
revolving about it with a uniform angular velocity , find the 
condition that the motion may be steady and the time of a small 
oscillation. 

This applies to the case of a top spinning with its vertex 
on a perfectly rough plane. 

Let the fixed point be taken as the oriffin, and let the 
axis of z be vertical. Let the line OG drawn from 
through G the centre of gravity of the body be called the 
axis of the body. Let the moving axes OAy OB, OG ]>& 
80 chosen that OG ia the axis oi the body, and that Oz, 
00, OA are always in one plane. Then by Art. 109 the 
equations of motion are 






'^^-o 



•(1), 



and the geometrical equations axe 






.(2). 
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Eliminating ©^ cDj, and putting 0)3= w, we get 
^s,n^-^+2^co8^^^-0«3-=.0 (3), 

A^AcoB0Bm0. (^J+ Cn sin 5^=^* sin ... (4), 

To find the steady motion. 

When the motion is steady both and -^ are constants. 

Let ^= a, — =X, then the equation (3) is satisfied and 
dt 

(4) becomes 

— -4co8asinaX*+ CWsinaX^^^^Asino. 

Rejecting the factor sin a = because a is not small, we have 

-4cosaX* + ^A ,,. 

" ox- ^^)' 

This is the relation which must hold between the angular 
velocity of the body about its axis, and the angular velocity 
of that axis about the vertical, when the motion is steady. 
But this relation is not necessary if the axis of the body be 
vertical. 

Solving this equation, we. have 

(7n ± V C V - ^ghA coTg 
"" 2-4 cos a * 

h^nce in order that the motion may be steady, we must have 

w" not less than ^ ^^ • 

"When a and n are given, we can make the body move 
with either of these values of \, by giving ©^ its proper initial 
value determined by the equation 

fi)j = — X sin a. 

To find the small oscillation. 

. Let^ = a + ^', aiid^ = X + ^', where ^ and ^' are 

small quantities whose squares are to be neglected. Substi- 
tuting these in (3) and (4), and writing for Cn its value 
obtained from (5), we have 
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A\'-p-\- sin a{g^- JLXf cos «)' -^ + \*A sin* a6' = 

To solve these, put 

^'= i^sin {pt -\-fj, and '^' = ti^ cos (jpt +fji 

Substituting, we have 

AXsina. jp^G ==-'{gh-'A\* coaa) Fp i 

{Akp' - \M sin» a) F= - (gH - ^X* cos a)' sin a . ti^i f ' 

£[ence multipljing tliese equations together, we-'ha;v€P 
. ^V - 2ghA cos-a . X? +5"*' 

and! the reqjiired time is — - . It is evident that p^ is always 



positive, and therefore both the values of X given by (5) cor- 
respond to stable motions. 

To find the friction at the fia^ point. 

The equations for the motion of the centre of gravity are 
by Art. 63, 

du dylr ^- 






dv 

H-^-^-dt 

where u and v are the velocities of the centre of gravity re- 
solved along and perpendicular to the projection of OA on the 
horizontal plane, and X, Y are the resolved parts of the 
fijctions in the same directions. 

* l!tiff expreodon was given by the ^r. N.' A! Infers, of'Gonvilie arid 
Qalxa College^ as the renili of a •pMblexit'pi«]^o«0d' b^: him for' soltftlon in the 
Hathematical Tripos, 1859. 

B. D. 13 
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Since the point is fixed, we have 

u = o),A cos ^ I 

t;=s — a>^A cos^J ' 

a)^ and ol are known from equations (2), and thus X and Y 
maj be lound. 

When the motion is steady, we have from (2) a>^ = 0, and 
(0^ SB — \ Bin a ; •'• u = and t; = \ sin a cos ah ; 

.\ -X'= — X^sinacosoA) 

r=o r 

thus the whole friction acts in the vertical plane ZCA. Since 
G describes a horizontal circle, the force acting on it must 
tend to the centre, and therefore this result mi^t have been 
anticipated. 

151. We maj also determine the stectd^ motion very 
simply by another process. Let 0(7 be the axis of the body, 
0/the instantaneous axis of rotation, O^the vertical. Then 
when the motion is steady, these three must be in one vertical 




plahe which revolves about OZ with a uniform angular 
velocity w. Let II be the angular velocity about 01, then 
A cosi(7s=n. Let OB be the horizontal axis about which 
gravity tends to turn the body, then OB is perpendicular to 
the plare ZOG. 
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Since gravity generates an angular velocity ^—2 — ^ ^^ 

the time dt about OJS, therefore by the parallelogram of an- 
gular velocities, the instantaneous axis Ol has moved in the 

time dt through an angle ^ .^ dtm^k plane perpendicular 

to the plane ZOL Hence the angular velocity of I round Z 
due to the action of the forces is 

J^i_^Asina 



dt Ail '&in IZ' 

* 

Also by Art. 136 the angular velocity of I round G due 
to the inertia of the body is — ^ — w, hence the angular 
velocity of / round Z is 

d'^^ A-G Bin IG 
dt " A ""'sinlZ' 
and the whole angular velocity is the sum of these two, i. e, 
/gk sin a \ t/^ A— G \ &mIG 

X^l^-—: C0t/(7+— r- ^) ' T'Z 

\ An A J sm IZ 

_ gh. sing, cot IG+ {A — G) n* 
"" -4n(8ina.cot/C/ — cosa) 

But when the motion is steady OZ^ OJand 0(7 are all in 
one plajie. Now the angular velocity of G round / is fl, and 
therefore its angular velocity round Z is 

^ sin IG _ n sin 7(7 
sm ZG cos JG sm a 

Hence, tan 7(7= • 

n 

Substituting this value of tan IG in the first value of X, we 

^=s Cii-J.Xcosa, 

the same expiession as 'before. 

13—2 
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152. The motion of a body about a fixed point under the 
action of any forces majr in many cases be constructed' by 
making the momental ellipsoid roll onsome surface to be deter^ 
mined Ijjr the conditions of the problem. But this represent- 
ation of the motion is not always a convenient one. Li the 
case just considered, the steady motion may be represented by 
making the ellipsoid roll on the surface of a right cone whose 
axis is vertical; 

The ellipsoid is in this case a spheroid whose axis is OC. 
Let 0(7 be taken as the axis of «, and let Ox be drawn to 
the left of OC. Then the equation to the section of the ellip- 
soid by the plane COZis 

Aa?'¥Cz' = €' (1). 

Let X, zhe the co-ordinates of the point in which the in- 
stantaneous axis 01 cuts the ellipsoid, and' let r be the cor- 
responding radius vector, and let tne angle. /{? 0=^8. Then 



.(2)\ 



^sin«)9+C7cos')9 = ^ 

. ^ X sin a 
n 

The equation to the tangent plane at the extremity of the 
radius vector r is . 

-4sin/8.a:+ (7coa)9.« = - .-....(3), 

grnd;the equation. to OZ, (figure, Art. ISl) is 

0? = 21 tana (4)'. 

Let 7 be the semi-anglfe of the cone,, then; 7 is the incli- 
nation of OZ to* the tangent plane (^) y 

G 

-T cot)S + tana 

••. tan7 = ^ , 

after substituting for tan /S, we get 



cot 7 = — 
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153. Pros. 2. An {nfimtely thin circular disc moves on 
a perfectly rough horizontal plane in such a manner as to jpre- 
serve a constant inclination a to the horizon. Find the con- 
dition that the motion may he steady and the time of a small 
oscillation. 

Let the mass of the disc be taken as unity, let a "be its 
radius. Let the axis of « be vertical, and let the axes OA^ OB^ 
OGy drawn through (?, the centre of gravity, move in the 
body so that (?(7 is normal to the plane of the disc, and that 
the three axes Gz^ QG^ QA are all in one vertical plane. 




Let be the -point of the disc in contact with the plane ; X, 
Y the frictions at resolved parallel and perpendicular to 
the plane GO A. Let E be the reaction at normal to the 
horizontal plane. Let w, v be the horizontal velocities of the 
centre of gravity resolved along and perpendicular to the plane 
GO A. Let the rest of the notation oe the same as before. 

The equations of motion about the centre of gravity will be 

^ (^ --»■ I) -<-' - <^ "■"^-« «■ 
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C^.aY.. 



■m. 



and tbe geometrical equations by the second part of Art. 108, are 

dd 



^8in^ = -a,, 



-^+^«'«^ = «.- 



dt dt 



.(4), 
•(5), 
.(6). 



The equations for the motion of the centre of gravity axe 
hy Art. 63, 

du dylr ^ 

n-'-^'^ 



S^-f=^- 



df 



=-g+B. 



•(8), 
.(9), 



and the geometrical equations are 

u = asvad.co^. 



v= — a©. 



z = asm 



e. 



.(10), 

.(11), 
.(12). 



To solve these, we must eliminate u^ v, and z. Then since 

the square of -j- may be neglected, we have 
dt 



^ . d'0^ dyjr 

X = asma^+a«,.-^ 



dt 
i2=r^ + acos^^ 



dt 



(I)- 
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Substituting these in (1), (2), (3) and remembering (5) 
we have 

^■(^-".S)-(i^-c>^.=« 

B'^ + Aa>,^ + {A'-^C')a>,a>,^-^ffacos0^ (H), 

where ^'=^, B'^B^-cf, C'=C+a\ 

These equations might have been obtained by taking as 
the origin of moments. To do this we must apply to every 
element of the body an acceleration equal and opposite to that 
of 0^ The acceleration of due to the steaay motion is 

oo^ -A perpendicular to the plane of the disc. In taking mo- 
ments this must be supposed to act at G the centre of gravity 
of the disc by Art. 65. The acceleration of due to the 
small oscillation may be neglected. 

To find the steady motion. 

We have ©j, o),, 0)3, -^, 5, all constants. Let 0)3 = w, 
-^ = X, ^ = a, then substituting in (4), (5), (6), and (11) we have 

ft)j = — X sin a, 

(2^ + a*) 0)3 = J.\cos a - ~- cot a, 

since 0=2-4. 

This relation must exist between the angular velocitjr of the 
disc about its axis and the angular velocity of the horizontal 
tangent, in\)rder that the motion may be steady. The point 
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ofthedw,i|i,«<Hitactiinth the plaBeideacribe8a<iir«3e on'the 
plane. Let r be the radius oi this circle. Then since the 

disc turns rouiid once in the time — : 

ft), A 

.'. (2^+a')7* = -J.a.cosa4-^cota. 

To find the small oscillation. 

Let^^.a + ^',^^^X+^,.a)3 = n + < where ^',^, 
ft),' sae small quantities whose squares and higher powers are 
to be neglected. Substituting for ©j, o>j, ^^ frow (4), (^)> 
(6), the first pf equations (II) become^ 

4 sin a -^+?-4(posot.X-f»);^ = (13). 

The third becomes 

(2^ + a")^-a«sina\^ = 0, 

.-. (2^ + a*) (ft)3-w)=a"sinaX(5-a) (14). 

The second becomes 

(^ + a^^+(2^ + a«)sin^«,^ 

— 4sin5cos^(-^J =— ^acostf, 
which reduces to 

(^ + a»)^ + iy-Jfsina^' = (15}, 
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where 

L = — -4X*cos 2a + (2-4 + a*) nXcos a—goi sin a, 
Jf = 2^ cos a . X- (2ui + a') w. 

Integrating (13) and substituting in (15), we have 

d^ff 
iA^oT) ^+ {Z4-2if (cos«. X-«)} ^' = Q, ...(16). 

The constant introdnoed by integrating (13) would give 
rise to a coBstani term in the vahie of ff obtained by inte- 
grating (16). But all the constant port erf ^ias been supposed 
to be included in its mean value tf =*a. Hence this constant 
mest be omitted. 

Therefore if Tbe the time of a small. oscillation 

/2'7r\* 

f ^ J ( J[ + a*) =r (1 + 2 co^a) Alf - 2n\ cos a (8^ + a'), 

4- 2n' (2j1 ^c?)^ga Aau. 

The frictions at the point may be found by equations 
(7)rto.(15). 

EXAMPLES. 

Section I. 

1. If ©a;, 0)^, a>, be the ^angular velocities about the co- 
ordinate axes., find the locus of those particles whose velocity 



2. The locus of points in a body moving about a fixed 
point, which at any proposed instant have the same velocity, 
IS a circular cylinder. 

3. A body has an angular velocity <o about the axis 

/ "" w» "" n * 
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where P + w* + w* = 1. The motion is equivalent to rotations 
Uo^ m&, ruo about the co-ordinate axes, and translations 

in direction of them. 

4. A circular disc revolves with a uniform 'angular 
velocity <o about an axis through its centre perpendicular to 
its plane, while its centre describes a circle of radius a with 
uniform angular velocity il about a point in the plane of the 
disc. Prove that the motioii at any instant is exhibited by 
a single rotation, and the locus of the instantaneous axis is 

a cylinder of radius ^ . Explain the result when co, Q 

are equal and contrary in direction. 

5. A body has equal angular velocities about two axes 
which neither meet nor are parallel. Prove that the central 
axis of the motion is equally inclined to each of the axes. 

6. If, in a rigid body moving in any manner about a 
fixed point, a series of points be taken along anjr straight line 
in the body, and through these points straight Imes be 
drawn in the direction of the instantaneous motion of the 
points, prove that the locus of these straight lines is an hyper- 
bolic paraboloid. 

7. In the motion of a geometrical figure there exist an- 
gular velocities inversely proportional to ^ — 7, 7 — a, a — /8 
round three lines forming three edges of a cube which do not 
meet, symmetrically chosen with respect to the axes of co- 
ordinates drawn parallel to them through the centre of the 
cube. Prove that the figm'e rotates about the line 

08 - 7) a: + (7- a) a = (7 - a) y- (^ - 7) « = (a -^) ^» 
where 2a = the edge of the cube. 
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Section II. 

8. A body turning about a fixed point of it is acted on 
by forces which always tend to produce rotation about an 
axis at riffht angles to the instantaneous axis ; show that the 
angular Telocity cannot be uniform unless 

A ^ G ^ B ^' 

Aj -B, C being the principal moments of inertia with respect 
to the fixed point. 

9. If forces act on a homogeneous spheroid tending 
always to produce rotation about an axis (a) in the plane of 
the equator, the instantaneous axis will describe a circular 
cone in the body about its polar axis ; but the angular velo- 
city about the instantaneous axis will not be uniform unless 
the axis a be always at right angles to the instantaneous 
axis. 

10. If two of the principal moments of inertia be equal 
and the body begin to rotate about an axis perpendicular to 
that of unequal moment, under the action of a couple varying 
as the cosecant of the angle which the instantaneous axis 
makes with the axis of unequal moment and in a plane per- 
pendicular to that axis, determine the position of the instan- 
taneous axis in the body in terms of the time. 

11. If a rough plane inclined at an angle a to the hori- 
zon be made to revolve with uniform angular velocity o), 
about a normal Oz and a sphere be placed upon it, show that 
the path of its centre wiU be a prolate, a common, or a cur- 
tate cycloid according as the point at which the sphere is 
initially placed is* wiuiout, upon, or within the circle, whose 
equation is 

the axis Oy being horizontal 
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Show also that the path will be a horizontal straiglit 
line, if the sphere be initially placed at the centre of the 
circle. 

12. A right cone rolls upon the inner surface of imotker 
right cone, having the same vertex, with a uniform angular 
velocity a>, find the couple impressed upon the rolUug .cone 
necessary to produce such motion. 

13. A hollow cone, the internal surface of which is per- 
fectly rough, is fixed in a position in which its axis is incbned 
at an angle (a) to the vertical, and a solid cone of smaller 
vertical angle is placed inside, its vertex coinciding with the 
vertex of the fixed cone, and allowed to oscillate : show that 
the length of the simple isochronous pendulum is 

4>y Bin(ff-Y) 
'3A sin a sin* 7' 

2/8 and 27 beinff the vertical angles, h the height of the 
moving cone, and h its radius of gyration about a generating 
li»e. 

14. A segment of a solid of revolution bounded by a plane 
perpendicular to its axis, rests with its plane surface in coa- 
tact with a perfectly rough horizontal pilane, w^hich is revolving 
with a varying angular velocity la, about a vertical axis, show 
that if A = height of the centre of gravity of the solid above 
the plane, c the distance of its axis firom the axis of rotation, 
and r the radius of the base, llie floUd will upset, if 

15. A segment of a surface of revolution cut off by a 
plane perpendicular to the axis is placed with its curved 

. surface in contact with a smooth horizontal plane. Supposing 
a rotation n to be communicated to it about its axis of figure 
when inclined at an angle a to the vertical, prove that 
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Oft /COSOf — COS'^V . f^^^ cs fT \ 

where' ^ is- the inclination of the axis of figure to the vertical ; 
(7 is the moment of inertia al>oat the axis; z is the altitude 
of the centre of gravity at the time t and is a known function 
o£*9, and h is the initial value of z. 

16. A hoop AOBF revolves, about AB its diameter as 
a fixed vertical axis. OF is a horizontal diameter of the 
same circle which is without mass and which is rigidly con- 
nected to the circle; 2>(7is another hoop having (?i^ passing 
through its centre and which can turn freely about (?-K 
If ft, ft', o), a/,, be the greatest and least angular velocities 
about -4iBj flLP respectively, prove that ' 

ft.ft'==0)*-0)'*. 

17. A circular disc has a rod GO riridly fixed to it, 

Sising through its centre G perpendicular to its plane* 
e point is fastened to a. point , about which GO can 
fireely turn. The wJiole sj^abem is under the action of 
gravity. Supposingi the initial position of GO to- be very 
nearly horizontal and the dise to be set in rotation about GU^ 
it is required; to determine the motion. 

18. If a homogeneous sphere roll on a perfectljr rough 
plane under the actaoni of any- forces' wfratever; of which the 
resultant passes through: the- cantie: of the sphere^ the motion 
of. the centre of gravity is.' the sanse a»' if the plane w«re 
8rao6t& and.^the foBces wete teduoed in^a^ certam. conBtant 
ratio. 

Prove also that the plane ift the only surface which pos- 
sesses this property. 

19. Prove that a billiard balF, being considered^ as* a 
sphere partly rolling and partly sliding on. a horizontal plane, 
describes a paraboht; except ur the particular case when it 
moves in a right line. 
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20. A sphere rolls alon^ the inner surface of a fixed 
circular cylinder with its axis horizontal, it is required to 
determine the motion of the sphere, the surface of the cylinder 
being perfectly rough, and tne motion not in a plane per- 
pendicular to the axis of the cylinder. Also find the least 
velocity at the lowest point which will make the sphere go 
completely round, witnout leaving the surface of the cy- 
linder, 

21. A uniform sphere is placed in contact with the ex- 
terior surface of a perfectly rough cone. Its centre is acted 
on by a force, the direction of which always meets the axis 
of the cone at right angles, and the intensity of which varies 
inversely as the cube of the distance from that axis. Prove 
that, if the sphere be properly started, its path upon the cone 
will meet each generating line in the same angle. 



Section HI. 

22. K a right circular cone whose altitude a is double 
the radius of its base turn about its centre of gravity as a 
fixed point, and be originally set in motion about an axis 
inclined at an angle a to the axis of figure, the vertex of 

3 

the cone will describe a circle whose radius is 7 a sin a. 

4 

23. A circular plate revolves about its centre of gravity 
at a fixed point. If an angular velocity to were ori^nally 
impressed on it about an axis making an angle a with its 
plane, a normal to the plane of the disc will make a revolution 

in space in time — , . . . 

o>yl + 3sm*a 

24. If a body be turning about a fixed point under the 
action of no forces, and if 
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tit any instant when A is finite, then ^ will be invariable and 
-^ will increase nnifonnly. Find the values of ©j, ©„ », in 
this case. 

25. If a solid of revolution be moving about its centre 

of gravity fixed, show that the plane containing the axis of 

figure and the instantaneous axis revolves uniformly about a 

line in itself and that the axes cannot be equally inclined to 

this line unless (7>2u4, and in that case the inclination 

1 A 

equals - cos"* ^_ . , G being the moment of inertia about 

the axis of figure, and A that about a line perpendicular to it. 

26. H ©J, G),, ©3 be the angular velocities about the 
principal axes at any fixed point, prove that when all the 
impressed forces pass through the fixed point 

B^G " G'-A A^^ • 

27. A right cone the base of which is an ellipse is sup- 
ported at O the centre of gravitr, and has a motion com- 
municated to it about an axis tnrough G perpendicular to 
the line joining Gy and the extremity B of tne axis minor of 
the base, and in the plane through B and the axis of the 
cone* Determine the position of the invariable plane. 

BesulL The normal to the invariable plane lies In the 
plane passing through the axis of the cone and the axis of 

instantaneous rotation, andtnakes an angle tan"* t • « ,> • 

28. A body is revolving* about its principal axis of mean 
moment, and an additional anralar velocity about its axis of 
greatest or least moment is impressed upon it : show that the 
instantaneous axis will describe within the body a cone of 
which the internal axis is the axis about which the additional 
angular velocity is impressed. 

29. A lamina of any form rotating with an angular 
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velocity » about an axi& througli' its centee of gravily per- 
pendicular to ita plane has: an angular: velocity 



(m'- 



impressed upon it about its principal axis of least moment, 
A and B being its moments of inertia about the principal 
axes of mean and least moment : show that its angular veloci- 
ties about the principal axes at any time t sect 






and that it will ultimately revolve, about its axia of ^ mean 
moment. 

30. A rigid body not acted on by anj force is in motion 
about its centre of gravitj^:' prove that if the instantaneous 
axis be at any moment situated in the ji^lane of contact of 
either of the right circular cylinders described about the' 
central ellipsoid, it will be so throughout the motion.v 

If a, i, c be the semi-^axes of the central :eUipsoid, ahraoqged 
in descending order of magnitude, e^, 6^, e, the eccentricities of 
its principal sections; n.^,ri^,n3.theimtiaf component angular 
velocities of the body about its principal axes; prove tkat'l&ef 
condition that^ the instantaneoUft axifr^ should* be- situated^ in; 
the plane above described is 

Prove.^ also that, if! ilie pceceding: condition^ be stttisfiddy 
the ^sitibn of the instantaneous^ axia with^ respjBct to the 
principal axes of the body, at any time ^, will'be determined 
by the eqioations 
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31. A bodj is moving about a fixed poiut under the 
action of no forces, and a small particle, mass m, is tied to a 
given point on its surface by a verjr short string, and moves 
with the body ; determine the tension of the string, the mass 
of the particle being neglected in comparison of that of the 
body. 

32. If a body move about a fixed point under the action 
of no forces, and if the instantaneous axis describe the sepa- 
rating polhode, prove that there is a line fixed in the body 
which always lies in a certain plane fixed in space. 

33. The " measure of curvature " of an ellipsoid along 
any polhode is constant. 



Sections IV. and V. 

34. A uniform solid of revolution, of which the mass 
is If, and the principal moments of inertia about its axis 
of figure, and about any other principal axis through its centre 
of gravity, are respectively G and A^ floats in unstable equi- 
librium, with its axis vertical, in a fluid of specific gravity 
greater than its own, the depth of the metacentre below the 
centre of gravity- being c. Prove that the relative equilibrium 
of the solid will be rendered stable if it be made to rotate 
uniformly about its axis, with an angular velocity greater 
than 



c 



*J{A+Mc')Mff€. 



35. A perfectly rough sphere is placed on another per- 
fectly rough fixed sphere near the highest point. And the 
upper sphere has an angular rotation a> about its diameter 
E. D. 14 
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through the point of contact ; prove that its equilibrium will 

be stable if a>' > ^ ' ^ where a is the radius of the fixed 

a 

sphere, and h the radius of the moving sphere. 

36. An ellipsoid is placed with one of its vertices in 
contact with a smooth horizontal plane. What angular velo- 
city of rotation must it have about the vertical axis in order 
that the equilibrium may be stable ? 

Result. Let a, 5, o be the semi-axes, c the vertical axis, 
then the angular velocity must be greater than 



^- 



5g V^n-^^+Vc*-.y 
c • a* + V 



37. A uniform rod, moveable about one extremity, moves 
in such a manner as to make always nearly the same angle a 
with the vertical ; show that the time of a small oscillation 

is 



'^f\ 



1 2a cos a 



3^'l + 3cos'a' 
a being the length of the rod. 

38. A hemisphere of radius a is placed on a perfectly 
rough plane with its base inclined at an angle a to the hori- 
zon, and is set in rotation about its axis of figure with an 
angular velocity n. Prove that if the motion be steady, the 
axis of figure will resolve round the vertical with an angular 
velocity X given by 

X'{^cosa + (Acosa — a) (A — a cos a)} + (7nX =— ^A, 

except when a = : where h is the distance of the centre of 
gravity from the centre, and G is the moment of inertia about 
the axis of figure. Prove also that the radius of the circle 
described on the horizontal plane by the point of contact is 
a sin a . cos a. Find also the time of a small oscillation. 

39. A rigid body is attached to a fixed point bj a 
weightless string, length ?, which is connected with the body 
by a socket (permitting the bpdy to rotate freely without 
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twisting the string) at a point on its surface where an axis 
through its centre of gravity", about which the radius of gyra- 
tion is a maximum or minimum = h, meets it. The body is 
set rotating with an angular velocity; « about such axis 
placed vertically ; the string, which is tight, forms an angle a 
with the vertical, and is then let go ; show that it will ulti- 
mately revolve with the uniform angular velocity 



^ 



««+^^f^. 



14—2 
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CHAPTER VI. 

MOTION OP A FLEXIBLE BODY. 



The general tenn "Flexible Body" includes many other 
bodies besides strings. The motions treated of in these cases 
are generally small oscillations, and their discussion will 
properly form a subject by itself. The reader is therefore 
referred to any treatise on Sound and to the memoirs of 
Poisson, Cauchy and others on the subject. In the present 
chapter only the motion of a perfectly flexible string will be 
considered. 

154. Pkop. To determine the general equationa of motion 
of a string under the action of any forces. 

Fu'st. Let the string he inextensible. 

Let Ox, Oy, Oz, be any axes fixed in space. Let Xmds, 
Ymds, Zmdsy be the impressed forces that act on any element 
ds of the string whose mass is mds. Let u, v, w, be the 
resolved parts of the velocities of this element parallel to the 
axes. Then, by D' Alembert's principle, the element ds of the 
string is in equilibrium under the action of the forces 

-(^-S). "*(^-S)- ""^(^-t). 

and the tensions at its two ends. 

Let T be the tension at the point (a?, y, «), then T-j-f 

dy dz . ■ 

T-^ , T-r are its resolved parts parallel to the axes. The 
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m- 



m 



m- 



.(1). 



leaolved parts of the tensions at the other epd of the element 
will be 

and two similar quantities with y and z written for x. 
Hence the equations of motion are 

In these eq^uations the yariables s and t are independent. 
For any the same element of the string, s is always constant, 
and its path is traced out by variation of L On the other 
hand, the curve in which the string hangs at any proposed 
time is given hj variation of «, t being constant. In this 
investigation 8 is measured from any arbitrary point, fixed 
in the string, to the element under consideration. 

To find the geometrical equations. We have 
Differentiating this with respect to t, we get 



dxdn dy dv dz dw _ 
ds ds ds da da da 



,(2). 



The eq[uations (1) and (2) are sufficient to determine a?, y, 
2;, and T, in terms of a and L 

155. These equations may be put under another form. 
Jjet ^j '^, X, be the angles made by the tangent at », y, «, 
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with the axes of ^oo-ordinates. Then the equations (1) be- 
come 



with similar equations for v and iv. 



.(3). 



dx 



To find the geometrical equations, differentiate cos ^ =: ^ 
with respect to t ; 



. , dS du 



.(4). 



Similarly, by differentiating 008-^=-^ and cosx = ^> 

we get two other similar equations for y^ and y. Taking 
these six equations in conjunction with the following 

cos'^ + cos*'^ + co8*x = l (5), 

we have seven equations to determine w, v, tr, ^, -^j % and T. 

If the motion takes place in one plane, these reduce to 
the four following equations : 






. , dd> du 



(6), 



.(7). 



. dS dv 



The arbitrary constants and functions which enter into 
the solutions of these equations must be determined from the 
peculiar circumstances of each problem. 
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156. Secondly. Let the string he elastic. 

The dynamical equations will be the same as before, 
but the geometrical equations will depend on the elasticity 
of the string. Let s' be the unstretched length of the arc s. 

Then the independent variables are s' and t. We have 



now 



©•-(i)'-©'=(i)' 

Differentiating this with respect to t, we get 

dxdu dy dv dz^dw _ds^ d (ds\ 
d^'d^'^l^'di'^d^'d^'^dP'diWJ' 

But if X be the elasticity of the string, we have 

ds' ^^\' 
Hence, substituting, we get 

ds' ds''^ ds' ds'^ ds' ds~V \)'\ dt' 

These two equations together with the dynamical equa- 
tions (1) will suffice for the determination of «, t?, w, «, and 
Tin terms of s' and t. 

If we wish to use the equations of motion in the forms 
(3) or (6), the corresponding geometrical equations (4) or (7) 
must be modified. 



We have 

dx 



-,=COS<^^, = COS^(^l+-j 



Hence differentiating, we have 

du . , d4> , \. d fm ,\ 

^ = -8m^^+-.^-(Tco8^), 

with similar expressions for -j-, and -j-p . 
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157. When the motion of the string takes place in one 
plane, it is often convenient to resolve the velocities along 
the tangent and normal to the cnrve. 

Iiet u\ v\ be the resolved parts of the velocity of the 
element ds along the tangent and normal to the cnrve at that 
element. Let ^ be the angle the tangent to the element ds 
makes with the axis of x. Then by Chap. IV. Art. 63, the 
equations of motion are 

di "" dt~^ ^mds 

cU at mp 

The geometrical equations may be obtained as follows. 
We have 

w = w' cos ^ — v'sin ^. 

Differentiating with respect to s, we have by Art. 155, 

d6 . , /du' v'\ , /dv u'\ . , 

where p is the radius of curvature, and is equal to ^ . 

Since the axis of x is arbitrary in position, take it so that 
the tangent during its motion is parallel to it at the instant 
under consideration; then ^«0 and we have 

ds p * 
Similarly, by taking the axis of x parallel to the normal, 

dt ds p' 

These four equations are sufficient to determine w', v\ ^ 
and T in terms of s and L 

If the string be extensible, we have, by differentiating, 

w = u' cos ^ — v' sin ^, 
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With respect to «', and by Art. 156, 

fdv' u' d8\ . . 

whence, by the same reasoning as 'before, the geometrical 
equations are 

l_dT_du ^( T\ 
Xdt~ds' p[ '^\) 

158. Def. When the motion of a string is such that the 
curve which it forms in space is always equal, similar, and 
similarly situated to that which it formed in its initial posi- 
tion, that motion may be called steady. 

159. Prop. To investigate the steady motion of an inex- 
tensible string. 

It is obvious that every element of the string is ani- 
mated with two velocities, one due to the motion of the 
curve in space, and the other to the motion of the string 
along the curve which it forms in space. Let a and b be 
the resolved parts along the axes of the velocity of the curve 
at the time t, and let c be the velocity of the string along 
its curve. 

Then, following the usual notation, we have 

« = a 4. c . cos A) 

, . Vt (1). 

Now a, J, <j are functions of t only, hence 



du ^ . d<h 

^ = -csin^^. 



Digitized 



by Google 



218 



But 



MOTION OF A FLEXIBLE STBIMG. 
du . . dA 



•• dt~^ ds' 



.(2). 



Substituting the values of a and h in the equations of 
motion, Art. 154; we get 



da dc 

di+dt"^ 



dh 

dt 



dc . . , J4 V , d (T . \ 



.<^ 



Sabstitating for ^, these equations reduce to 

f-(r-*.>n*).^{(-^-.)..,} " 



(»)• 



The form of the curve is to be independent of t\ hence, on 
eliminating T, the resulting equation must not contain t. This 

will not generally be the case unless ^ » X ' ^ ^'^ ^ ^^' 

stants. In any case their values will be determined by the 
known circumstances of the Problem. The above equations 
must then be solved, a being supposed to be the only inde- 
pendent variable, and t being constant. 

160. If the string move uniformly in space, and the 
elements of the string glide uniformly along the string, 

—- = 0, -7- = 0, -7- = 0. It will then follow from the above 
at dt dt 

equations, that the form of the string will be the same as if 

it was at rest, but the tension wiU exceed the stationary 

tension by mc*. 
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161. Ex. Let an electric cabU he deposited at the bottom 
of a sea of unijbrm depth from a ship moving with uniform 
velocity in a straight line^ and let the cable be delivered with a 
velocity c equal to that of the ship. Find the equation to the 
curve in which the string hangs. 

The motion may be considered steady^ and the form of the 
curve of the string will be always the same. 

If the friction of the water on the string be neglected, 
gravity diminished by the buoyancy of the water will be 
3ie only force acting on the string. Hence the form of the 
travelling curve will be the common catenary, and the ten- 
sion at any point will exceed the tension in the catenary by 

the weight of a length of string equal to -7 . 

%/ 
Next let the friction of the water on any element of the 
cable be supposed to vary as the velocity of the element, and 
to act in a direction opposite to the direction of motion of the 
element*. Let fi be the coefiBcient of friction. 

Let the axis of x be horizontal, and let x' be the abscissa of 
any point of the cable measured from the place where the 
cable touches the ground, in the direction of the ship's motion. 
Also let s* be the length of the curve measured from the same 
point. Then a? = a?' + ct^ and « = 5' + ct. 

Following the same notation as before, we have 

X= — /itt, Y^^ — g' "fiv. 

But u^c — c cos ^, t? = — c sin ^. 

Hence the equations (3) become 

= -/ic+/iocos^ + 2;|(--c')cos^| 

= -y + A^sin^ + ^|(--c«)sin^l 
To integrate these put sin ^ = -# , cos ^ = ^ • 

* Each element of the string has a motion both along the cable and trans- 
versely to it. The coefficients of these frictions are probably not the same, but 
they have been taken equal in the above investigation. 
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220 MOTION OF A FLEXIBLE STRING. 

Hence, 

where A and B are two arbitraty constants. 

At the point where the cable meets the ground, we must 
have either T= or ^ = 0. For if ^ be not zero, the tangents 
at the extremities of an infinitely egtnall portion of the string 
make a finite angle with each other. Then, if T be not zero, 
resolving the tensions at the two ends in any direction, we 
have an infinitely small mass acted on by a finite force. Hence 
the element will in that case alter its position with an infinite 
velocity. First, let ns suppose that ^ = 0. Also at the same 
point, y = and «'« 0. Hence jB« - ct 

Putting ^ =* 6, we get by division 

dx A-ex-^es' ^ ^' 

This is the difierential equation to the curve in which the 
cable hangs. 

To solve this equation*, find a' in terms of the other 
quantities, 

. dy ,dy^ 



. dy 
dx' 



Differentiating, we hare 



/—TOT ^.■(^-^+«y) 



* Phil, Mag. July 1858. The ABtronomer Royal on the Mechanical Con- 
ditions of the deposit of a Submarine Cable. 
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Put p for ^ where convenient, and put v for A-ex+e^y ; 
tke eq[uation then becomes 

dp 

1 dv dx* 



vdx (l^ep)Vl+p*' 

in which the variahles are separated, and the forms are well 
known. The equation can be integrated a second time, but 
the result is very long. The arbitranr constant A may have 
any value, depending on the length of the cable hanging from 
the ship at the time < = 0. 

The curve in its lower part resembles a circular arc or the 
lower part of a common catenary. But in its upper part the 
curve aoes not tend to become vertical, but tends to approach 
an asymptote making an angle cof^e with the horizon. The 
asymptote does not pass through the place of touching the 

ground but below it, its smallest distance being — . , and 

6V6'-fl 

it also passes below the ship. 

If the conditions of the question be such that the tension 
at the lowest point of the cable is equal to nothing, the tan- 
gent to the curve at that point will not necessarily be hori* 
zontal. Let X be the angle this tangent makes with the 
horizon. Beferring to equations (I) we have when 

»'=:0, y«0, «=0, r=0, and^ = X. 

<? i? 

Hence ^ = — — , cosX, -B= — ysinX— c<. 



The differential equation to the curve will now become 

3 -...(3), 



y sin X + «' — ey 



S?" 



c 



jCOsX+e«'— ex' 
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which can he integrated In the same manner as before. One 
case deserves notice ; viz. when e =? cot X. The equation is 

then evidently satisfied by y = - x'. The two constants in the 
integral of (3) are to be determined by the condition that when 
a?' = 0, y = 0, then -^^ = tan X. Both these conditions are satis- 
fied by the relation y= -a?'. Hence this is the required in- 

tegral. The form of the cable is therefore a straight line, 
inclined to the horizon at an angle X = cof^e ; and the tension 
may be found from the formula 

^ l + cosX-2^- 

162. Prop. An inelastic string is suspended Jrom two 
fixed points under the action of gravity so that it hangs in 
the form of a catenary^ the parameter of which is c. Any 
small disturbance being given to the string in its cum plane, 
it is required to determine the general equation to the smaU 
oscillations about the position of rest. 

Let a be the angle the tangent at any point makes with 
the horizon when the string is at rest, and a + ^ the 
angle made by the tangent at the same point of the string at 
the time t. 

Let w, V be the velocities of any element ds of the string 
resolved along the tangent and normal, and T' the tension of 
the element. Let the mass of a xmit of length be taken as 
the unit. Then the general equations of motion of the string 
are by Art. 157 

du d<l> . , . ,x . dT' 

dv d6 , „ T'd(a + 6) 
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Let the directrix of the catenary be taken as the axis of a?, 
and let a be measured from that point of the string which 
coincides with the* lowest point of the catenary when the 
string is in the position of equilibrium. Then the tension 

when the string is at rest is gy^ which is equal to -^-- . 



cos a 



Let r = 
</a_c 



-^+r. Alsotana = l; 
cos a c 



.dT 
and -J— s 
da 



cos'g dT 
c * da * 

dr 



Substituting these values of T' and -j- , and remembering 

that in small oscillations we may neglect the squares and 
products of the small quantities u, v, ^, we get 



du 



cos*a dT 



-^ = -(7cosa.^ + — -;t- 



dt 



da 



dv . , . d<b { 

^=5r sin a. ^+5^ cos a. ^4-- 



(1), 



(2). 



We have also by Art. 157 the two geometrical equations, 

du V _r. 

ds p^ 

dv u _d<j> 
da p"^ dt ^ 

where "" = ^ + ^ ^ *^® reciprocal of the radius of curvature. 

Changing the independent variable to a and neglecting 
the squares of small quantities, these reduce to 



du 



rf»M 



c d^ 
cos* a dt 



(3). 
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For the sake of brevity let us put u\ v\ ^" for -tt , ^ - , 
^ respectively. 

In order to solve theae equatiorw, we most eliminate T 
^om the equations (1) and (2). Differentiating the second 
equation, we get 

<?V , cPS cos* a dT 2 cos a sin a rn 

Subtracting equation (1) from this result, we have 
rfV , /d*6 , ^.\ 2 cos a sin a ^ 

Eliminating T from this by means of (2), we get 
cosaf ^j, + w 1 + 2(sma^^ — w co8a)=^ cos'a-— ^ 

+ 25r sina cos a ^ + 2g<l> (4). 

But by (3) 

. «;« « ^^' » fsina ,„. 

•'. sm a -r w cos a « c I — =— 6 da, 

da J coa*a ^ ' 

substituting these in (4), we get 
Differentiating again, we hare 



d<l>" Scmaa fd^i , ,d6\ 



c e?^" 3c sin a .„ 
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da Jl^^S, ±i.A^. 



"coaFo" 



integrating both sides, we have 

Eetuming to the original notation, this may be written 






?-f'»"'»p+^+/("} («)• 



This is the general equation to determine the small oscilla- 
tions of a slack string. 

163. The tension of the string will be given by equation 
(2), but another expression may also be found as follows. 

Differentiating (2) and adding the result to (1), we 
obviously get by (5), 

c d^6 d^4> . ^ cos* OL dT T d cos' a 

cos^'a df ^ dd* c doL c da ' 

orcosa^-sma.r=-(^^^^.€^j 

.-. cosa.T=fj{4.<f>+f{t)}da; 

•••^=2-^^W-«-*-^/^«}- 

164. If the string be so tight that we may neglect the 

squares of a, we have, since tan a = - , « = ca and therefore 

c 

-jT = c. Hence 

da" ds dd* *"<&*' 

K.D. 15 
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The equation (6) now reduces to 

To simplify the equation let <}> =: F {t) -h fj> and let F{t) 
be such that 

then we have 



^=^^ J^+T* (7)- 



df "^" ds^ 

Since c is very great, the first term on the right-hand side 
is much more important than the second. 

165. An infinite string is suspended in equilibrium in 
the form of a catenary. A small disturbance being given to it, 
it is required to determine the motion of the lower part ofth& 
string. 

Taking the same notation as before, the equation of mo- 
tion is 

^'i'^'P****-M w- 

The integration of this equation will introduce two arbi- 
trary functions into the value of (f>. The forms of these 

functions are determined by the initial values of ^ and ^. 

The form of the function f{t) is determined by the condition 

that when a = - , ^ = 0. The geometrical meaning of f{t) 

may be found by referring to the last article. It is there 
shown that if we put (f>=F{t) +<}>', the function /(«) may be 
eliminated altogether provided a be small. Now F{t) is the 
same for all the elements of the string, being a function of t 
only. Hence near the lower paxt of the string, where a is 
small, the equation <I>=F (t) is equivalent to a small rotatory 
motion of the curve as a whole, its form being unchanged. 
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The values of u and v may be found from equations (3) in 
page 223, 

du 

''^^ 
^ c d<f> ' * "^^^' 

doL* cos* a dt 

The integration of these equations will introduce two 
arbitrary functions of ty and we snail have 

, , . . , . f terms depending on 

, , . , . . . ( terms depending on 

These arbitrary functions are evidently equivalent only to 
small motions of translation y(^) and '^{t) parallel to a? and'y 
respectively, the curve moving as a whole, its form being 
imchanged. By considering the way in which the string is 
supported, the values of w and v will be known throughout 
the motion at some points of the curve. This will enable us 
to determine the forms of %(«) and '^{t). 

We shall assume that the string never departs far from its 
position of rest. In determining the motion of the lower part 
of the string we may put cos** a= 1, and we may therefore use 
the equation (7) of the last article, 

l=^^-^7* (7)' 

where ^ = ^' + J?'(«). 

To obtain the integral of this equation, assume 
<l> =L sin {ms + nt) } 
substituting in the equation, we get 

C' ' 



n= ±m 



v^^-S 



15—2 
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Let thiB be written for breyity 
n= + ma. 



-at)) 



Then <(> =^L sin m (« + at) 

<f>^=9 Main m{8 — at) 
are both integrals of the differential equation. Similarly 

<!>' = jL' cos w (« + at) 1 

^' = Jlf'eos m{s— at) ) 

are also integrals, where L, M, L\ M\ m may have any 
values. The complete value of 6' will therefore be a series 
of terms whose general form is the sum of these four partial 
integrals, i. e. 

j>—L sin w (« + at) + i' cos w (« + at) 
+ M&mm[8 — a<) + if' cos w {a — at) ; 

.'. - -^ = Lfn cos wi (« + at) — L'm sin »i (« + at) 
a at 

— Mm cos m (« — at) + M'm sin w (« — at) j 



,(8). 



To determine the constants jL, if, X', M' we must have 

recourse to the initial values of A! and -^ . Let these initial 

values be expanded in a series of terms of the form 

if>=A sin W + A' cos ma ] 

1#' p. ^^, I (9)- 

--^ = jBsm«w + 5 cosww I 

Then -4, -4', jB, B^ are known quantities. See Todhun- 
ter's Integral Cahulasy Chap. xiil. 



These values of j> and -^must agree .with those given 

term 
get 



by equations (8) when t^O. Taking only the general 
ot each, we get 
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Hence L = iA + ^-- 

^ 2m 

with similar expressions for L and M\ By substituting 
these in equations (8) we get the general form of <f>\ 

To interpret these expressions, take any term in the ex- 
pression for ^', vii. 

^' = isinm(s±a<), 



where a = a / 9<^ ni • 

V ^ cm 

This is known to be the expression for the motion of a 
ware whose length is 

27r 
m 
and whose velocity of propagation is 



a^t^ffc.j^l---^. 



Since a is different for different values of X, it appears 
that waves of different lengths travel with slightly different 
velocities. 

If the initial value of <f> contains any term A sin ms in 

2*n' 
which X = — is equal to or greater than ctt, then the general 
m 

expression will contain a similar term. The value of a then 

becomes imaginary, and the form of that part of the integral 

must be changed. 

Put a = iV^, then 

^' = jL sin m{8 + ht V— 1) 

= L {sin ms cos (mbt V^) + cos ms sin {mlt V--1)} ; 
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writing for sin {rnhtsT^) and cos {mltsl—l) their exponential 
values, the expression takes the form 

f =(i6^'+Jlft-^)8in«w 
+ (i'€"^ + ilf'€-^)cos«wr, 

where i, -M", L\ M* are different constants from what they 
were before. Unless i = 0, i' = 0, the value of ^ will soon 
cease to be small, and the previous investigation will not 
apply. 

If there be a term -4 sin 2 - + J5 cos 2- in the initial value 

c c 

of <^', then w = 2 and the quantity a in the corresponding 
term of the general expression for ^ vanishes. The gene- 
ral expression (8) then becomes incomplete, for the terms 
L sin m (fi + at) and J!f sin m (« — ai) join into one, and we 
have no longer the proper number of arbitrary constants. 
This indicates a change in the form of ^. Let us assume 

^ = X sin 2a + if cos 2a + -^7", 

where X, M^ N are some unknown functions of t Substi- 
tuting in the equations (6), which hold throughout the whole 
length of the string, we have 

-T^ sm 2a + ^-j- cos 2a + -j^ = ^ cos' a {4^+/(0]- 

But since X, if, -N^and/(^) do not contain a; 
d^L d^M d^N ,, ,,, 

Hence the new term in the expression for ^ is 

^ = (a + hi) sin 2a + (a + h't) cos 2a + a" + V*t. 
The values of the arbitrary constants a, J, a', S' are to 
be found from the initial values of ^ and -^ . 

Also since ^ = when a = - we must have 
a ^a^ =:o , 
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Unless i = 0, &' = 0, the motion soon ceases to be small, 
and the preceding investigation does not apply. 

If the initial value of -^ is zero, then 5 = and V = 0, 

and we have 

^ = a sin 2a -fa' (1 + cos 2a). 

Since this expression does not contain t, it appears that 
the parts of the string are at rest relatively to each other. 
This might have been anticipated, for the term a sin 2a 
corresponds to a small change m the parameter of the cate- 
nary, so that the string is still in the form of a catenary 
though not the same catenary as before, for if 

8 8 

tan a = - , and tan (a + d>) = , 

c ^ ^^ c + 7 

where s is measured from the lowest point of the catenary 
and where 7 is the small change, then we have by Taylor's 
theorem 



cos a 



or <f> = — ^ . sm 2a. 

^ 2c 

The term a (1 -f cos 2a) corresponds to a slip of the string 
along its length, so that the curve is still in the form of 
the same catenary as before. For if 

tana =- , and tan (a + <f>) = -' , 

where 7 is the slip, we have 



cos a ' c 



/. ^ = ^ . (1 + cos 2a). . 

166. A finite string of length 2l is fastened at two points 
in the same horizontal line, whose distance apart is nearly 
equal to 2l. Find the small oscillations of the string. 
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Using the same notation as beforey let 
i}> = L sin (ms+nt) 

be atiy term in the expression for^', where s is measured from 
the middle point of the string. The corresponding motion of 
any element of the string may be found by" equations (3) in 
page 227, Since the string is to be nearly horizontal, a is 
small and we may put cos'a = l. Hence the equations 
become 

du 
"da 

d^u . d6 

Integrating these equations we get since 8 = col very 
nearly, 

w = -^ (0 sin - + X {t) cos ^ -f j3— a cos {ms + n<) + c F' {t) | 

t? = ifr (e) cos- - X(^) Sm - - 1 cos («W +72<) J 

C C 1 — Til 

Since the extremities of the string are fastened to two 
fixed points, both u and v must vanish when « = + Z. 

Hence, putting « = ± Z in the first equation, and sub- 
tracting one result from the other, we get 

2 -Jr («) . sin - + 1 • sin w?. cos nt = flO), 

Putting 8 = ±l in the second equation, and adding the 
results, we get 

2iIrU)C0S-+- a.COSwZ.COSW^ = (11). 

Hence, eliminating -^ («) between equations (10) and (11), 

cos - . sm ml — mc sm - cos ml = 0, 

c c ^ 

or iojiml^mc . tan - = wiZ nearly, 

since c is* very great. 
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This equation, when solved, will give the type of the 
possible vibrations of the string. 

Hence <f> will consist of a series of terms of the form 

^=L&m{m8 + nt) (1), 

where n=±mA^gc^^ (2), 

and tsinml = ml (3). 

If the initial values of <f> are such as present a term in 
which the coefficient of 8 does not satisfy the equation (3), 
the motion will not be steady. Suppose for example a small 
disturbance was given to any small part of the string, it will 
travel along the string, generally in both directions ; on 
reaching either fixed end it will originate a new reflected 
disturbance, which will travel back and be again reflected 
at the other end; and so on. Thus there will be discontinuity 
in the expression for <f>. See Poisson's Micanique^ Art. 485. 

167. Prop. A string is in equilibrium in any curve 
in one plane, under the action of any forces. Supposing the 
string to he cut at any proposed point, to determine the ten- 
sion at any other point when the string is just beginning to move. 

Let Pdsy Qds be the resolved parts of the forces along the 
tangent and normal to any element ds. 

Let w, V be the velocities of the element along the tan- 
gent and normal. Then the equations of motion are by Art. 
157 

dt ^ dt ^^ ds ^ ^' 

c?v d^ ^ T f . 

Tt^''Tt'=^% (')' 

where T is the tension, p the radius of curvature, and ^ the 
angle the tangent makes with any fixed straight line. The 
geometrical equations are 

S-r» '"• 

dv u _d^ , V 

d^^}~dt^ ^*^' 
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Differentiating (1) and multiplying (2) by - , we get 

d^u _ d^_dvd^_dP d^T ' 
\ dsdt da dt~ da da* 



dadt 



1^ u d^ ^ Q T^ 
p dt p dt p p* 



(5). 



But by differentiating (3) we have, since - = ^^ , 

p da 
d*u ^ d*<f) 1 ^t? _ . . 

dadt ^d^t^pdi"^ W- 

Hence, subtracting the second of equations (5) from the 
first, we have by (4) and (6) 

d'T T dP Q_ (d4>y 
da' p''^ da p~ [dt)' 
In the beginning of the motion just after the string has 
been cut we may reject the squares of small quantities, hence 

( -y^j may be rejected. Hence we have 

^_T^_dP Q 
da' p'~" da p ' 

This is the general equation to determine the tension of a 
string just after it has been cut. 

The two arbitrary constants introduced in the solution of 
this equation are to be determined by the circumstances of the 
case. If both ends of the string are free, we must have 
jr= at both ends. If, again, one end be attached to a small 
ring without inertia, which can slide freely along a given 
curve, then the velocity of the element attached to the ring 
resolved in the direction of the normal to the curve must 
be zero. 

168. Ex. A airing ia in equilibrium in the form of a 
circle about a centre of force in the centre. If the airing be 
now cut at any point -1, prove thai the ienaion at any point P 

ia inatanianeovsly changed in the ratio of 1 — — :. 1, 

where ia the angle aubtended at the centre by the arc AP. 
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Let F "be the central force, then P= 0, and Q = — Jl Let 
a be the radius of the circle. Then the equation becomes 

d^T T ^ F 
ds* a*' a ' 

Let 8 be measured from the point A towards P, then 
8^a6\ also F is independent of 5. Hence we have 

T^Fa-^Ae^-VBe'K 

To determine the arbitrary constants A and B we have the 
condition T= when ^ = and ^ = 2*^- ; 

But just before the string was cut 

T=^Fa. 
Hence the result given in the question follows. 



EXAMPLES. 

1. A heavy elastic ring, whose length when unstretched 
is given, is stretched round a circular cylinder. The cylinder 
is suddenly annihilated, find the time which the ring will 
take to collapse to its natural length. 

2. A homogeneous light inextensible string is attached 
at its extremities to two fixed points, and turns about the 
straight line joining those pomts with uniform angular 
velocity. Find the form of the string supposing its figure 
permanent. 

RemlU Let the straight line joining the fixed points 
be the axis of oj, then the form of the string is a plane curve 

whose equation is c* + f -7- j = {ct — yY where a and c are two 

constants. 
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3. A uniform endless cliain is in equilibrium under the 
action of forces which depend only on the position of the 
particle acted on. Every element has an equal velocity 
communicated to it in the direction of the tangent to the 
chain at that element, prove that the form of the chain will 
not be altered by the motion. 

4. Let a cable be delivered with velocity c from a ship 
moving with uniform velocity c in a straight line on the 
surface of a sea of uniform depth. If the resistance of the 
water to the cable be proportional to the square of the velo- 
city, the coefficient, B^ of resistance for longitudinal motion 
bemg different from the coefficient -4, for lateral motion, prove 
that the cable may take the form of a straight line making 
an angle X with the horizon, such that cot*X = Vc*+ J —J, 
where e is the ratio of the speed of the ship to the terminal 
velocity of a length of cable falling laterally in water. Prove 
also that the tension will be found from the equation 

^ A \c / sm X 

5. If a; + f , y + 1; be the co-ordinates of that element of 
the string in Art. 165, which when at rest was situated at the 
point {x, y), and if the undisturbed form of the string be a 
catenary and the disturbance be small, prove that 

where <^ is the angle between the tangents at (a;, y) and 

6. A heavy string is suspended from one extremity, and 
being slightly disturbed makes small oscillations about the 
vertical. Find the form of the curve in which it must be 
placed at rest at the time e = 0, in order that every point of 
the string may reach the vertical at the same time. 

Result. If the fixed point be the origin and the axis of 
X be drawn vertically downwards, the equation to the string at 
the time ^ is y = ^ (a;) cos ^fcg *, where ^ is to be determined 
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from the equation (?— «) t^— ^ + c^ = 0, and c is any 
arbitrary constant depending on the initial form of the curve. 

7. A heavy string is attached to two points in the same 
horizontal line, so that when in equilibrium the string hangs 
in the form of a catenary which does not diflfer very much 
from a straight line. Find the form of the curve in which 
it must be placed at rest at the time < = 0, in order that every 
point of the string may reach the catenary at the same time 
If 2l be the length of the string, and T the time of a small 
oscillation, prove that 



V (7(c7r- 



8. A chain, having initially the form of a closed plane 
curve very nearly a circle, whirls in its own plane round its 
centre of gravity; determine the motion so far as to form the 
linear partial differential equation on which it depends. 

9. The extreme links of a uniform chain can slide freely 
on two given curves in a vertical plane, and the whole is in 
equilibrium under the action of gravity. Supposing the chain 
to break at any point, prove uiat the initial tension at any 
point is 5r=y [A^ +^)> where y is the altitude of the point 
above the directrix of the catenary, ^ the angle' the tangent 
makes with the horizon, and ^, B two arbitrary constants. 
Explain how the constants are to be determined. 

10. A string is wound round the under part of a vertical 
circle and is supported in equilibrium at the ends of a hori- 
zontal diameter by two forces. The circle bein^ suddenly 
removed, prove that the tension at the lowest point is instantly 
decreased in the ratio 4 : e' + e"'. 
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CHAPTER VII. 

MOTION OF A SYSTEM OF EIGID BODIES. 

Sect. I. Conservation of Areas. 

169. The general equations of motion of a system of 
rigid bodies have been deduced in Chap. II. from D'Alem- 
bert's Principle. The equations thus obtained are of the 
second order, and the integration of these equations constitutes 
the chief difficulty in determining the motion of the system. 
Certain general methods have been proposed, and we may, if 
we please, use these in solving the equations of motion as 
shown in Chap. IV. But these methods always lead to 
equations of the same form ; hence, having once noticed this 
form, we may make certain rules to write down these integrals 
at once, and thus avoid the equations of the second order 
either altogether or in part. These rules are called Principles, 
and are three in number, viz. the Conservation of Areas, the 
Conservation' of the Momentum of the Centre of Gravity, and 
the Vis Viva, The first two will be considered under one 
head. 

170. Prop. If a system of particles he in motiorh under 
the action of forces which have no moment about a certain 

fixed straight line, then the sum of the products of the mass 
of each particle and the area which its pryection on any 
plane perpendicular to that' line describes about the line is 
proportional to the time during which the motion is considered. 

Let this straight line be taken as the axis of z, and let the 

flane of xy be the plane on which the areas are described, 
jet m be the mass of aiw particle of which the co-ordinates 
are a;, y, Zy and let X, Y, z be the accelerating forces on the 
particle. Then the equation 
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becomes 



Integrating, we have 



where h is some constant. Let A be the area described in 
the time t by the radius vector of the projection of m. Then 
by Differential Calculus we know that 

dA ^ dy dx 

^'dt'^'^di'^di' 

Hence the equation becomes 

but when « = each term of the sum on the left hand 
vanishes; therefore c = 0. 

/. 2 (mA) = - ht. 

Hence the proposition is proved. 

The intersection of the line about which the moment of 
the forces is zero with the plane on which the areas are traced 
is called the 'pole of areas. The straight line itself is called 
the axis of areas. The quantity A is called the area con- 
served in two units of time, or sometimes more simply the 
area conserved. 
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171. Peop. If a system of particles he in motion under 
the action of fiyrces which have no component along a certain 
fixed straight line, then the sum of the products of the m>ass of 
each particle and its velocity resolved along this straight line is 
constant. 

Let this straight line be taken as the axis of z. Let m be 
the mass of any particle of which the co-ordinates are a?, y, z ; 
and let X, Y, Z be the accelerating forces on the particle. 
Then the equation 

S(«g)=2(«.Z) 

becomes 

Integrating, we have 

^('"§)=''' 

where c is some constant. 

If V be the velocity of the particle whose mass is m, 
and if a, j8, 7 be the angles its direction of motion makes 
with the axes respectively, the equation tnay be written 

2 (mt? cos 7) = c. 

This principle has been deduced from the equations of 
the motion of translation of the system, and the conservation 
of areas from the equations of rotation. The first is called 
the principle of the conservation of linear momentum, and the 
second should be called the principle of the conservation of 
angular momentum, 

172. Cor. From this proposition we may also infer 
that the velocity of the centre of ^avitv of the whole system 
resolved parallel to the above straight Ime is constant. 

For if 5, y, i be the co-ordinates of the centre of gravity, 
we have 
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dz . 

Hence ^ , the velocity of the centre of gravity, is constant. 

173. It is obvious that the moment of all the internal 
forces of any system of particles about any straight line is 
always zero. Thus the mutual attractions of two particles 
being equal and opposite, their moments will be also equal 
and opposite. So also any impacts between the particles of 
the system, or any explosions, will not affect the truth of the 
principle. Hence if no external forces act on the system, the 
areas conserved on any plane and about anv pole in that 
plane will be proportional to the time. But these areas will 
be different for different planes, and for different poles in each 
plane. 

174. Prop. HI. In a system acted on hy no external 
forces, to compare the areas conserved on different planes passing 

through the same pole. 

Let this point be taken as the origin, and let \y\, K be 
the areas conserved on the co-ordinate planes y«, zx, xy. Then 
the area conserved on any other plane will be the sum of the 

frojections of the areas conserved on the co-ordinate planes. 
iCt H be the area conserved on the plane whose direction- 
cosines are i, M^ N, then 

H^L\-VMh^-[-Nh^. 

Let Ji? = h^ + h^ + Aj', then by this formula it is evident 
that the area conserved on the plane whose direction-cosines 
are 

is equal to h ; and 

H^^hiLl^-Mm-vNn). 

Let 6 be the angle between these two planes, then 
cos 6 = Ll+Mm. + Nn, 
.% J? = A. cos 5. 
R. D. 16 
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From this it is evident tliat ^ is a maximum when ^ = 0, 
Hence 

With any given point for pole there is a certain plane on 
which the area conserved is a maximum, and the direction- 
cosines of this plane being constants, this plane is iixed 
throughout the whole motion. This plane is called the 
Invariable PlanC; and its normal is called the Invariable 
Line, . 

Also, the area conserved on any plane is equal to the 
area conserved on the invariable plane multiplied by the 
cosine of the angle between the planes. 

176. Prop. IV. To compare the areas conserved on the 
same plane about different poles. 

Let the plane on which the areas are described be taken 
as the plane of ajy ; let 5, ^ be the co-ordinates of the proiec- 
tion of the centre of gravity. Let x^x + x,y=^y+y be 
the co-ordinates of any particle of mass m. Then 



x™(«'f-.'f) 



is the area conserved about the centre of gravity considered 
as a fixed point. Also 

is the area conserved about the origin. The difference be-^ 
tween these two is 

But 'Zmx' = 0, 2my = 0, and therefore 
^ dx' . ^ dtf' 
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Hence the above difFerence reduces to 

But this is the area conserved by the whole mass collected 
at the centre of gravity about the origin. Hence we have 
this theorem : 

The area conserved about any origin is equal to the area 
conserved hy the whole system about the projection of the centre 
€f gravity plus the area conserved by the whole mass collected 
at the centre of gravity round the original pole; or, in other 
words, it is equal to the area conserved by the motion of rotation 
plus the area conserved by the translation^ 

This proposition might also have been deduced from 
Art, 5. 

176. Prop. V. To compare the positions of the invariable 
plane at different points of a system acted on by no external 
forces. 

If the centre of gravity be initially at rest, it will remain 
fixed throughout the motion (Chap. ii. Art. 33), and therefore 
the area conserved by it about any point is zero. Hence the 
areas conserved about all poles in any plane are the same, 
and equal to that conserved on a parallel plane through the 
centre of gravity. It follows also that the invariable plane 
correspondmg to any pole is parallel to the invariable plane 
at the centre of gravity. 

K the centre of gravity be in motion, it moves in a straight 
line with uniform velocity. Let this straight line be taken 
as the axis of a;, and let the plane of xz be taken so as to 
contain the invariable line at the centre of gravity. Let V 
be the uniform veloci^ of the centre of gravity; M the mass 
of the body ; h^, h^ the areas conserved about the axes of 
X and z. 

Let Xy y, z be the co-ordinates of any point P, then the 
areas conserved about parallels to the axes at P are by Art, 
175 respectively 

16—2 
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Hence the direction-cosines of the invariable plane at P 
are 

where S' = V +lf FV + {h, +MVy)\ 

Now ly m, n and J? are constants if y and z are constant; 
hence the position of the invariable plane and the area con- 
served upon it are constant for ail poles situated in any- 
straight line parallel to the direction of motion of the centre 
of gravity. 

Again, J?, is a minimum when 2? = and \ ■\-MVy = 0. In 
this case Z = l, w = 0, w = 0, or the invariable plane is per- 
pendicular to the direction of motion of the centre of gravity. 

177. The area conserved on the invariable plane at any 
other point Qy whose co-ordinates are x\ y\ z\ is given by 

H'^ = h^ + if ^ V^"^ + (^, + MVyJ. 
But B^^li^, and \-\-MVy^^\ 
.\ E'^^E'^iPV' {z'' + (y - yf]. 

Through the point at which the area H conserved on 
the invariable plane is a minimum, draw a straight line 
parallel to the direction of motion of the centre of gravity. 
Let r be the distance of Q from this straight line. Then the 
area H' conserved on the invariable plane at Q is given by 

178. Prop. VI. In a system acted on hy no eoaternal forces 
to determine in what (XLses the area conserved on a given plane 
about a moving pole in a given time is constant. 
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Let the given plane be taken as the plane of ootf. Let j?, a 
be the co-ordinates of the moving pole referred to any fixed 
axes of co-ordinates Oaj, Oy* 

Let a;, y be the co-ordinates of any particle 7n, and let 
Then the area conserved abont the moving pole is 

and that about the fixed pole, 

Hence the area conserved about the moving pole is the 
same as the area conserved about the fixed pole, when 

There are two cases in which this condition can be con- 
veniently satisfied. 

First. When the moving pole is the centre of gravity ; 
for then ^ = 5, q=y, and if the origin be taken in the line 

of motion of the centre of gravity -^ = r • 
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Secondly* When the moving pole moves uniformly along 
a straight tine parallel to the line of motion of the centre 
of gravity and with the same velocity as the centre of gravity. 
For then 

t = $, $ = f,-andf^ = i, 
at at at at dp x 

179. Prop. Vll. To find the area conserved on any plane 
about any pole by a rigid body in motion. 

First Let the body be entirely in the plane on which 
the areas are conserved. Let r, be the polar co-ordinates of 
the centre of gravity referred to the pole of the areas as 
origin. Let cd he the angular velocity of the body about its 
centre of gravity, Mk* the moment of inertia about the same 
point. 

Then the area conserved is equal to the area conserved 
about the centre of gravity plus that conserved by the whole 
mass collected at the centre of gravity. The first of these 

/ dB'\ 
is clearly Xm (^" -7- ) > where r, & are the co-ordinates of any 

particle m of the body referred to the centre of gravity as 

origin. But since the body is a rigid system, -^ is the 

same for every particle and equal to o). Hence we have 



^Mie.m (1). 



The area conserved by the whole mass M collected at the 
centre of gravity is Jf . r' -^ . Hence the whole area con- 
served about the origin is 

= ibrr»^^ ^Miet^ (2). 



Digitized 



by Google 



COKSEfiVATIOK OP ABEAS- 247 

There is another useful form into which this expression 
inay be put. If t? be the linear velocity of the centre of 
^avity, and p the perpendicular from the origin on its direc- 
tion of motion, then 

Hence the whole area conserved about the origin is 

= if«p + ifA^ft) / (3). 

Secondly, Let the body be in motion in space of three 
dimensions. Let the plane on which the areas are conserved 
be taken as the plane of ojy, and the pole as the_origin. 
Let oj, y, z be the co-ordinates of any particle m ; S, y, z be 
the co-ordinates of the centre of gravity O. 

Let G),., a)y, G), be the angular velocities of the body 
about the axes of x, y^ z; -4', Bj G' the moments of inertia 
about these axes. 



dx\ 



The 


area 


conserved is 






V ( 
= 2,m, a 

\ 


Ay 

dt ' 


But 




dx 
dt~ 


- G)^ 






dt 


= G)^ 



Hence, substituting, the area conserved is 

Sm {{oi?-\'f)<o,-(o^yz-'0)„xz} 

= (7'. ft),- (Zmyz) .a)^ — (Zmxz)a)^ (4). 

If the axis of 2? be a principal axis, or if it be the axis 
of instantaneous rotation, this takes the simple form 

area conserved == Co), (5). 

If axes Grx\ Oy\ Gz' be taken through the centre of 
gravity parallel to the axes of co-ordinates, the above ex- 
pression may be put into the form 
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where A^ J9, C are the moments of inertia about the axes 
Gx\ Gy\ Gz\ 

Let the point be fixed in the body, and let o^^, a>,y ©. 
be the angular velocities of the body about the principal 
axes at 0, and let A^, B^^ G^ be the principal moments of 
inertia. 

The areas ccmserved on the principal planes are respec* 
tively ^jG>j, jBjO),, (7^©,. 

The area conserved on any other plane is the sum of 
the projections of these three areas. Let I, myn be the 
direction-cosines of the normal to the plane of an/ referred to 
the principal axes at 0, Then the area conserved on this 
plane will be 

A^(oJ-\'BjO)jn+ C^ay^n (7), 

180. Ex. 1. To find the mvartahle plane at the centre 
of gravity of the solar system. 

Let the centre of gravity be taken as the origin, and 
let the system be referred to any rectangular axes Gx, (?y, 
Gz. Let ft) be the angular velocity of any planet about its 
axis, and MJ^ its moment of inertia about the axis. Let 
a, )8, 7 be the direction-cosines of the axis. The axis of 
revolution and two perpendicular axes form a system of prin- 
cipal axes at the centre of gravity. The area conserved by 
the planet on a plane perpendicular to the axis is MJk?a>, and 
on any plane through the axis, zero. Hence the whole area 
conserved on the plane of ity round the centre of gravity is 
by Art. 179 

Mi?a} cos a. 

Let r be the distance of the centre of the planet from 
the centre of .gravity of the solar system, -j- the angular ve- 
locity of r in the plane of the instantaneous orbit of the planet. 
Then the area conserved by the centre of the planet on the 
plane of xy is 
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Ml* -7- COS a', 



where a' is the inclination of the orbit to the plane of icy. 

Hence the whole area conserred by the planet on the 
plane of ay is 

Aj = Mt^ -^ cos a' + Mk*a) cos a* 

The values of A,, h^ may be fomxi in a similar manner, 
and thence the position of the invariable plane.* 

181. Ex. 2. ijT three particles of nuMses m, mf, m", at* 
tracttng each other y start from resty prove that at any instant 
the tangents to their paths will meet in a point, and that if 
parallels to their directions of motion he drawn so as to form 
a triangky the momenta of the several particles are as the sides 
of that triangle^ 

JJet Vy v'y v" be the velocities of the particles. The area 
conserved by any particle of mass m moving with velocity 
V is mvp, where p is the length of the perpendicular from the 
origin on the direction of motion. Hence by Art. 170 

mv.p-^- niv' .p' + m'v'\p" =? A, 
where h is some constant. But in the beginning of the motion 

t; = 0, t;' = 0, t;" = 0; ,•• A=0* 

Therefore if three forces represented by mvy m'v'y m"v" 
were to act along the directions of motion, the sum of their 
moments about every point would be zero. Therefore these 
forces are in equilibrium, and if a triangle be constructed by 
drawing lines parallel to their directions, the forces will b0 
proportional to the sides of that triangle. 

Also the three forces must meet in a point, hence the three 
particles are always moving to or from some point 0. But 
this point is not in general a fixed point throughout the 
motion. 

If there be n particles, it may be shown in the same 
way that the n forces represented by mv, mv\ &c. are in 
equilibrium; and therefore if parallels be drawn to the direc- 
tions of motion so as to form a polygon, the momenta of the 
particles are proportional to the sides of that polygon. It will 



Digitized 



by Google 



250 MOTION OF A SYSTEM OF EiaiD BODIES. 

not however be necessarily true that all the n directions of 
motion meet in a point. 

If F, F\ F" be the resultant attraction on the three 
particles, the lines of action of F^ F\ F" also meet in a 
point. For let JT, F, Z be the actions between the particles 
mm'\ m"m^ mm\ taken in order. Then F is the resultant of 
- Fand Z; F' of X and - Z; F" of Y and - X Hence the 
three forces jP, F', F" are in equilibrium*, and therefore their 
lines of action must meet in a point (7. Also the magni- 
tude of each is proportional to the sine of the angle between 
the directions ot the other two. This point is not generally 
fixed, and does not coincide with 0. 

If the law of attraction be proportional to the distance, 
the two points 0, 0' coincide with the centre of gravity O, 
and are fixed in space throughout the motion. For it is 
a known proposition in Statics that with this law of attrac- 
tion, the whole attraction of a system of particles on one of 
the particles is the same as if the whole system were col- 
lected at its centre of gravity. Hence 0' coincides with O. 
Also, since each particle starts from rest, the initial velocity 
of the centre of gravity is zero, and therefore, by Art. 33, 
G^ is a fixed point. Again, since each particle starts from 
rest and is urged towards a fixed point O, it will move in 
the straight line joining its initial position with G. Hence 
coincides with O. When the law of attraction is pro- 

?)rtional to the distance, it is proved in Dynamics of a 
article, that the time of reaching the centre of force from 
a position of rest is independent of the distance of that posi- 
tion of rest. Hence all tne particles of the system will reach 
G at the same time, and meet there. If %m be the sum 
of the masses, measured by their attractions in the usual 
manner, this time is known to be 

1 27r 
182. The principle of the conservation of areas may be 

* This proof is merely an amplification of tlie following. The three foitses 
F, F', F"y being the internal re-actions of a system of three bodies, are in 
equilibrium by D'Alembert's Princsiple. 
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applied to any system under the influence of forces which 
have no moment about one straight line. We may there- 
fore make use of the principle in the following cases. 

FirsU If no external forces act on the systefn the prin- 
ciple will apply with any straight line as an axis of areas. 
Thus, supposing the solar system to be under the influence of 
no external force, the whole area conserved on any plane about 
any pole is constant. Let r be the distance of any planet, 
treated as a particle, from any fixed straight line arbitrarily 
chosen, and let o) be its angular velocity round this straight 
line. Then, by the principle, 

Xmi^a^h ', (1). 

To illustrate the principle further, let us suppose the 
bodies composing the system to. become rigidly connected. 
The mutual impulsive actions between the particles will be 
equal and opposite, and therefore will not appear in the equa- 
tion furnished by the principle. Hence the equation (1) will 
still hold. The motion of the centre of gravity by Art. 33 
will also not be afiected by these actions, and if initially at 
rest it will continue at rest, if initially in motion it will con- 
tinue to move in the same, straight line as before, and with the 
same velocity. Let Swir^o) be the area conserved by the 
svstem before it became rigid about any axis Oz, through 
the centre of gravity. Let Mk^ be the moment of inertia of 
the system about this axis at the moment after it became 
rieid, and let 11 be the angular velocity of the rigid system. 
Then we have, by Art. 178, 

This gives the initial angular velocity of the rigid system 
about any straight line through the centre of gravity. Hence 
the angular velocities about three co-ordinate axes may be 
foimd, and thence the whole motion. 

Secondly. If the resultant of all the forces which act on 
the system be always normal to a fixed plane, the principle will 
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apply with any straight line perpendicular to this plane as 
axis of areas. Thus ^ a system of bodies be under the action 
of gravity, the whole area conserved on any horizontal plane 
is constant. 

Thirdly. If the resultant of all the forces which act on the 
system always passes through a fixed point, the principle will 
apply with any straight line through that point as axis of 
areas. Thus if a particle m be moving under the action of a 
centre of force, we nave 

where r is its distance from the centre of force, and -^ its 

angular velocity. This is the ordinary equation of motion 
round a centre of force obtained in Dynamics of a Particle. 
We may now extend this equation to the case of a system of 
particles moving round a centre of force and attracting 
each other according to any law of force. The equation is 
then 

at 

Fourthly. If the resultant of all the forces always passes 
through a straight line, the principle will apply if areas be 
conserved about this straight line as axis of areas. Thus if a 
system of particles move under the action of tioo centres of 
force, the equation of areas will hold if conserved about the 
straight line joining the two centres of force. 

183. Peop. VIII. A rigid hody is moving freely in a 
knoion manner under the action of no external forces. Suddenh 
either a straight line or a point in the body becomes fixed. To 
determine the subsequent motion. 

It is obvious that all the external actions on the body pass 
through the fixed straight line or the fixed point. Hence the 
principle of the Conservation of Areas will apply if the plane 
of areas be either perpendicular to the straight line or pass 
through the given point. 
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First Let a straight line suddenty become fixed. Let it 
be taken as the axis ofz. 

Let MK^ be the moment of inertia of the body about the 
axis of z, and fl the angnlar velocity after the straight line has 
become fixed. Suppose that the body when moving fi*eely 
was turning with angular velocities ©a,, Wy, «, about three 
straight lines Gx\ Gy\ Oz* through the centre of gravity 
parallel to the axes of co-ordinates. And let the co-ordinates 
of the centre of gravity be a?, y, "z. 

Then, by the principle of the Conservation of Areas 

(Art. 179), 

where C" is the moment of inertia of the body about Gz*, and 
Xmz'x', Xmz'v are calculated with reference to the axes 
Gx\ Gy\ Gz\ 

Secondly, Let a point in the moving body be suddenly 
fixed in space. Take any three rectangular axes Ox^ Oy, Oz, 
and three parallel axes Gx', Gy\ Gz through the centre of 
gravity G. Let to^ <o^, w, be me known angular velocities 
of the body about the axes Gx, Gy, Gz before the point 
became fixed, il^, fl^, fl, the unknown angular velocities 
about Ox, Oy, Oz after became fixed. 

Then, following the same notation as before, we have 

A(o„ - (tm x'y') to^ - {tm xz) a),+ tm(^y ^-z-£j 

= A'il^ — (2m xy) fly — (Sw xz) fl,. 

/- dx - dz 



Bg)j, - {tm y^z) ft), - {%myx) ^x + ^^(^ -^ -x^j 
= Bil^ - (Zm yz) n. - i^m yx) fl,. 

Oft), - (2w zx') ft)^ - (2m ^y*) tdy ^Xmix-^ '^^'^J 
^ C'ilg — (2m zx) n^ — (2m zy) fly. 

These equations determine fl,,, fl^, fl,. It is very obvious 
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that they may be greatly simplified by so choosing the axes 
that one of the two sets Oa?, Oy, Oz or Ox/ Qy/ Qz may be 
a set of principal axes. 

184. Ex. A sphere in colatitvde is hung up hy a 
point in its surface in equilibrium under the action of 
gravity. Suddenly the rotation of the earth is stopped^ it is 
required to determine the motion of the sphere. 

Let O be the centre of the sphere, its point of saspen- 
^ion, and a its radius. Let C be the centre of the earth. 

Let © = angular velocity of the earth, then i{ CG ^fjui, 
the sphere is turning about an axis GP parallel to CP, the 




axis of the earth, with angular velocity w, while the centre of 
gravity is moving with velocity fia sin . w. 

Let OG, Op, and the perpendicular to the plane of OC, 
Op be taken as the axes of Xy y, z respectively, and let fl^, 
fly, fl, be the angular velocities about them just after the 
rotation of the earth is stopped. 

By Art. 183, the areas conserved about Ox as axis just 
before and just after the rotation was stopped are equal to 
each other. 
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where M1^ is the moment of inertia of the sphere about a 
diameter. 

Again, the areas conserved about Oy are equal to each 
other 5 

/, Jlfi*a)sin^+JM/Aa^a)sin^ = Jkf(^ + a')fly, 
Lastly, the areas conserved about Oz are etjual ; 

Solving these equations, we get 

Il-=fi)smaT3 — ^ 
' Jr-\-ar 

. ^ 2 + 5/t 
= 0) sm ^ — — ^ . 

But fla? = ® cos 6, 

Adding together the squares of fl,., fly, fl, we have 

O«=a)«|cos»e+(^:!^)%in«e|, 

where fl is the angular velocity of the sphere about its 
instantaneous axis. 

Sect. II. Via Viva. 

185. Let a?, y, z be the co-ordinates of a particle m of 
a system in motion at any given instant ; and let X, F, ^ be 
the accelerating forces acting on the particle resolved in the 
directions of the axes. Then, the summation being extended 
throughout the system, the function 

%n {Xdx + Ydy + Zdz) 

will in general be a complete differential of some quantity U. 
This quantity CJ when it exists, is called the force Junction, 

186, Peop. I. To prove that there will he a force 
function firsts when the forces tend to fixed centres at finite 
distances J and are functions of the distances from those centres/ 
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an3 secondly y when the forces are due to the mutual attractums 
or repulsions of the particles of the system^ and are Junctions of 
the distances between the attracting or repelling particles. 

Let m^ (r) be the action of any fixed centre of force on 
a particle m distant r, estimated in the direction in which 
r 18 measured, i.e. from the centre of force. Then all the 
forces due to the several centres of force are exactly equivalent 
to all their several components wX, m F, mZ. Hence, revers- 
ing the latter, there will be equilibrium. Therefore, by Virtual 
Velocities, 

tm^ (r) dr = 2m {Xdx + Ydy + Zdz). 

Thus the force function exists, and is equal to 
XmJ<f> (r) dr. 

In the same way it can be shown that there will be a force 
function when the forces are such as result from the attraction 
of the particles of the system on each other, provided the 
attractions are functions only of the distances between the 
particles. 

Let mm<l> (r) be the action between two particles m, m\ 
whose distance apart is r; and, as before, let this force be 
considered positive when repulsive. Then we have 

Xmm' (j} (r) dr = 2m {Xdx + Ydy + Zdz), 
and the force function is equal to 

Xmm! J(l> (r) dr. 

187. Prop. II. If a system receive any small displacement 

ds parallel to a given straight line and an angular dispUice- 

m&nt dO round that line, then the partial differential co^ 

^ , dJJ y dJJ .77 

efficients -r- and -^ represent respectively the resolved part 

of all the forces along the line and the moment of the forces 
about it. 

Since dU 13 the sum of the virtual moments of all the 
forces due to any displacement, it is independent of any par- 
ticular co-ordinate axes. Let the straight line along which ds 
is measured be taken as the axis oi z. 
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Taking the same notation as "before, 

dU=^^m{Xdx+ Ydy + Zdz). 

But <&= 0, dy ft= 0, and dz = <&, hence we have 
dU=ds.^mZi 
dU ^ ^ 

Here dU means the change produced in U by the single 
displacement of the system, taken as one body, parallel to any 
straight line, through a space ds. 

Again, the moment of aU the forces about the axis of z i^ 

but by Art. 91, da; = — yd0, and dy = xdO^ and dz =? 0, hence 
the above moment is 

-. Ydy + Xdx+Zdz 

"^^' d0 

_dU 
" dd' 

Here dU is the change produced in [7 by the single rota- 
tion of the system, taken as one body, round any axis, through 
an angle dO. 

188. Def. The Vis Viva of a particle Is the product 
of its mass into the square of its velocity. 

189. Prop. HI. If a system he in motion under the action 
Gf finite forces^ and if the geometrical relations of the parts 
of the system he expressed by equations which do not contain 
the time ea^licitlyy the change in the vis viva of the system 
in passing from any one position to any other is equal to twice 
the corresponding change produced in the farce function. 

In determining the force 'function dll forces may be omit* 
ted which would not appear in the equation of Virtual Vcr 
locities. 

B.D. 17 
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Let a?, y, j2? be the, co-ordinates of any particle mi and let 
X, F, Z be the resolved parts in the directions of the axes of 
the impressed accelerating forces acting on the particle. 

The eflfective forces acting on the particle m at any time t are 
rf^oj d^y d*z 

'^'M' "^W "^rf?- 

K the effective forces pn all the particles be reversed, they will 
be in equilibrium with the whole group of impressed forces 
by Art. 28. Hence, b^ the principle of virtual velocities, 

where &c, hy, Bz are any small arbitrary displacements of 
tlie particle m consistenj; ^ith the geometrical relations at the 
time U 

Now if the geometrical relations be expressed by equa- 
tions which do not contain the time explicitly, the geome- 
trical relations which hold at the time t will hold throughout 
the time Bt ; and therefore ijre can take the arbitrary displace- 
ments Bxj By^ Bz to be respectively eqiial to the actiuil dis- 
placements 

§^ l»'. i^ 

of the particle in the time Bl 

Making this substitution, the equation becomes 

^'^K^Tt^'deti'^'de'dt) 

Integrating, ^v'e get; 

s.{©%(|)V(|)} 

« (7 + 2l.mj{XdsQ + Ydy + Zdz), 

where C is the constant to be detenpined by the initial c6n^ 
ditions of motion. 
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' Let V and v be the velocities of the Darticle m at the 
times t and t'. Also let U, U' be the values of the force 
{unction for the system in the two positions which it has a^ 
the times t and i. Then 

190. Let. a force Pact on a particle which describes the 
elementary arc ds in the time dt Let <^ be the projection 
of da on tiie line of action of P estimated positive in th^ 
direction in which P acts. Then Pdp is called the " work^^ 
done by the force P in the time at If a force act con- 
tinuously on a particle during a time T, then the work will 

clearly be represented by I -^ dt Let X, I^ ^ be the 

resolved ^arts in the directions of the axes of the accelerating 
forces which act on. any particle m, Th^n the whole "work'* 
done, while the system is moving from one position to an- 
other, is 



Tr= Sm I {Xdx + Ydy + Zdz). 



Let ?7, TJ* be the values of the force function of the 
system corresponding to the two positions of the system^ 
Then 

By the principle of vis viva we have 

Therefore the change in the vis viva of a system in moving 
from one position to another is equal to twice the "work" 
done by the forces during the motion. 

Li every dynamic system there are three quantities, which 
tre equal to each other. These are, briefly, the change in 
the vis viva, twice the change in the force function, and t>rice 
the "work" done by the forces. When the system consists 
ouly of x)ne particle,, the force function is also called the p<?-« 

191. The utility of the Principle of Vis Viva depends 
in great measure on the 'fact that all the unknown reactions 

17— a 
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of the system do not appear in the equation. All forces and 
reactions will not appear in the force function which would 
not appear in the equation of virtual velocities. These forces 
may te enumerated as follows : 

I. Those reactions whose virtual velocities are zeiO% ^ 

1. Those whose line of action passes through an instan- 
taneous axis ; as rolling frictioriy but not sliding friction nor 
the resistance of any medium. 

2. Those whose line of action is perpendicular to the 
direction of motion of the point of application; as the re- 
actions of smooth fixed durfaces^ but not those of moving sur- 
faces. 

II. Those reactions whose virtual velocities are not zero 
and which therefore would enter into the equation, but which 
disappear when joined to other reactions. 

1. The reactions l^etween particles whose distance apart 
remains the same ; as the tensions of inextemible stringsy but 
not those of elastic strings. 

2. The reaction between two rigid bodies, parts of the 
same system, which roll on each other. It is necessary 
however to include both these bodies in the same equation of 
vis viva. 

III. All tensions which act along inextensible strings, 
even though the strings are bent by passing through smooth 
fixed rings. 

For let a string whose tension is T connect the particles 
m, w', and pass through a ring distant respectively r, r froM 
the particles. The virtual velocity is clearly 

Tir+Thr\ 

because the tension acts along the string. But since the 
string is inextensible 

therefore the virtual velocity is zero. 
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.192. If a system be under the action of no external 
forces, we have 

x=:o, r=o, ^=0, 

and hence the vis viva of the system is constant. 

If, hoWevcTj the mutual reactions between the particles of 
thq system are such as would appear in the equation of vir- 
tual moments, then the vis viva of the system will not be 
constant. Thus, even if the solar system were not acted on 
W any external forces, yet its vis viva would not be constant. 
For the mutual attractions between the several planets are 
reactions between particles whose distance does not remain 
the same, and hence the sum of the virtual moments will not 
be zero. See also Art. 186. 

Again, if the earth be regarded as a body rotating about 
an axis and slowly contracting from loss of heat in course of 
time, the vis viva will not be constant, for the same reason 
as before. Tte increase of angular velocity produced by this 
contraction can be easily found by the conservation of areas. 

193. Let gravity be the only force acting on the system. 
Let the axis of z be vertical, then we have 

' Hence the equation of vis viva becomes 
SW - Swit;^ = - 2% (/ - «). 

Thus^ the. vis viva of the system depends only on the 
altitude of the centre of gravity. If any horizontal plane be 
drawn, the vis viva of the system is the same whenever the 
centre of gravity passes through the plane. 

194. PeOP. To determine the vis viva of a rigid hody^ 
in motion. 

If a hody move in any manner its via viva at any instant 
is equal to the vis viva of the whole mass collect^ at its centre 
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of gravity J plus the vis viva round the centre of gravity con- 
sidered as a fxed point: or 

The vis viva of a body == vis viva diie to translation 
-{•vis viva dtie to rotation. 

Let 05, y, z be the co-ordinates of a particle whose mass 
is m and velocity v, and let 5, y, e be the co-ordinates of the 
centre of gravity O of the body. 

Let aj = 5 + a:', y = y + y, « = 5+«' (1). 

Then by a property of the centre of gravity 

Hence 

Now the vis viva of a body is 

Substituting for x, y, z from (1), this becomes 

All the terms in the last line vanish. The first term 
in the first line is the vis viva of the whole mass Sm, collected 
at the centre of sravity. The second term is the vis viva due 
to rotation round the centre of gravity. 

This expression for the vis viva may be put into a more 
convenient shape* 
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First. Let the motion he in two dimensions* Let v be 
the velocity of the centre of gravity, r, its polar co-ordinaties 
referred to any origin in the plane of motion. Let r be the 
distance of any particle whose mass is m from the centre of 
gravity, and let v' be its velocity relatively to the centre of 
gravity. Let © be the angular velocity of the whole body 
about the centre of gravity, and Mi? its moment of inertia 
about the same point. 

The vis viva of the whole mass collected at G is Mv*j 
which may by Differential Calculus be put into either of the 
forms 



-^{(D'HI)'} 



Mv" 
^M 



The vis viva about O is Swi?'*. But since the body is 
turning about Oy we have v' = r'o). Hence 



2mt?'*=a)*.2mr 



,1 



Hence the whole vis viva of the body is 

If the body be turning about an instantaneous axis, whose 
distance from the centre of gravity is r, we have v « rto. 
Hence 

tm^^M(ii?{f^-^¥) 

where MK* is the moment of inertia about the instantaneous 
axis. 
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Secondly. Let the body he %n motion in apace of three 
dimefmons. 

Let V be the velocity oi G; r^ 0, 6 its polar co-ordinates 
referred to any origin. Let lo^, cOy, co. be the angular velocities 
of the body about any three axes at right angles meeting in G, 
and let A, B, (7 be the moments of inertia of the body about 
the axes. Let a;', y', z' be the co-ordinates of a particle m re- 
ferred to these axes. 

The vis viva of the whole mass collected at G^ is Jfw*, 
which may be put into either of the following forms (see 
Diflferential Calculus) : 



-{(f)V''^-<S)VKD]- 

The vis viva due to the motion about G is 



But 



dt 



-a^ - m.y 



<OJi 



dz' 

Substituting, we get, since A = "t/m (y'* + z*), 

5 = 2»» («'* + «'*), C=2»i(a;'' + y»), 

2ww'* = uio)/ + ^/ + <7a>.* 

— 2 (2m aj'y') o»,o), — 2 i^my'z') «/», — 2 (Sww! V) tojo^ 

^ If the axes of co-ordinates be the principal axes at G, 
this reduces to • • 

%mv'^ = Am; + 5< + Co).'. 



Digitized 



by Google 



VIS VITA. ' ?65 

^ If the body b^ turning about a point 0, whose position 
is fixed for the moment, the vis viva may be proved in 
the same way to be 

where A\ B, G* are the principal moments of inertia at 
the point 0, and (»«., o)y, ct>, are the angular velocities of the 
body about the axes. ^ ^ 

195. Ex. 1. A drculair wire can turn freely about a 
vertical diameter as a fixed axis, and a bead can slide freely 
along it under the action of gravity <^ The* whole system being 
set in rotation about the vertical axisj find the subsequent 
motion. 

Let M and m be the masses} of the wire and bead; co 
their common angular velocity abput the verticali Let a be 
the radius of the wire, Mk^ its moment of inertia about the 
diameter. Let the centre of the wire be the origin, and let 
the axis of y be measured vertically downwards. Let be 
the angle the radius drawn from the centre of the wire to the 
bead makes with the axis of y. 

It is evident, since gravity acts vertically and since all 
the reactions at the. fi'xed axis must pass through the axis, 
that the moment of all the forces about the vertical diameter 
is zero. Hence, by conservation of areas, we have 

JIf i'ft) 4- wa* sin* ^ ft) = A. 
And by the principle of vis viva, 

' MkW + m{a*(^ + a'' sin* eiA^C+'^mga cos 0. 

These two equations will. suflSce for the determination 
' d0 

of -J- and 0). Solving them, we get 

Mk!' + ma\Bin^0 + '^' (f) = O+2mgacoB0. ' 

This equation cannot be integrated, and hence ^ cannot 
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be found in tenns of L To determine the constants 
h and C we must recur to the initial conditions of motion. 

Supposing that initially ^ == tt, and -^ = and « = a, then 

A = JfA*aand C=2mga+ MJ^a*. 



196. Ex. 2. Two equal and perfectlj/ rough sphereg are 
placed one on the top of the other in unstable equilibrium^ 
the lower one resting on a perfectly smooth horizontal plane. 
A slight disturbance being given to the system^ find the mJn 
sequent motion^ supposing the centres of. the ttpheres to move in 
one plane. 

Let G, G* be the centres of the lower and upper spheres, 
P their point of contact. Then hj the principle of the con- 
servation of the centre of gravity, the common centre^ of 
gravity P of the two spheres moves in a vertical straight line. 
Let this line be taken for the axis of y, and let the verticiJ 
plane in which the centres of the spheres move be taken for 
the plane of xy^ and let the origin be in the fixed horizontal 
plane. 

Let oj, a be the co-ordinates of (7, x\ jf* of C\ and let be 
the acute angle CC' makes with the vertical. Let (LI, C'A' 
be those radii of the spheres which initially were in the same 
straight line. Then since one sphere roUs on the other, the 
angles AGP, A'G'Psre equal; let this angle be =^. Let 
jF be the friction between the spheres. 

Now the vis viva of the sphere (7 = vis viva due to 
translation plus the vis viva due to rotation, Art. 194. The 

first of these is ^[-j/j , and the latter is MJ^ \ At ' * 

since — ^ is the angle a fixed line CA in the bodv makes 
with a fixed line in space, viz. the vertical. Similarly the 
vis viva of the sphere U' is 
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; Now the only impressed force is gravity, therefore the 
force function is 

-•MSgdy'^MC-Mgy'. 

Hence, by the principle of vis viva, we have 

^"^G^^gy' (1). 

. Taking moments about the centre of gravity of each 
sphere, we have 

^i^-5 «■ 

^^^-5- ■■••••••(»)• 

Also we have the geometrical equations 

X = — asinS (4), 

a;' = asintf (5), 

y' = a + 2acos^ (6). 

To solve theae^ 

Subtracting (2) from (3), 

df ^r 

Since the motion starts from rest we have ^ = 0. Hence 

^ is always zero, or the two spheres descend as if they were 
rigidly connected; . 
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, Substituting for a?, a?' and y from (4), (5), (6), equation (1) 
becomes 

(A:* + a' + «' sin*^) (•^) =5^« (const. - cos B). 

Since the initial value of tf is d == 0, then the right-hand 
side of this equation is clearly =ga (1 - cos ff). This equation 
dQ 

At the instant when the upper ball reaches the ground 
d = |, hence we then hare (gj = ^,^. 

197. Def. If a body be suspended from a fixed point 
under the action of gravity, and if the angular motion of 
the line joining to the centre of gravity be the same as 
that of a string of length ?, to the extremity of which a heavy 
particle is attached, then I is called the Ungih of the simple 
equivale7it pendulum. This is an extension of the definition 
in Art. 36. 

If a body turn about a fixed point under the action of 
gravity, there does not in general exist any such quantity as 
the length of a simple eq^uivalent pendulum. Thus suppose 
a body, such that two of its principal moments at the centre 
of gravity G are equal, to be suspended from a fixed point 
in the axis of unequal moment OG, 

Since the moment of all the forces about a vertical 
through is zeroj we may apply the principle of conserva- 
tion of areas with this line as axis. Art. 179. 

Taking the usual notation, we have therefore 
— Aa>^ sin ^ + CcDj cos ^= a. 
And, by the principle of vis viva, 

A K' + G),') + (76>3» = /3 + 2%Acos^. 

By Euler's equations in Art. 102, we have for the motion 
about OGj 

Hence ©^ is constant. Let )9' = ^8 — Co)/, 

Digitized by VjOOQIC 



VIS VIVA. 



269 



But since ei>j = — sin^-—-, and ©2 — •;^> these equations 



tecome 

A sin'd -^ + (7w cos tf - a 
at 

To determine the arbitrary constants a and j8 we must have 
recourse to t^ initial values of 6 and-^. Let ^0 > '^0 > ~zr ' "^ 

he the/* .al values of ^> V^j 777 > -^ > then the above equa- 
tiqr* ^ome 



dt' dt 



ydnlr On >, . a ^ <?\fr„ Cri ^ 



(1). 



These equations, when solved, give and yjt in terms of t^ 
nd thus determine the motion of the line OG. The corre- 
sponding equations for the motion of the simple equivalent 
i^ndulum OL are found by making 0=0, A = MP, and A = Z, 
yhere I is the length of the pendidum. This gives 



8in«(?^ = 8m«e.^ 



dt 



dt 



•Hf)'^©"-^".©'- (§)'-! 



COS^ 



,(2). 



' In prd^r that the motions of the two lines OG and OL 
aay be the same, the two equations (1) and (2) must be the 
%me* But this cannot be the case unless 

Cncos^ = 0; 
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i. e. unless either n = 0, or (7 = 0, Hence the body must either 
have no rotation about Q^ or else the body must be a rod. In 
either case, the two sets of equations are identical if 

A "t' 

or Mlh^A. 

Let A = Jffc'*, then the length of the simple pendulum is 
given by 

This is the same formula which was obtained in Art. 37, 
•where the body was supposed to move in a vertical plane. 



Sect. III. Vtrttial Velocities, 

198. The Principle of Virtual Velocities is of the greatest 
use in Statics, because it supplies us with equations sufficient 
for the solution of every problem, free from all the unknown 
reactions. In Dynamics also the same principle may be em- 
ployed with advantage, and for the same reason. 

Prop. To obtain the general eqiuztions of motion of a 
system of rigid bodies in a form free from the unknovm re- 
actions. Jjagrange, Micanigue Analytigue^ 

Let X, y, z be the co-ordinates of a particle m, and let X, 
Y, Z he the impressed acceleri^tiug forces acting on this par- 
ticle. Then we have the equation 



^o+§^+s^) 



= 2m(XSa:+I% + 2&) (1), 

where &», Sy, Sz are any small arbilarary displacements con- 
sistent with the geometrical relations, and -T, F, Z do not 
contain the reactions of Jhe system. .) 
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In fhe following investigation, for the sake of brevity, dif- 
ferential coefficients with respect to t will be denoted by 
accents. Thus 

The quantities a?, y, &c. are not independent of each other, 
being connected together by the geometrical relations of the 
system. But they may all be made to depend on a certain 
number of independent variables whose values will determine 



the position of the system at anv time. Let these independent 
variables be d, ^, '^, &c. Then a?, y, &c. are functions of 
e, 0, &c. Let X =/(tf, ^, ...), Jl = F{0, iff, ..,), &c. If the 
geometrical relations contain the time explicitly, then a:, y, &c. 
will be functions of t also; 

/. &c = ^S^ + 58«^+ ... 

where A, B, &c. are written for /' (5), /' (^), &c. There 
will be similar equations for Sy, y', &c. 



No, ^S.-|(a^&)-,'f 


..(2). 


at a:'&5 = (^V + u4^' + „.)S^ ^ 




+ (54^ + 5*f + ...)S^ 




+ 


^ 


id x'*=A*ff*+iAB0'<j>' + B'il>''+... 








• ^(:c'Sx) ^ddix"^ ld{x-)dW 
" dtf^^., 2dl dd' ^^^2 dff- di 


•» 


+ similar terms in ^, -^j &c 


..(3). 
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Again, since the operations d and 8 are independent, we 
have rfSx = Scfe, and therefore 

+ similar terms in ^, '^^ &c (4). 

Substituting from equations (3) and (4) in (2), we get 
rf'a? ,. id d{x^ d{QiP) \ 1 ^^ (similar terms 

By similar reasonings we have 
^ ;j., - f i ^(y*) ^(y^*) ! 1 ;j/) . fsimilar terms 

de^^ytt dff ~55"j2^^^|ii 



(in ^, '^, &c. 



rf^ ^ _ (c? c?(g'') ^ d {z^\ 1 fj^ Jsimilar terms 
de^''''\dt dff """5^1 2^^"^|in^,^,&c. 

Let The the vis viva of the whole body, so that 

Then adding together the three equations above, we 
have 

M^^'"^^^+^^V=^fe^"^)2^^ 
4- similar terms in ^, -^j iScc. 
Let ?7be the force function of the system, then 

sz—Sff (similar terms 
'' dd (in^, -^j &c. 
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By 'equation (1) the two expressions on the right hand 
sides of these equations are equal. But since B0, 8(f>, &c. 
are independent, this equality cannot exist unless the coeffi- 
cients ot Bdy S^, &c. are separately equal. 

Therefore 

dt dff dO dd 



ddT_dT dU 
dtd^' dift # 

&c. = &c. 



(5). 



These equations are of the*second order, and their number 
is always equal to the number of independent quantities 
6, <f}, &c. to be found. Hence they are sufficient to determine 
the whole motion. These are the very equations we should 
have obtained if we had written down the ordinary equations 
of motion and eliminated the unknown reactions. 

The equation of vis viva has been obtained in Art. J 89, 
by another application of the principle of virtual velocities. 
But the equation of vis viva is of the first order, and gives 
at once a first integral of the equations. In this respect the 
equation of vis viva has the advantage. But on the other 
hand, it only supplies us with one equation, and if therefore 
the system admits of more than one independent motion, it 
is insufficient for the solution of the problem. 

199. Prop. To determine the oscillations of a system of 
bodies about a position of equilibrium. 

Let T be the vis viva of the whole system which may 
be found by Art. 194, and let Uhe the force function. Let 
d, ^, ... be n certain small independent quantities by which 
the position of the system may be determined, and whose 
values are zero when the system is in the position of equi- 
librium. Also, ias before, let accents denote differential co- 
efficients with respect to ^. Then we have the n equations 

d^dT_^dT_ dU] 

dtdff dd" d0\ ...(5). 



&c. = &c. 

B.D, 18 
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Let a;, y, 2 be the ccHcnrdinates of » particle m, then 



(6). 



.(7). 



The co-ordinated a?, y, z ai*e functioDs of d, ^, ... and 
may be expanded by Taylor's Theorem in powers of d, ^ ... . 
Assuming that the coefficients of the first powers do not all 
vanish, we may, since d, ^, ... are sitiall quantities, neglect 
the squares and higher powers. Let then these expansions 
be 

a; = a + flj^ + qjf> + ... 

y = /8 + /8,^ + /8,^ + ... 
^~7+7i^+72^+ ... 

where a, /S, 7, &c. are constant quantities. 
Hence 

ii?' = Cfj^ + or j^' + ... ' 

Substituting in (6), we see that Tis a fttncfion otff,^'.,. 
and not of d, ^, ... . Hence 



.(8). 



^=0, ^ = 0, &C.-0. 



and the equations (1) tedace fo 

dtdff''^'dF 



.(9). 



(10). 



Let the ralues of T and V after suhstituting from (7) 
and (8) in the equations (6) be 
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Tt=A,e^+A^if>'*+B,<l,'ir'..: 



U-U,= a,0' + ajf? + 5,^ + 



^ 1. 

• •• J 



275 

(11), 



where U^ is tlie value of ?7when the syBtem is in the position 
of equiliDrium, and -4^, a^, &c. are constants. 

In these expressions all terms above the second order are 
to be neglected. 

The terms of the first order in U— U^ are absent, because 
by the principle of virtual velocities 

vanishes in a position of equilibrium so far as quantities of 
the first order are concerned. See also Todhunter's Statics, 
Art. 263. 

Substituting in equations (10), it is obvious that the n 
resulting equations will be linear, and of the form 






df 



de 



&C. = &c. 
where E^, e^, &c. F^,f^, &c. are all constants. 



(12), 



To solve these, we must, as usual, assume 
6 = ksmQU-\-K)y ^=^Tc sin (\< + ic), &c. 



.(13). 



Substituting in the n equations (12) we shall obtain n — 1 

. k' Id* 
equations to determine the n — 1 ratios -r , -jr-, &c., together 

with an equation of the «^ degree to determine the n values 
of X*- 

18—2 
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This substitution may be effected once for all, as follows. 
The equations (12) become 

- V {EJc^-Ejc + ...) = ejc + ejc + ... \ 

^\'\FJc + FJc' + ...)= ffi-hfjc' + ... I (14). 

&c. = &c. ^ 

Keferring to the manner in which the equations (12) were 
obtained from (10) and (11), we see that 

Hence, if we put 

which are obtained from the expressions for Tand Z7— JZ, in 
equations (11) by "writing k for 0' and 0, Jc for ^' and ^; 
then 

2-^ = eJc + eJc'+... 



(15), 



Hence the equations (14) become 






dk 



= 



y.dT, dU,_ 

&c. = , 



(16). 



In these equations the quantities ^, Tc, &c. enter in the 
first power only, and the ratios h\K\k" i &c. may be eli- 
minated by the usual general methods. 
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200. Ex. Two rods AB, BC, are joined hy a hinge at 
B, so that each can freely turn about B in all directions. They 
are siispended from a fxed point at A, and make small 
oscillations in one plane about the vertical* It is required to 
determine the mx)tion. 

The following investigation should be compared with that 
in Art. 82. 

Let ^, <^ be the small angles the rods AB, BC respect- 
ively make with the vertical. Let 2a, 2b be the lengths 
of the rods, m, m their masses. Let the axis of x be drawn 
vertically downwards through A, and let a?, y be the co- 
ordinates of the centre of gravity of BG. Then 

But 

a: = 2acos^4-Scos^, y = 2asin^+Ssin ^; ] 

/. a;'= — 2asin^.^' — 5sin<^.<^', y=2acosff.^ + 5cos^.<^'J ' 

Substituting in the expression for T, we get 

r= ^1 mc? + 4wV^ &^ + 1 rriV f " + ^mah cos {d - <l>)ff(f>\ 

Neglecting all small quantities above the second order, 
this reduces to 

r= I (w + 3m') a'ff" + g m'b'if)'^ + Wabff<f>' ; 

.% 3; = |(w + 3m')a*A' + J»i'S%'"+4w'aiiy5:'. 

Also, the expression for the force function ?7is 
U= mga cos + m'gx, 
= (m + 2m) ga cos + m'gb cos ^, 

= U,--\{m^2m')ga,e^^\m'gh.if?', 
.'. D; = - 1 (w + 2mygal^ - i m'gbKK . 



Digitized 



by Google 



.(1) 



278 MOTION OF A 8T8TEM OF BIGID BODIES. 

The small oecilUtiooB being represented hj 

we hare by (16) the equations 

X»j|(wi + W) a%+4w'a6A;j - 2 {m + 2m')gak = 

to determine -r and X Eliminating jr we get 

II (w + 3m') aV- (w + 2m')^al . ||m'iV- mW 
= W ViV. 

Both the yalues of X' obtained from this eqaation are 
real and positive. Let the values of X thufi found be + Xj 
and ± \. Then 

e^\ sin (Xj< + K^ + \ sin {\t-^ic^y 

<f> = A/siu (Xji^ + iiCi) + Aij'sin (Xi^ + #c^, 

)fe' k' 
where the ratios -7^, t?- are known from (1) when the cor- 
responding values of X are substituted. The four arbitrary 
constants k^, k^ /e^, k^ may be &und from the initial values 

of 0y ^, ffy ^'. 

The equations of the motion of the rods when the ipotion 
is not small may be easily obtained from the expressions for 
T and C/' in a form free from all the unknown reactions* 

^^{iraa^j^ 4m v) 2^ + 4m'a5 cos {0 - ^) ^', 

^=. -4m'aJ sin (5 -^)^'f, 
_= - (w» + 2»^') ^a sin ft 
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Hence the equation 

dt dff dO dO 
becomes 

gma^ + 4m'a^ 2^ + WaJcos'(^^ ^) ^ 

+ 4m'a5 sin [6 - ^) T-^J = _ 2 («i + 2 w') ^a sin ^, 
and in the same way the equation 

dt d^* d^ d<f> 
becomes 

- mV -^ + 4m'a5 cos {0 — ^) -^^ 

— Am'ab sin (^— ^) (•^j = — 2»i'^J sin ^. 
These equations however cannot be easily solved. 



201. Prop. To explain the principle of the co-existence of 
small oscillations. 

It has been proved that the motion of any system is made 
up of a number of simultaneous oscillations whose general 
type is 

k sin {Xt + tc). 

Each of these motions is called a simple oscillation, and if the 
initial conditions bje properly chosen, any one term will ^ive 
the law of motion, and the system will make small oscillations 
analogous to those of a simple pendulum. Thus the general 
motion of a svstem of bodies is made up of all the simple 
oscillations of which it is capable. The number of such 
simple oscillations is not necessarily equal to the number of 
moveable bodies, but is equal to the number of independent 
motions. When the periods of all these simple oscillations 
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are commensurable, the whole system will return to the same 
state in a period equal to the least common multiple of these 
periods. 

202. Prop. If a system of bodies he in equilibrium under 
the action of any forces^ to determine whether the equilibrium is 
stable or unstable* • 

Let the system receive any small disturbance and let the 
type of the consequent motion be Asin(\<4-Ac). Then, fol- 
lowing the same notation as before, the equation to deter- 
mine \ is found by eliminating the ratios k : k' : k" : &c. 
from the equations 



dk dk 

&c. = 



(!)• 



Multipljring these equations respectively by 4, k\ &c. and 
adding we get, since T^ and U^ are homogeneous functions 
of the second orderf, 

X'^7; + 2D; = 0; 

•*• ^ ~ — m^ (2). 

There are three different forms which the type of motion 
may assume according to the nature of the values of X. If 
all the values of X* are positive, the type of the motion is 

Asin(\<4-«). 

In this case the motion consists of a number of simultaneous 
small oscillations about the position of rest. The system 
never departs far from its position of rest, and the equi- 
librium is said to be stable. If any value of 7^ be negative, 
the corresponding trigonometrical expression takes the form 

A^ + Be--^. 

* Bee Lagrange's Micanique Analylique; DuhameVs Oours de Micaniqw, 
Vol. II.; and Vieille's Cowrs Complimentaire cT Analyse et de Miccmigue 
RationeUe. 

t Todhunter's Diff. Gate, Chap. vni. p. loS. . 
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In this case the motion is said to be unstable, for 0, <(>, &c. 
will generally become large if a sufficient time t has elapsed. 
Lastly, if any value of V be imaginary, the corresponding 
trigonometrical expression takes the form 

{A^ + J?6-«*) sin {^t + 7) . 

In this case the motion is oscillatory, but as the magnitude 
of the oscillations continually increases with the time, the 
motion is said to be unstable. The motion about a position 
of unstable equilibrium is not necessarily such as to bring the 
body far from its position of rest. For if the initial conditions 
can be so chosen that the coefficients of all the terms of the 
form A^^ vanish, the motion will always be small. In such 
cases the equilibrium may be said to be stable for some dis- 
placements and unstable for others. 

When a system is in equilibrium, we know from Statics, 
that the force function U is either a maximum or a mini- 
mum*. First, let it be a minimum, then U— U^ is positive 
for all values of 0, ^,... less than certain finite limits. Now 
TJ^ is obtained from ?7— U^ by writing the very small quan- 
tities Jc, k\ &c., for 0, ^, &c. Hence U^ is also positive. 
Again, since T is the vis viva of the system, it is a function 
of 0\ (f)', &c., which is essentially positive for all values of 
0', <f>, &c. Hence T^ which is obtained from T by writing 
i, Jc\ &c. for ff, <f>', &c., is also positive. Hence, by equa- 
tion (2), the values of V corresponding to real values of 
i, k', &c. are negative. Therefore there can be no real term 
of the form k Bin {\t + fc). That is, the equilibrium is un- 
stable. 

Secondly, let U be a mxjm,mum, then TJ— U^ is negative, 
and therefore by the same reasoning as before U^ is negative. 
Hence by equation (2) the values of X* corresponding to real 
values of h, k\ &c. are positive. Therefore tne type of the 
vibration is k sin Qu + k). When k, 1c, &c. and therefore also 
in general \, are imaginary, the type of vibration becomes 
(^^4--S€"**) sin {^t + y). It remams to show that there 
will be no terms of the latter form. By the equation of vis 
viva we have 

T=2U+C. 

♦ Todhunter's Staticf, Art. 263. 
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Let T\ U* be the initial valiieft of T^ Z7, then we have 

Now since U^ is the xnazinwHi value of Z7, the quantities 
XL— U, and U^— U' sae both positive, and since the vis viva 
2^is essentially positive, it follows that T is always less than 
T' -^-2 {U^— IT). Hence the vis viva of the system never 
exceeds a certain limit depending on the initial conditions of 
motion. Hence the type of motion cannot contain any such 
term as [A^+Pir^) sm (fit-hy), for then the vis viva would 
go on continually increasing with the time. Hence the type 
of vibration is isin (}U + /ic), or the equilibrium is stable^ 

Any further discussion of the general equations of motion 
of a system of rigid bodies would be out of place in so ele* 
mentary a work as the present. The reader is therefore 
referred to Lagrange's Mieani^ue Analytiqwe. 

The two following iai:ides are taken from Praibt's Mecha- 
nical Philosophy. 

203. Principle of licast Action. If a system of parti- 
cles move under the infimnce of any forces, the value of the 
integral Xmjvds as the system passes from one given position 
to another is less than ij the particles had toJcen aohjf other 
course. 

In this principle the geometrical conditions are supposed 
to be such that the equation of vis viva will apply. 

This is called the Principle of Least Action; because, in 
general X . mfvds Is a miolmum. 

Let S be the symbol of variation in the Calculus of varia- 
tions: then 

S (S . mfvds) = 2 . m/S (vds) = 2 . mJ{vB . ds -f dsSff) 
^t.mJivB.djt + ^dtS.p^). 
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Suppose the partide m xe»ts on a curve surfece, axid that 
^ is the normal pressure, a, fi, y the angles of its directicm ; 
X, F, Zthe accelerating forces acting on w, then 

-^^X+-co8a, -^=r+-cos/3, _=Z+-cosTr. 

Let i = be the equation to the surface ; then 

cosa=.F^, ^fi^r^, cosry:=.r^; 

, 1 _dL\dL\dr 
wliere — ,^_+^ + ^, . 

Hence v^ = 2j{Xdx.+ Ydtf + ^«) + 2 1- F<?i, 

if the particle do not rest on a surface, 5 = 0; and if it do, 
still ttt=0; because we suppose the motion to be sujch, that 
particles on surfitces remain on the surfaces ; 

/. if =s 2f{Xdx +• Ydy + Zdz) = <^ (a;, y, a) + const. ; 

Again, da* =^da? + dy^-\- J«*, 

/. dsB.ds = dicS .da: + rfyS . dy + di^S . dz ; 

.\ vS.ds^-^B^dx + '^S.dy^ -^iB.dz. 

Hence|/t?S.A+^£?eS.v')^^Sa? + ^Sy + J.«;5+const. 

and at the limits Sx ^0, 8y = 0, S^ = 0, because the first and 
last positions are giyen ; 

/. j(vS.ds + ^dtS.A=<}y 
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and %mfvd8 is a maximum or minimmn. It is evidentlja 
minimum, because a path of an indefinite length can always be 
found for any particle of the system. 

Cob. 1* Since ds = vdt we learn that S . mfv^dt is a mini- 
mum, or the quantity of vis viva generated or expended during 
any given time is a minimum. 

Cor. 2. If the system consist of only one particle moving 
on a surface, and no forces but the normal pressure act, then 
^vds is a minimum : but t? is a constant, therefore jds is a 
minimum, or the particle will describe the shortest curve line 
that can be drawn on the surface between its positions at the 
beginning and end of the time t. 

If we compare the principle of least action with the 
principles of the conservation oi the motion of the centre of 
gravity, of the conservation of areas, and of vis viva, we see 
that this principle only serves to determine the equations of 
motion, and is therefore comparatively useless since these 
are found by much simpler means ; but the other priiusiples, 
which develope important properties, have the advantage of 
furnishing three general integrals of the equations of motion, 
which are in most problems the only integrals that can be 
found. 

Prop. To show that the calculation of the motion of a ma- 
terial system may he made to depend upon the integration of a 
single function. 



204. We shall show this by proving a new dynamical 
principle discovered by Sir. W. R. Hamilton an4 published 
in the Philosophical Transactions, 1834. 

We have seen. Art. 189, that the Principle of Virtual 
Velocities leads us to the dynamical equation 



hown in Art. 186 that 
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is a perfect differential coefficient with respect to t for all the 
forces which exist in nature ; viz. forces tending to the centre 
of the particles of the material universe, whether fixed or 
moveable. Let therefore the second side =2(f/4-^), S 
being independent of t : and let 2 T be the vis viva of the 
system at the time t; T^, ffg the values of T and H when 

... T'-U+H, and2;=Z7, + 5: 

Now if the initial circumstances of the motion be varied, 
then H will vary, and so also will T and Ui let h be the 
symbol of these variations ; 

^ (dx^dx , dy^dy . dz ^dz] 
or 2.m |-^o-7- + -^o-f■ + -7-o-T-^ 
lrf« dt dt dt dt dt) 

Now let the accumulation of the vis viva from the com- 
mencement to the termination of the time t be F; 

^ •••-=/>-»©^(IT-(l)"*-- 

Then F is a function of the initial and final co-ordinates 
of the material particles, and 
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H^ being a fiinction of the initial co-ordinatefl a, ft, c 

But when t^O^ B F= 0, hence 

From this equation we obtain the following groups of 
equations; x^y^z^ being co-ordinates to rA^ 



SF 



dx^ SF 



a. 



efa?. 



Seeond group, 






<ft * s«, 



<2« 



{A). 



SF <ia, SF do. 



"^1 

SF 



db. SF 



<2( 
db. 



U-~"'''W' K — "*»W- 



Sc, 
Lastly, 



SF rfc. SF do. 



(5). 



BE /' 



.(0). 
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The problem is tbcfefote redttcfed to finding tbe fdnction F, 
which Sir W. K. Hamilton denominates the ekaracteristic 
fwncHon of the motion of a system. When V is calculated, 
then, by eliminating 5" from the eqnations [A), (C), we shall 
have the 3n integrals of th^ first <»der of the equations of 
motion by simply difierentiating V. And by eliminating H 
from the equations (J?), (C), we have the 3n final integrals 
by simple differentiation. 

It may be observed that V must satisfy the two following 
partial differential equations> 



U+H, 



, + B. 



These equations furnish the principal means of discovering the 
form of the function F, and are of essential importance in 
Sir W. K. Hamilton's Theory. 

The equation (a) is denominated the law of varying 
action. 

205. "It has been shewn by Lagrange and others, in 
treating of the motion of a system, that the variation ZV 
vanishes when the extreme co-ordinates and constant H are 
given (Art. 203) : and they appear to have deduced from this 
result only the principle which is called the law of least actions 
namely, that if the particles of a system be imagined to move 
from a given set of initial to a given set of final positions, not 
as they do, nor even as they could move consistently with the 
general dynamical laws, or differential equations of motion, but 
so as not to violate any supposed geometrical connexions, nor 
that one dynamical relation between velocities and configura- 
tion which constitutes the law of vis viva : and if, moreover, 
this geometrically ima^nable, but dynamically impossible 
motion, be made to differ infinitely little from the actual 
manner of motion of the system, between the given extreme 
positions, then the varied value of the definite integal called 
action^ or the accumulated vis viva of the system in the motion 
thus imagined, will differ infinitely less from the actual value 
of that integral. 
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" But when this principle of least action, or,"*' as Sir W. R. 
Hamilton proposed to call it, " of stationary action, is applied 
to the determination of the actual motion of a system, it serves 
only to form, by the rules of the Calculus of Variations, the 
differential equations of motion of the second order, which can 
always be otherwise found," 

In this, then, appears the excellence of this new principle 
called the law of varying action^ that we pass &om an actual 
motion to. another motion dynamically possible, by varying 
the extreme positions of the system and (in general) the 
quantity Hi but more especially that it serves to express, 
by means of a single function, not the mere differential 
equations of motion, but their intermediate and their final 
integrals. 

We hope that the slight sketch we have given of this 
new principle will tempt our readers to consult the original 
Memoirs in the Transactions of the Royal Societr of London 
for the years 1834, 1835, from which this notice has been 
gathered. 



EXAMPLES. 

1. A uniform rod is moving on a horizontal table about 
one extremity, and driving before it a particle of mass equal 
to its own, which starts from rest indefinitely near to the fixed 
extremity ; show that when the particle has described a dis- 
tance r along the rod, its direction of motion makes with the 
rod an angle 

tan-*-=L=. 

2. A thin uniform smooth rod is balancing horizontally 
about its middle point, which is fixed ; a uniform rod such as 
just to fit the base of the tube is placed end to end in a line 
with the tube, and then shot into it with such a horizontal 
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.Telocily that itB middle point shall ionljr just reach tiiat of the 
tabe, supposing the velocity of projection to be known, find 
the angnlar yelocitj of the tube and rod at the moment of the 
coincidence of their middle points. 

BesuU. If m be the mass of the rod, m! that of the tube, 
and 2a, 2a' their respective length, v the velocily of the rod's 
projection, o» the required angular velocity, then 



mc? + w a* * 

3. A fine circular tube, carrying within it a heavy par- 
ticle, is set revolving about a vertical diameter. Show that 
the difference of the squares of the absolute velocities of the 
particle at any two eiven points of the tube equidistant from 
the axis is the same for all initial velocities of the particle and 
tube. 

4. A screw of Archimedes Is capable of turning freely 
about its axis, which is fixed in a vertical position : a heavy 

S article is placed at the top of the tube and runs down 
irough it ; determine the whole angular velocity communi- 
cated to the screw. 

Result Let n be the ratio of the mass of the screw to 
that of the particle, a = the anffle the tangent to the screw 
makes with the horizon, A the height descended by the par- 
ticle. Then the angular velocity generated is 



v^ 



2gh cos' a 



(wi+ l).(n + sin*a) ' 

5. A cone of mass m and vertical angle 2a can move 
freely about it axis, and has a fine smooth groove cut along its 
surface so as to make a constant angle )8 with the generating 
lines of the cone. A heavy particle of mass P moves along 
the groove under the action of gravity, the system being 
initially at rest with the particle at a distance c from the ver- 
tex. Show that if ^be the angle through which the cone has 
B. D. 19 
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turned when the particle is at anj distance r from the yerte:st, 
then 

«iA*-fPc»sin"a" 
h being the radios of gyration of the cone about its axis. 

6. Two equal beams connected by a hinge at their 
centres of gravity so as to form an X are placed symmetrically 
on two smooth pegs in the same horizontal line, the distance 
between which is J. Show that, if the beams be perpen- 
dicular to each other at the commencement of the motion, the 
velocity of their ce ntre of g ravity when in the line joining the 

pegs is equal to \/ irvi^y where k is the radius of gyration 

of either beam about a line perpendicular to it through its 
centre of gravity. 

7. A lamina of any form rolls on a perfectly rough 
straight line under the action of no forces ; prove that the ve- 
locity V of the centre of gravity O is given by 

v^ = (? 



r^ + A*' 



where r is the distance of O from the point of contact, and Jc 
is the radius of gyration of the body about an axis through G 
perpendicular to its plane, and c is some constant. 

8. If an elastic string, whose natural length is that of 
a uniform rod, be attached to the rod at both ends and 
suspended by the middle point, prove by means of vis viva 
that the rod will sink until the strings are inclined to the 
horizon at an angle ^, which satisfies the equation 

^0 e 

cof - — cot - — n = 0, 

J* A 

where the tension of the string, when stretched to double its 
length, is n times the weight. 



I 
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If the string Tje suspended hj a point, not in the naiddlo, 
write down the equation of vis viva. 

9. Two smooth equal beads which can slide on a wire 
bent into the form of an ellipse are placed at rest at the 
opposite extremities of any diameter. Supposing the ellipse 
to be freely moveable, and that the particles attract each 
other with a force which varies inversely as the square of the 
distance, determine the angular velocity of the ellipse at the 
moment when the beads are at the opposite extremities of 
the minor axis. 

10. A circular wire ring, carrying a small bead, lies on a 
smooth horizontal table; an elastic thread the natural length 
of which is less than the diameter of the ring, has one end 
attached to the bead and the other to a point in the wire ; 
the bead is placed initially so that the thread coincides very 
nearly with a diameter of the ring ; find the vis viva of the 
system when the string has contracted to its original length. 

11. A tube of given length is formed into a curve having 
its extremities at two fixed points in a horizontal line, a 
uniform chain of the same length as the tube is placed en- 
tirely within it and then slightly disturbed, determine the 
form of the tube that the velocity of the chain when it quits 
the tube may be as great as possible. 



12. A beam whose mass is M is fixed at one end G, 
about which it can move freely in a smooth horizontal plane, 
and a string with a mass M' at its extremity is attached to 
the other end of the beam ; if the whole be set in motion on 
the horizontal plane, so that the string shall remain constantly 
stretched, determine the motion. 



13. A chain fixed at two points to a vertical axis re- 
volves uniformlv about it, find tne difierential equation of the 
curve which it forms by the condition that the function which 
expresses the total work of the forces shall be a maximum, 
and show how the arbitrary constants are to be determined. 

19—2 
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14. A small insect mores along a uniform bar of mass 
\ equal to itself, and length 2a, the extremities of which are 

constrained to remain on the circumference of a fixed circle, 

2a 
whose radius is ^ • Supposing the insect to start from the 

middle point of the har, and its velocity relatively to the bar 
to be uniform and equal to V; prove that the bar in time t 
will turn throu^ an angle 

15. A heavy circular disc is revolving in a horizontal 
^ plane about its centre which is fixed. An insect walks firom 

the centre uniformly along a certain radius and then flies 
away. Determine the whole motion. 

16. The extremities of a rigid rod are constrained to 
move on a smooth fixed wire in the form of a curve on a 
horizontal plane, determine the point from which a small 
animal must begin to move along the rod with a given rela- 
tive velocity, in order that the initial angular velocity thus 
communicated to the rod may be the greatest possible. 

17. A uniform circular disc moveable about its centre in 
its own plane (which is horizontal) has a fine groove in it cut 
along a radius, and is set rotating. A small rocket whose 

weight is - tie weight of the disc is placed at the inner ex- 
tremity of the groove and discharged ; and when it has left 
the groove, the same is done with another equal rocket, and so 
on. Find the angular velocity after n of these operations, 
and if n be indefinitely increased, find the limiting value of 
the same. 

18. A straight tube of ^ven length is capable of turning 
^ freely about one extremity in a horizontal plane, two equal 

particles are placed at different points withm it at rest, an 
angular velocity is given to the sjrstem, determine the velocity 
of each particle on leaving the tube. 
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19. A ri^d body is rotating about an axis through its 
centre of gravity, when a certain point of the body becomes 
suddenly fixed, the axis being simultaneously set &ee ; find 
the equations of the new instantaneous axis ; and prove that, 
if it be parallel to the originally fixed axis, the point must 
lie in the line represented by the equations 

cFlx + Vmy + (?nz = 0, 
(y_c^| + (c»-a»).J+(a'-i')i = 0; 

the principal axes through the centre of gravity being taken 
as axea of co-ordinates, a, &> c the radii of gyraiion about 
these lines, and 2, m, n the directipii^OflUDies Qf the originally 
fixed axis referred to them. 

20. A circular disc is revolving in its own plane about 
its centre ; if a point in the ciicuraference become fixed, find 
the new angular velocity. 

21. Show how to deduce the equation of via viva 
r?= 2Z7+ C firom the equations of Art 198. 
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CHAPTER VIIL 

ON IMPUL&ITE FORCES. 

Sect. I. General Principles. 

206. In order to understand the nature of an impulse, 
let us £rst take the simpler case of motion in two dimensions. 

If a force F act on a body of mass m always in the same 
direction, the eq^uation of motion of the centre of gravity is 

dv_F 

where t; is the velocity of the centre of gravity at the time t. 
Let'Tbe the interval during which the force acts, and let t?, v 
be the velocities at the beginning and end of the interval. 
Then 



/> 



f'-r="^J* (1). 



m 



Similarly if ^ be the perpendicular from the centre of 
gravity on the line of action of Fy we have 

d^_ Fp 
dt 'mJ^' 

where o> is the angular velocity at the time t Let a>, oi' be 
the angular velocities of the body at the beginning and end 
of the interval T. Then 



rFpde 
= i2 
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Now suppose the force F to increase without limit, while 
the interval T decreases without limit. Then I Fdt may 

Jo 

have a finite limit. Let this limit be P. Then the equation 
(1) becomes 

»'-« = £ (3). 

The velocity in the interval T has increased or decreased 
firom V to v\ Supposing the velocity to have remained finite, 
let V be the greatest value of the velocity during this in- 
terval* Then the space described is less than VT. But in 
the limit this vanishes. Hence the centre of cavity has not? 
moved during the action of the force F. It has not had 
time to move, but its. velocity is suddenly changed from 
t; to t?'. 

In the same way the angle turned through by the body 
in the time T. is zero. Hence p will not be altered during 
the action of the force. The equation (2) then becomes 



-« = -la 



0) — 0) 



p \ Fdt 



mJ^ 



These two equations completely determine the change in 
the motion of the body due to the action of the force F. 

207. Such a force is called an impulse. It may be de- 
fined as the limit of a force which is infinitely great, but acts 
only during an infinitely short time. There are of course no 
sucn forces in nature, but there are forces which are very 
great, and act only during a very short time. The blow of 
a hammer is a force of this kind. They may be treated as 
if they were impulses, and the results will be more or less 
correct according to the magnitude of the force and the short- 
ness of the time of = action. They may also be treated as if 
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the^ wefe finite forceiEi, ibid fte dispkbem^nt of ibt body 
during l^e time of action of the force maj be found. 

The quantity P may be taken a^ the nieasure of the 
force. An impulsive force is measured by the whole mo- 
mentum generated bj the impulse. 

208. Pbop. In determining the effect of an imptdae on a 
hod^, Ae eff^ df (M jlrdte farced which aet dn the hod^ ai the 
same time fMx^ he omit^i 

Fot let. a finite forc^/act on a bodj at the (Slime time 
as an impulsive force F. Then as before w^ havc» 



f^Fdt j^dt 



m m 

m m ' 

But in the limit /T vanishes. Similarly the force/ may 
be omitted in the equation of moments. 

209. Prop. To obtain the general equations of motion 
of a system acted on by any number of impulses at once* 

Let w, V, w, w', v\ vi be the velocities of a particle of 
mass m parallel to the axes iust before and just after the 
action of the impulses. Let Jl ', Y\ Z* be the tesolved parts 
of the impulse on in parallel tcf the asres. 

Taking the notation of Chap. 11. we have the equation 
or integrating 



zm -CT =sS«fc-Xi 



£^(u -t*) = S«ii Xd^ 
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Similarly y^ hive the eqturtkms 

tm (v' - v) =2mr (2), 

tm{to^-'w) = tihZ' (3). 

Again the e^iiatidii 

becomes on integration 

or taken between limits, 

Sm{«(t/-v)^y(u'-ii)}±=2w(a?r-yjr') (4), 

a&d ihib other two equations become 

S^{y(w'-to)-«(t;'-f?)HSw(y-^'-«r)......(5), 

Sm{*(t/--«)-a5(w'-w)}±=S«i(«X'-^Z') («). 

In all the following investigations it Will be found eon* 
yenient to Hse accented letters to denote the states of motion 
after impact which corre3pond to those denoted bj the siEune 
letters unaccented before the action of the impulse. 

210. Prop. To prove ike principh of the conaervaiion 
of the centre of gravity Jur d s^^iem uct&d on by any impulses. 

This general priiiciple inay be deduced from the equations 
obtained m the last article. But they may Itlso be easily 
obtained from the definition of an impuMve force. Let F 
be any finite force acting on a body durmg an interval of 
time T. The motion of the centre of gravity O is the same 
as if the whole fdttk acted dn the whole mass collected at O. 
If this be true for all Values of F and T, it will be true when 
i^is infinitely great and T infinitely small* The same rea- 
soning will apply if there be more than one impulse acting 
on the body at the same moment. 
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It maj be shown in the same wa^ that the motion round 
the centre of gravity is the same as if that point was fixed. 

It follows from this principle that If a system of bodies 
be in motion, the motion of the common centre of gravity of 
the whole system is not in any way affected by any explosions 
or impacts which may take place between the homes. 



Sect. II. Motion of a Sinale Body acted on by any 
Impulses. 

211. Prop. A body in motion about a fixed axu is acted 
on by any impulsive Jbrces. It is required to find the pressures 
on the axis. 

Let the fixed axis be taken as the axis of 0, let x^ y, z be 
the co-ordinates of any particle m of the body w, v, «<?, u\ v\ w 
its velocities parallel to the axes just before and just after the 
impulses. Let X, F, Zbe the impressed moving impulses on 
this particle parallel to the axes. Also let o>, ©' be the angular 
vetocities of the body just before and after the impulses. 

. The impulsive pressure on the axis can be reduced to two 
forces acting at any two points on the axis. Let the ordi- 
nates of these points be a and cl. Let F^ Oy JST, F\ G\ H' 
be the resolved parts of the impuUes of the axis on the body 
at these points. ' 

Then we have the following equations of motion : 
tX+F^-F'^tm{u'^u) 

^ — %my.{<iaf — to) 

^-M.y,io,'-to) (1), 

since u'=i^ym and tt = — y©. 
Similarly, we have 

XY+G+0'^tm{v'-v) 

= + 2wa? (©' - ©) (2), 

s= 4" J/5 («' — ©), 
Since v' = xw' and v = xw. 

Also tZ+H + H' = ....(3). 
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So also taking m6inents about the axes 

= - {Xmxz) («' - 6>) (4). 

Similarly, 

t {zX - xZ) + Fa + F'a' ^tm{z {u' -u) ^ x(w - w)}, 

^ - {tmyz) (©' - ft)) (5), 

S(a?r-yX) =Sm(ai'+3^(ft)'-.ft>) (6). 

The6fe dix: eqtdtions suffice to determine 6>', F, F\ O, G' 
and the sum H-i-H* oi the two pressures along the axis. 

'212. These equations can be greatly simplified, first by 
taking the plane oixz to contain the centre of gravity of the 
body, and secondly^ when possible, so choosing the origin that 
the axis of « is a principal axis in the body at that point. 
The equations then become 

tX+F-vF'^Q, 

tZ+E+H'^0, 
t{yZ-'zY)''Ga-'G*a!^0, 
t(zX-'XZ) + Fa-^F'ci^O, 
t{xY-yX) =2m(a:» + y»).(a>'-ft>). 

213. When the fixed axis is given and the body can be 
so struck that there is no impulsiye nressure on the axis, any 
point in the line of action of the force is called a centre of 
percussion. 

When the line of action of the blow is given, the axis 
about which the body begins to turn is called the axis of 
spontaneous rotation. It obviously coincides with the position 
of the fixed axis in the first case. 
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214. Pbop. a body is oapabk of turning fredjf abeut a 
fixed axis. To determine the conditions thaJt there ehcM be a 
centre of percussion and to find Us position. 

Take the fixed axis as the axis of Zy and let the plane of 
xz pass through the centre of gravity of the body. Let X, 
F, ^be the resolved parts of the impulse, and let f , «;, ? be 
the co^ordinateer of any point in its line of action. iLet M. k'* 
be the moment o£ inertia of the body about the fixed axis. 
Then since y = 0, the equations of motion are 

X*:0 1 

r= Mx (»'-©) i (1), 

i;Z- {:r= - («' - ») tmxz \ 

fX-fZ— («'-«) Smy«L {i). 

The impulsive pressures on the fixed axes axe omitted because 
by hypothesis they do not exist 

215. From these equations we may deduce the follow- 
ing conditions. 

First From (1) we see that X= 0, ir= 0, and therefore 
the force must act perpendicular to the plane containing the 
axis and the centre of gravity. 

Secondly. Substituting firom (1) in the first two equations 

of (2) we have iSnty^ssO, and fa= ^ . Since the origin 

may be taken anywhere in the axis, let it be so chosen that 
Xmxz = 0. Then the axis of « is a principal axis at this 
point and (^=0. Hence the fixed axis must be a principal 
axis at the point where a plane passing through the line of 
action of the blow perpendicular to the axis cuts the axis. 

Thirdly. The condition that there may be a oentre of 
percussion, is, that the axis must be a principal axis of the 
body at some point in its length. See Art. 15. 

Fourthly. Substituting from (1) in the last equation of 
(2), we have ? = -=r-. But, by Art 37, this is the equation 
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to detenmne the eentpe <S oaciUation of the bod j aboat the 
fixed Axis treated as an axis of 8Tiflff)ensioii« Henoe the cen- 
tres of percoBsion lie in the plane drawn through the centre 
€i oscillation parallel to the fixed axis. If the fixed axis 
be parallel to a principal axia at 1^ centre of gravity, the 
centre of oscillation coincides with a centre of percussion. 

216. These results may be represented geometrically by 
reference to the momental ellipsoid at the centre of gravity. 
Take anv central section of this ellipsoid, and let Cfy, 6z 
be the pnncipal diameters of the section, and OP the diametral 
Une. !Draw a plane Oxz through Ga either of these prin- 
cipal diameters, perpendicular to Cfy the other. Then by the 
third condition, any straight line in the plane Oxz parallel to 
Oz may be taken as an axis of rotation. See Art. 15. 

By the first condition the line of action of the blow must 
be parallel to Qy the other principal diameter, and by the 
fourth condition the product of its distance firom the plane 
of y^; into the distance of the axis of rotation from the same 
plane is equal to the square of the radius of gyration about 
Gz. Lastly, the line of action of the blow must pass through 
the diametral line 0P\ for let the equation to the momental 
ellipsoid be 

U=^Aa?-\- By*+ Cz*-2Ezx -2^ajy - €* = 0. 

The equations to the diametral line of the plane of yz 
are 

2dy * 



|f=«-^ 



= J 



The co-ordinates of the point of application of the blow 
C E 

are (since (7= Mh"), a? = j^ , ^^^Mx' *^^ ^ ™^^ ^^^^ ^^^ 
value. These co-ordinates evidently satisfy the above equa- 
tion. Hence the line of action of the blow passes through 
the diametral line. 
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The ellipsoid of gyration at the centre of gravity ma^ 
be used in a similar manner to interpret the results of Art. 
215. Construct any ellipsoid confocal with the ellipsoid of 
gyration. Then by the second condition a normal to this 
ellipsoid at any point P may be an axis of rotation. 

By- the second condition, the line of action of the blow 
must lie in the tangent plane at P, see Art. 21. Draw OL 
a perpendicular from the centre G on the tangent plane at P, 
and join PL. Then by the first condition and Art. 22, the line 
of action of the blow is perpendicular to PL. Let it cut PL 
in Q, then by the fourth conoition PL. QL = A^, where k is the 
radius of gyration about GL. If the " subsidiary" ellipsoid 
he the ellipsoid of gyration, then Jc== GL (Art. 12), and 
therefore the sphere described on PQ as diameter passes 
through G ; hence GP, G^§ are at right angles. 

217. There is one case of rotation in which the results 
become so simple as to merit a particular discussion. This is 
when the fixed axis of rotation is perpendicular to a principal 
plane at the centre of gravity, and when the body is acted 
on only by a single impulse whose line of action is in the 
principal plane and perpendicular to the plane containing the 
axis of rotation and the centre of gravity. 

Let the fixed axis of rotation cut the principal plane in 
the point S, then, as proved in Art. 19, it is a principal axis 
in the body at 8. Let 8 be one of the points at which the 
axis of rotation is fixed, and let 8' be any other, where 
88' = a. Let the impulse It act at some point P in the 
straight line 8G where GP==x. Also let 8G^h. Then 
the equations of Art^ 212 become 

F+F'^0 
R+G+G'^Mh{tD*^w) 
G'a^O 
P'a = 

ii(a: + A)=if(i^+A*)(a,'-a)) J 
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Hence « -'» = ]tf^^;^TA') 

The resultant impulsive action at the axis of rotation 
therefore passes through the point S and is perpendicular tp 
the straignt line 8GP* 

The impulsive action G vanishes when x^ -^ , hence a 

centre of percussion always exists and coincides with the 
centre of oscillation, 

218. When a free body turning with any angular velocity 
about an instantaneous axis strikes against an obstacle, it 
would seem that the effect of the impact is greatest if it be 
made at the centre of percussion; for in this case, the 
obstacle receives the whole motion of the body ; whereas if 
the blow be struck in any other point, a part of the motion of 
the body will be employed in endeavouring to continue the 
motion. But this is not necessarily true. 

219. Prop. A free lamina of any form is turning in its 
own plane about an instantaneous centre of rotation 8 and im- 
pinges on an obstacle at P, situated in the straight line joining 
the centre of gravity O to 8. To find the point P when the 
magnitude of the blow is a maximum. 

The following investigation will also apply if the body 
instead of being a lamina, be such as that described in 
Art. 217. 

First, let the obstacle jP be ajucedpoint. 

Let OP^x, and let R be the force of the blow. Let 
SG^hy and let a>, «' be the angular velocities about the 
centre of gravity before and after the impact. Then A© is the 
linear velocity of G just before the impact ; let v' be its linear 
velocity just after the impact. 
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We have the equiitionfl 

M 



(1). 



and supposing the point of impact to be reduced to rest, 

t;' + aH»' = (2). 

Substituting for © and v* from (1) in equation (2), we get 

aj + A 



R^Mto.l? 



aj^ + i"* 



This is to be made a maximum. Equating to £ero its 
differential coefficient with respect to a?, we get 

a?+2Aa?-i* = • (3); 

A aj = -A± VFTP. 

One of these values of a? is positive and the other negative. 
Both these correspond to maoDimum points of percussion, but 
opposite in direction. Thus there is a point P with which 
the body strikes in front not only more forcibly than with 
the centre of percussion itself, but also more forcibly than 
with any other point ; and at the same time there is another 
point P' with which the body strikes with the greatest pos- 
sible force, but it does so in the rear of its own translation 
through space*. 

Let k' be the radius of gyration about the instantaneous 
axis of rotation, then 

.'. 8P^±k'. 
Hence the two points P, P' are at equal distances from 8. 

* Poinsot, Sur la percussion des corps, LiouTiUe's Journal, 1857 ; translated 
in the AnndU of PhUotophy, 1858. 
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Also If be the centre of oscillation witli respect to >S as 
a centre of suspension, 8G . 80 = k'*; 

.\ 8P'=^SG.80. 
Since GFj OP' are the roots of the quadratic equation (3), 

GP. GP' 

the latter equation shows that if P be made a point of sus- 
pension, P is the corresponding centre of oscillation. It is 
easy to see that PP' is harmonically divided in G and O. 

220. 8econdly^ let the obstacle he a free particle of mass m. 

Then, besides the equations (1), we have the equation 
of motion of the particle m. Let F' be its velocity after 
impact, 

.-. F' = | (4). 

The point of impact in the two bodies will have after 
impact the same velocity, hence instead of equation (2) we 
bave 

V'^v' + Xfo (5). 

Substituting for o>', t;', V from equations (1) and (4) in 
equation (5), we get 

This is to be made a maximum. Equating to zero its 
differential coefficient with respect to a?, we get 



a?+2Aaj = i?(l+^) (6); 



This point coincides with that foimd when the obstacle 
was fixed, only when m is infinite. To find when it coincides 
with the centre of oscillation, we must put i* = xh. This 

E. D. 20 
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wi "" h 



gives — =^^ , or if l^x + hhe the length of the simple 



equivalent pendulum, — = t • 

j> 

Since F' == — , it is evident that when £ is a maximnm 
m 

V is a maximum. Hence the two points found by equation 
(6) might be called the centres of greatest communicated 
velocity. 

221. There are other singular points in a moving body 
whose positions may be found ; thus we might inquire at what 
•point a body must impinge againt a ^fioced obstacle, that Jlrst 
the linear velocity of the centre of gravity might be a maxi- 
mum, or secondly^ that the angular velocity might be a 
maximum. These points, respectively, have been called by 
Poinsot the centres of maximum Reflexion and Conversion. 
Referring to equations fl) in Art. 219, we see that when v 
is a maximum R id eitner a maximum or a minimum, and 
hence it may be shewn that the first point coincides with the 
point of greatest impact. When 6>' is a maximum, we have 
to make 

Bx 

Substituting for -B, this gives 

a^«2^a-*» = (7). 

If be the centre of oscillation, we have 00 = y^. Let 

this length be represented by A'. Then the equation (7) becomes 

a?-2A'a;-i»=:0 ...(8). 

The roots of this equation are the same functions of K 
and Ic that those of equation (3) are of h and hy except 
that the signs are opposite. Now 8 and are on opposite 
sides of Oy nence the positions of the two centres of maximum 
Conversion bear to and O the same relation that the 
positions of the two centres of maximum Reflexion do to iS 
and O. If the point of suspension be changed from 8 to 0, 
the positions of the centres of maximum Reflexion and Con- 
version are interchanged. 
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222. Prop. To determine the general equcMons of motion 
cf a hody cAaut a fixed point under the action of given imr 



Let the fixed point be taken as origin, and let a;, y , 2? be the 
co-ordinates of a particle m. Let w, u, w, w', v\ vi be the velo- 
cities of this particle parallel to the axes before and after 
impact, and let X, F, Z be the impulses on w, and i, -Jf, N 
the moments of all the impulses on the bodj about the axes 
of a?, y, «. And let ¥^ G^H\^ the impulsive pressures of the 
fixed point on the body. 

By D' Alembert's Principle the equations of motion are 

2w{aj(v'-t?)-y(t^'-w)} = -2^ (1), 

and two similar equations, 

2w(M?'-t(?)==2Z+jgr... (2), 

and two other similar equations. 

Let Wa.', tTy , w^ be the angular velocities gen&rated hy the 
impulses about the axes of co-ordinates. 

Then . i^' - m = an^z — m'y 

&c. = &c. 
Substituting, we get 

2m {(a? + y") »,' — zxto^ — zyto^] = N. 
Let -4, -B, (7 be the moments about the axes. Then we 



,(3). 



have 
similarly, 



(7g),' — (Zmzx) (oj — {^mzy) cdJ =N, "] 

^a>;- (Smxy),o>J - {tmxz) «.' = i h W* 

jBtt)/ — (tmyz) ©,' - (^myx) <o^=^M] 
These three equations will suffice to determine the values 
of ©«', fi)y', fi),'. These bein^ added to the angular velocities 
before the impulse, the initial motion of the body after the 
impulse is found. 

^ 20-2 
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It IB to be observed that these equations leave the axes 
of reference undetermined. They should be so chosen that 
the values of -4, tanxyy &c. may be most easily found. If 
the positions of the principal axes at the fixeoL point are 
known they will in general be found the most suitable. 

In that case the equations reduce to the simple form 

Ba>; =ilf [ (5). 

The values of ©/, ©^', «/ being known, we can find the 
pressures on the fixed point. For one of the equations (2) be* 
comes by substitution from (3) 

= 3f . (a>;5-6>;y) (6), 

where Jtf is the mass of the body, and Xy y, z the co-ordinates 
of the centre of gravity. Similarly the other equations be- 
come 

2r+G^ = 3f(a>;5-a).'i), 

tZ+H^M(to:y^to^x). 

223. If the body be £ree, the motion round the centre of 
gravity will be the same as if that point were fixed. Hence 
the axes being any three straight Imes meeting at the centre 
of gravity, the an^ar velocities of the body may still be 
found by tie equations (4) or (5). The motion of the centre 
of gravity may be found from (2). Let w, v, w^ w, v , w' be 
the resolved parts of the velocities of the centre of gravity 
before and after the impulses, and let if be the whole mass. 
Then these equations become 



w 


-t5 


tz 


U ' 


-S 


tx 


i'- 


- V 
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224. Ex, A portion of a parabola hounded hy an ordi- 
nate FN^ the axis ONj and the curve OPy has its vertex 
fixed. A blow P is given to it perpendicular to its plane at the 
other eoOremity of the curved boundary. Supposing it at rest 
before the blow ^ find the initial motion. 

Let the ec[aatIon to the parabola be 




Then 2maj« = 0, 27?iy« = 0. 

Let /t be the mass of a unit of area, and M the whole 
mass, 

and Sma:^3=/t jjxydxdy^^iMJx^ dx -^^ 



=Jf 



2filaai?dx-- 
Vo? 



'■fiac* 



aj=0 
x^c 



where 0N= C. 

Also *^^3 ^l y'^ = 7T/^*c* = -^»"5- i 

B:^ fij a^ydx^j/iaici =^M Yf 

and the equations are 

2 ,— 

-4fi). - g a(5'fi)„*=— P, 2 vac 

2 

whence o. a»y may be easilj found. 
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And tlie presstufes on the fixed point mkj be found firom 
the equations 

F=0, (? = 0, 

The axis about which the body hegim to turn makes an 
angle with Ox^ whose tangent is 

tantf = ^, 



and the initial angular velocity = ^/a>^ + <»/. 

But the body will not continue to rotate about this axis 
unless it be also a principal axis. 

225. Prop. A body at rest having one point Jlxed is acted 
onhy an impulsive couple G^ to determine the initial motion. 

Take the principal axes at the fixed point as axes of re- 
ference. The equations of motion are 

Ao>^ = Lf jB®y = if, 0(0,^ Ny 

where V + M* + N^=GP. 

Hence the equations to the initial axis of rotation are 

1 -"W^ N ••• ^*^- 

The eqi)ation to the plane of the couple is 

if + Jf^ + J«]:= (2). 

Let the momental ellipsoid 

. Aa? + ]^2/'+Cg?=^€' 

be constructed. Then (2) is the diametral plane of the straight 
line (1). Hence. the initial axis of rotation is the diametral 
line of the plane of the impulsive couple. 
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It follows that the initial axis of rotation is neVer per- 
pendicular to the plane of the couple, except when that plane 
IS a principal plane of the body at the fixed point. 

Let the area of the section of the ellipsoid formed by the 
plane of the couple G be F. Then 

ABCr "U B^ Cj .0^' 



ABC 

Let T be the vis viva of the body after impact, then, by 
Art. 194, 



CP ABC 



A'^ B'^ G' 



TT^ 7r^€« 



= a constant. 



We know by Art. 123 or 192, if the body be left to itself 
after the impulsive force has ceased to act, that the vis viva 
Twill be constant throughout the subsequent motion. 

226. Peop. To show that we may take moments about 
the initial axis of rotation as if it were a fixed axis. 

Let l,m,n he the direction-cosines of the initial axis of 
rotation ; let / be the moment of inertia, and ft the angular 
velocity of the body about it. Let (?' be the moment of 
the forces about the same axis. Then 

Hence the equations of motion become 

Aia=^L, Bmn=^M, CnQ = N. 
Multiplying these by Z, wi, n, and adding, we get 
{AP + Bm^ + aJ") 0,=:^ LI+ Mm+ Cm^ 

or i.a^a\ 
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227* Fbof. a body nt rest hetng acted on hy any tm^ 
pulses, it is required to find the condition that the resulting 
motion may he one of rotcUion only» 

It has been proved that the motion of any body cail 
always be represented by a motion of rotation about some 
axis, and a motion of translation in the direction of the axis. 
The condition that the motion may be one of rotation only is, 
by Art. 100, 

uodJ + tT©/ + w^o>J = 0. 

But substituting for S', &c., mj, &c., their values in terms 
of the forces given m Arts. 222 and 223, this becomes 

This condition is necessary, but not sufficient. It is also 
necessary that L, M, Nio not all vanish. 

228. Prop. Two bodies impinge on each other, to ex- 
plain the nature of the action that takes place between thenu 

When two spheres of any hard material impinee on each 
other, they appear to separate almost immediately, and a 
finite change of velocity is generated in each by their mutual 
action. This we have seen is the characteristic of an im- 
pulsive force. Let the centres of the spheres be moving before 
impact in the same straight line with velocities u, v. Then 
after impact they will continue to move in the same straight 
line, and let u\ v be the velocities. Let tw, m' be the masses 
of the spheres, li the action between them. Then we have, 
by Art. 209, 

m 



m 



(1). 



These equations are not sufficient to determine the three 
quantities u , t?', B. To obtain a third equation we must 
consider what takes place during the impact. 

Each of the balls will be slightly compressed by the other. 
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There will then obviously he two cases according as the 
bodies tend or do not tend to return to their original shape. 
In the first case they are said to be tnelasticj in the second, 
elastie. 

First, let the bodies be inelastic. While the bodies are 
being compressed, the motion is being propagated through 
their masses, but we may suppose that after a short time 7, 
both the bodies take up new shapes and no further action takes 
place between them. At this moment the two bodies are 
moving with the same velocity. The assumptions made are, 
first that the change of shape and structure is so small that 
the effect in altering Ihe position of the centre of gravity, 
and in altering the moments of inertia of the body, may be 
neglected, and secondly, that T is so small that the motion 
of the body in that time may be neglected. If for any body 
these assumptions are not true, the effect of impact must 
be deduced fix)m the equations of the second order. 

We have then just after the impact 

tt' = v' (2). 

This give^ 

E^ —r—f {u--v) (3), 

whence 

•' = ^1^ (4). 

Secondly, let the bodies be elastic. Then there will be It 
force of restitution as well as a force of compression. Let R 
be the whole action between the balls, and B^ the action that 
would have occurred if there had been no force of restitution. 
The magnitude of E must be found by experiment. This 
may be done by observing the values of u' and v\ and thus 
determining the whole action by means of equations (1). 
These experiments were made in the first instance by Newton, 

and the result was that -^ is a constant ratio depending on 

the material of the balls. This result has been confirmed by 
subsequent experiments. 
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j> 

Let the constant ratio -^ = 1 + 6. Then e is called the 

common elasticity of the substances impinging. It Is always 
less than unity. If 6 = 1, the substances are said to be 
perfectly elastic. 

The value of e being supposed known the velocities after 
impact may be easily found. The action must be first cal- 
culated as if the bodies were inelastic, then the whole value 
of jB may be found by multiplying this result by 1 + e. This 
gives 

whence u' and v may be easily found by equations (1). 

229. Ex. 1. A string is toound round the circumference 
of a circular reelj and the free end is attached to a fixed point. 
The reel is then lifted up and let faU so that at the moment 
when the string becomes tight it is vertical^ and a tangent to the 
reel. The whole motion being supposed to take place in one 
planCf determine the effect of the impulse. 

The reel in the first instance falls vertically without rota- 
tion. Let V be the velocity of the centre at the moment when 
the string becomes tight ; t?', ®' the veloci^ of the centre and 
the angSar velocity just after the impulse. Let T be the 
impulsive tension, mi? the moment of inertia of the reel about 
its oentre of gravity, a its radius. 

The equations of motion are 

T 

t^'-t; = -- (1), 

m ^ ' 

^'"^ (2)- 

At the moment of greatest compression the part of the 
reel in contact with the string has no velocity. 

Hence r'-afi)' = (3), 
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Substituting from (1) and (2), we have 

^=-*rap (*)• 

If the reel be a homogeneous cylinder, A"= — , and r= ^ wit?. 



In this case 



,2 J , 2t? 

t; = - 1?, and © = - - . 
3 3 a 



This will be the restilting motion if the string and reel 
be inelastic. If Ihey have a common elasticity e, then we 
know that the correct value of Tis 

r=iwt?(l+6). 

Substituting this in equations (1) and (2), we have 
v'=-(2-e)t;, and 6>' = -^(l + e). 

230. Ex. 2. An inelastic spherical hall^ moving without 
rotation on a smooth horizontal maney impinges with velocity v 
against a rough vertical wall whose coefficient of friction is fi. 
The line of Taction of the centre of gravity hefore incidence 
making an angle a with the normat to the walL determine the 
motion after impact. 

Jjet Vg,y vj be the velocities, of the centre of the ball just 
before and just after impact resolved along the wall, Vy, v' 
the velocities resolved perpendicular to the wall in such 
directions that v„ and v, are positive. Then t;,= t?sina, 
t?y = t?cosa; let »' be the anffular velocity of the ball, and 
let m be its mass, and a its radius. 

Let B be the normal blow, then the impulsive friction 
cannot be greater than fiB. X^t the friction be -F, * 
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The equations of motion are 

*--*'=-^ W' 

<-*. = -^- (2). 

*" =^ (^^- 

At the moment of greatest compression the velocity of 
the point of the ball in contact with the wall must be zero. 
Hence we have 

V ' — oaf 



This gives 

jB = mt? cos a 



= 7m cos a 1 

l^ . \ (3), 



whence v.' and cd' can be found. 

This result is only true provided F is not greater than 
/t£, or 

a T^ tan a not greater than /a, 

2 , 

or =- tana not greater than /t. 

If a be so great that this inequalitv does not hold, we 
must have F^^fiB. The equations (2; now reduce to the 
single one 

r; = (4), 

because it is no longer true that the sliding motion of the 
ball along the wall is destroyed. This equation gives the 
same value of £ as before, and 

.% JF'=/Ami;cosa ♦..f.(5), 

whence v* and w' can be found. 
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817 



231. Ex. d. A (jricketrhaU is set rotesting about a hyri- 
zontal oasis in the vertical plane of motion with an angular 
velocity (o^* Supposing that when it strikes the ground the 
centre is moving v)ith velocity Vina direction making an angle 
a toith the horizon, Jlnd the subsequent motion* 

Take the nonnal to the ground at the point where the 
ball touches as the axis of z, and let the axis of a; be in the 
plane of motion of the ball before impact. Let ©/, ©,', o),' 
DC the angular velocities just after impact of the ball about 
the diameters parallel to the axes. Let u\ v\ w be the re- 
solved parts of the velocities of the centre. Let Z be the 
normal reaction of the ground, X, Fthe frictional impulsive 
actions, estimated positively in the positive directions of the 
axes. Let m be the mass of the ball. 



The equations of motion are 



Fa 
Xa 
< = 



■"^^ = mi? 



^»=-^ 



(1), 



u' — Fcos a = — 
m 



w' + Fsin a = - 



m) 



(2). 



The geometrical equations are 

u* — afi>,' = ' 
v' 



!* -ao, =01 
t(;' = oJ 



(3). 
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These hold at the moment of greatest compression. 
Solving these, we get 

Let e' be the frictional and e the normal elasticity. Then 
these values of X, F, Z must be multiplied respectivelj hy 
1 + e', 1 + e'j and 1 -f e. 

By substituting in (1) and (2), we get 

, Fa COS a ,^ , ,. , (uoJf /- , ,x 

©3' = 0, lip' = eFsin a. 

It appears from these equations that unless a>^ = the ball 

will not move in the same vertical plane after impact as 

before. Let ^ be the angle made by the two vertical planes 

v' 2 

of motion. Then tan ^ = — , , and after putting A;' = -a*, we get 

Fcosa 5 — 2e 

232. Ex. 4. A perfectly rough horizontal table is revolving 
aiaut a vertical axis vnth a umform angular velocity fi, and 
a cylinder is gently placed vnth its plane base on the table. 
It is required to determine the initial motion. 

There will evidently be an impulsive friction between 
the base of the cylinder and the table, and since every point 
of the base touches the perfectly rough plane, there can be 
no initial rotation about a vertical axis. The cylinder will 
begin to turn about a tangent to some unknown point of the 
circumference of the base. Let this point be denoted by P. 
It is evident that the resultant impulsive pressure on the 
plane and the resultant impulsive friction must act through 
the point P. Since there is no initial angular velocity about 
the axis of the cylinder, the resultant friction must act through 
the centre C of the base. 
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Let It be the nonnal reactioii at P, and let F be the 
resultant friction which acts along the radius OP. 

Let Q> be the initial angular velocity ^about the tangent at 
P, and let u and v be the resolved parts of the initial velocity 
of the centre of gravity G along and. perpendicular to CP. 

Let the vertical axis about which the table is turning 
cut the table in 0, and let 00— c. Also let the unknown 
radius OP make an angle 6 with (70, so that the angle 

ocp^e. 

Let A = GG and a = OP^ and let MT^ be the moment 
of inertia of the cylinder about any horizontal axis through G. 

Then the dynamical equations are 

• ^ Mlion^-Fh-Ba. 

The initial motion of the point P of the cylinder is the 
same as that of the point P of the table. The velocity of the 
point P of the cylinder is = w — Acd directed along the radius 
OP. The velocity of the point P of the table is = ft. OP 
directed along a line perpendicular to OP. Hence the radius 
CP is perpendicular to OP, and therefore the axis about 
which the cylinder begins to turn is the tangent drawn from 
to the circumference of the base. Also since 0P=^ c sin dy 
we have 

1^ — Afi> = — csintffl. 

Again, since the point P has no vertical motion, 

t? — aci) = 0. 

These five equations will suffice to determine w, v, ©, 
F and B. Eliminating, we get 

o) ch sin 



a Jd' + h' + a^' 

This determines the initial angular velocity of the cy- 
linder. 
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Sect. IIL The Motion of a System of Bodies acted on by 
any Impulses^ 

233. If it be required to determine the motion of a system 
of bodies acted on by any impulses, we may proceed by 
writing down the . equations of motion of each body sepa- 
ratdy. These equations will obviously contain the mutual 
reactions of the bodies that compose the system. These un- 
known reactions must be eliminated before we can proceed jbo 
the solution of the equations* In certain cases we may evade 
this elimination, and obtain an equation free from the unknown 
reactions in the following manner. 

234. Prop. To extend the principle of the conservoOion 
of areas to the case of a system of bodies acted on by impulses. 

Let any fixed plane be taken as the plane of xy, apd any ' 
fixed point in it as origin. Let v„yV^y v„ vj, vj, t?/ be the re- 
solved parts of the velocities of any particle m of the system 
before and after the action of the impulses. Let N be the 
moment of the impulsive forces about the axis of z. Then 
we have the equation 

2w [x « -t?y) -y {vj - 1?.)} =-Nl 

But the expression on the left-hand side is the difference 
between the area conserved by the system in two units of 
time before and after the action of the impulses. Hence we 
have, generally 

area conserved If area conserved ) f moment of 
after any impulse ) [before the impulse J 1 the impulse. 

The axis about which the areas are conserved and the 
moment of the impulse taken is quite arbitrary, and the ex- 
pressions to be used for the areas conserved are given in Art. 179. 

It is obvious, that in applying this principle any internal 
impulses, such as an impact between two bodies of the sys- 
tem, may be omitted. 
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235. Ex. FovT equal rods^ each of length 2a and mass 
My are freely jointed and laid on a smooth horizontal table in 
the form of a square. A hhw F is then strttck at one corner 
in the direction of one of tJie sides. Prove that the sum of the 

initial angular velocities of the rod is ~ -vj- . 

Let AB, BGy CD, DA be the four rods taken in order, 
and let G be the centre of gravity. The velocity communi- 

cated to the centre of gravity will be j^j.. Supposing this 

velocity applied to every particle of the system in an op- 
posite direction, the centre of gravity will remain at rest and 
the initial motion will be that of twisting. 

Let the blow F act at the comer B in the direction BC. 
Let 6) be the resulting angular velocity of AB, CD; <o' that 
of BGy DA. Let E and H be the middle points of the rods 
AB, BO. Then by the proposition, since the system starts 
from rest, 

area conserved ] „ /*x 

about (? p"^" (^)- 

Now the area conserved by any body is equal to the area 
conserved by the centre of gravity plus the area conserved 
round the centre of gravity, Art. 175. The area conserved by 
the centre of gravity E of the rod AB about G = Ma^<o', that 
conserved round E=Mh?ci>, Art. 179. Hence the whole area 
conserved by AJB is Ma^o)' + MUta. Similarly that con- 
served by -8(7 is Mc?(o + M1^(o. Hence taking the whole 
four rods, the equation (1) becomes 

2Jf (^ + a") {<0 -f ft>') = Fa\ 
, 3 F 

The principle of conservation of areas gives only one 
equation, and therefore cannot determine both © and «'. To 
find these we must have recourse to the equations of motion 
^ R. D. 21 
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of each rod taken separate from the rest of the system, Intro- 
ducing mto each equation the unknown reactions at the 
hinges ; see Arts. 230, 231. 

After the impulse F has ceased, the principle of conser- 
vation of areas will still hold with Q for the pole of areas, 
Art. 178. Hence the sum of the two angular velocities will 
be constant during the whole of the subsequent motion, 

236. Prop. To determine the change in the vis viva 
of a moving system produced hy any collisions between the 
bodies or by any explosions. 

Let v„jVy, Vgy vj, Vyy vj be the resolved parts of the ve- 
locities of any particle m of the system before and after the 
impulse. 

Then by D'Alembert's Principle the momenta 

w(v;-«;J, m{vj-v^), m(v;-0, 

bein^ reversed and taken throughout the whole system, are in 
equilibrium with the forces of the impulse. But these last 
are thepiselves. in equilibrium. Hence the former set are also 
in equilibrium. Therefore by Virtual Velocities, 

tm{{vJ-'V,)Sx+{v;^v,)8y + {v:^v,)8z]=0, 

where Sx, Sy, Sz are any small arbitrary displacements of the 
particles impinging on each other, which are consistent with 
the geometrical conditions of the system during the time of 
action of the impulse. 

During the impact, it is one geometrical condition that the 
particles impinging on each other have no veloci^ of separa- 
tion normal to the Qommon surface of the bodies of which they 
form a part. 

First. Let the bodies be devoid of elasticity. Then the 
above geometrical condition will hold just q^r the moment 
of greatest compression as well as during the impact. Hence 
we can put 
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The equation now becomes 

This may be put into the form 

Therefore in the impact of inelastic bodies vis viva is 
always lost. 

8econdh> Let an explosion take place in anybody of the 
system. Then the geometrical equation above spoken of will 
hold just before the impulse begins as well as during the 
explosion, but it will not hold after the particles of the body 
have separated. Hence we must now put 

As before, we have 

2m {v^v„ + VyVy + v^v,) = 2m (^/ + Vy^ + v,'), 
and 

2m {v\ + v'\ + v'\) -2m {v\ + v\ + ff:) 

^ + Xm{{v'„^v:)'+{v'y-VyY+{v',-v,y}. 

Therefore in cases of explosion vis viva is always gained. 

Thirdly. Let the particles of the system be perfectly 
elastic. Ihen the whole action consists of two parts, a force 
of compression as if the particles were inelastic, and a force of 
restitution of the natiu-e of an explosion. The circumstances 
of these two forces are exactly equal and opposite to each 
other. Hence by examining these two expressions it is easy 
to see that the vis viva lost in the compression is exactly 
balanced by the vis viva gained in the restitution, 

21—2 
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EXAMPLES. 

1. Three equal rods placed in a straight line are jointed 
by hinges to one another, they move with a velocity v j>er- 
pendicular to their lengths ; if the middle point of the middle 
one become suddenly fixed, show that the extremities of the 

other two wiU meet in a time -r— , a being the length of 

each rod. 

2. AB, BC are two equal uniform rods loosely jointed at B^ 
and moving with the same velocity in a direction perpendicular 
to their length ; if the end A be suddenly fixed, show that the 
initial velocity of AB is three times that of BC. Also show 
that in the subsequent motion of the rods, the greatest angle 

2 

between them equals cos"^ - , and that when they are next in 

o 

a straight line, the angular velocity of BG is nine times that 

of^j5. 

3. Two equal rods of the same material are connected by 
a free joint, and placed in one straight line on a smooth hori- 
zontal table; one of them is struck perpendicularly to its 
length at its extremity remote from the other rod. Prove that 
the linear velocity communicated to its centre of gravity is 

J th greater than that which would have been communicated 
to it by a similar blow when free. 

In the subsequent motion, prove that the rods will ap- 
proach so as to form an angle cos"^ - , but not nearer. 

o 

4. Three equal heavy uniform beams jointed together are 
laid in the same right line on a smooth table, and a given 
horizontal impulse is applied at the middle point of the centre 
beam in a direction perpendicidar to its length ; determine the 
instantaneous impulse on each of the other beams and the sub- 
sequent motion of the system. 
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5. Three "beams of like substance, jointed together so 
as to form one beam, are laid on a smooth horizontal table. 
The two extreme beams are equal in length and one of them 
receives a blow at its free extremity in a direction perpen- 
dicular to its length. Determine the length of the middle 
"beam in order that the greatest possible angular velocity may 
be given to the third. 

Result. The length of the middle beam must be to either 
of the outer beams as Vs : 2. 

6. Two equal uniform rods AB, BG, loosely jointed to- 
gether at B, are laid on a smooth horizontal table, so that 
^ABO—a, A blow is struck at A perpendicular to AB; 
determine the direction and magnitude of the impulse at B, 
and show that the initial motion of A will be along BA if 

1 
tana = -r=. 

V2 

7. Two rough rods A, B are placed parallel to each 
other and in the same horizontal plane. Another rough rod 
C is laid across them at right angles, its centre of gravity 
being halfway between them. If G be raised through any 
angle a and let fall, determine the conditions that it may 
oscillate, and show that if its length be equal to twice the 
distance between A and B, the angle through which it will 
rise in the n^ oscillation is given by the equation 

sin^= (-] .sin a. 

8. A rod moveable in a vertical plane about a hinge at 
its upper end has a given uniform rod attached to its lower 
end by a hinge about which it can turn freely in the same 
vertical plane as the upper rod ; at what point must the lower 
rod be struck horizontally in that same vertical plane that the 
upper rod may initially be unaffected by the blow ? 

9. A uniform beam is balanced about a horizontal axis 
through its centre of gravity, and a perfectly elastic ball is let 
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fall from a height h on one extremity ; determine the motion 
of the beam and ball. 

Result. Let M, m be the masses of beam and ball, 
2a = length of beam, F, F' the velocities of ball at the mo- 
ments before and after impact, w the angular velocity of the 
beam. Then 

, 6mF Tr'_ TT 3m — -Sf 



10. A free lamina of any form is turning in its own 
plane about an instantaneous centre of rotation 8 and im- 
pinges on a fixed obstacle P, situated in the straight line 
joining the centre of gravity G to 8. Find the position of P, 
first, that the centre of gravity may be reduced to rest, 
secondly, that its velocity after impact may be the same as 
before but reversed in direction. 

Result. In the first case, P coincides either with O or 
with the centre of oscillation. In the second case the points 
X = GP are found from the equation 



2 2 ' 



where 8G=L 



11. Two perfectly rough circles are revolving with dif- 
ferent angular velocities in the same plane, and their circum- 
ferences are brought together so as to touch each other. The 
centre of one being fixed, determine the motion. 

12. A series of equal cylinders are absolutely fixed, the 
axes of each being in the same horizontal plane, and each 
cylinder touching two others along a generating line. A heavy 
inelastic sphere of the same radius is passing over them in a 
direction perpendicular to their axes, and remaining in con- 
tact with them always. If the sphere be perfectly smooth, 
show that it will lose one-half of its velocity at each impact, 
if perfectly rough, three-fourths. Also in the first case show 
that it may surmount one cylinder after an impact but not 
more, in the second that it cannot surmount one* 
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13. An inelastic sphere sliding along a smooth horizontal 

Slane impinges upon a fixed rough point ; determine the con- 
ition that it may just roll over the point. 

14. One half the inner surface of a fixed hemispherical 
bowl is smooth, and the other rough : a solid sphere slides 
down the smooth part of the bowl starting from rest at the 
horizontal rim, and at the bottom comes in contact with and 
rolls up the rough part of the surface. Find the change of 
vis viva of the sphere at the bottom of the bowl, and show 
that if Q be the angle which the line joining the centres of 
the sphere and bowl makes with the vertical when the sphere 

2 

begins to descend the rough surfaces, cos 5 = - . 

15. A ball spinning about a vertical axis moves on a 
smooth table and impinges directly on a perfectly rough ver- 
tical cushion ; show that the vis viva of the ball is diminished 
in the ratio 

lOe^ + Utan"^ : 10 + 49 tan' e, 

where e is the elasticity of the ball and & the angle of re- 
flexion. 

16. A lamina of any form lying on a smooth horizontal 
plane, is struck by a horizontal blow; determine the point 
about which it will begin to turn, and prove that if c, c be 
the distances from the centre of gravity of the body of this 
point and of the direction of the blow respectively, cc = F, 
where h is the radius of gyration of the lamina about the ver- 
tical line through its centre of gravity. 

17. A number of equal discs are placed nearly touching 
each other and having their centres in the same straight line 
upon a smooth horizontal table, and the last has upon its 
centre a perfectly rough ball. H the first disc be made to 
impinge upon the second with a given velocity, find the time 
which will elapse before the ball rolls upon the table. 

If the ball be removed, and if the last of the discs be not 
perfectly homogeneous, that is, if its centre of gravity do not 
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coincide with its centre of figure, and if the circumferences 
of the discs be perfectly rough, determine the nature of the 
instantaneous motion, the discs being made to impinge upon 
each other as before. 

18. A perfectly rough right prism whose section is a 
square is placed with its axis horizontal upon a board of equal 
mass lying on a smooth horizontal table. A vertical plane 
containing the centre of gravity of the two is perpendicular 
to the axis of the prism, a horizontal blow m this plane 
applied to the board communicates motion to the system; 
show that the prism will topple over if the momentum of 'the 
blow be greater than that acquired by the system falling 

from a height — tan — a, where a is a side of the square. 
12 o 

19. A free plane lamina receives a single blow perpendi- 
cular to its plane ; show that (i) if the locus of points where 
the blow may have been applied be a straight line, the spon- 
taneous axis will pass through a determinate point ; (ii) if the 
locus be a circle (centre C), the spontaneous axis will be a 
tangent to an ellipse whose axes are in the direction of the 
principal axes at U in the plane of the lamina. 

20. A free oblate spheroid at rest, whose equatorial and 
polar axes are a and c, is struck by a blow perpendicular to 
its axis at any point in a plane parallel to and at a 

distance -r= from the equator ; prove that there exists an 

instantaneous axis which meets the polar axis in a point P, 
and which, if P become fixed, will be an axis of permanent 
rotation. 

21. A square is moving freely about a diagonal widi 
angular velocity o, when one of the angular points not in 
thatdiagonal becomes fixed; determine the impulsive pressure 
on the fixed point, and show that the instantaneous angular 

velocity will be -- . 
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22. A smooth c5one bounded by planes parallel to the 
axis, and equidistant from the vertex reeeives a blow at a 
given point. Determine the axis about which it begins to 
rotate, the base being an ellipse. 

23. An inelastic sphere on a rough horizontal plane 
receives a blow which does not cause it to leave the plane. 
Prove that in general it will first describe a portion of a para- 
bola, and afterwards move in a right line. 

24. A uniform rough sphere of radius a, rotating with 
uniform angular velocity fl about an axis through its centre, 
is brought into contact with another uniform rough sphere of 
equal size and mass whose centre is fixed rotating with equal 
angular velocity about an axis at right angles to the former, 
the line joining the centres of the spheres being perpendicular 
to both axes of rotation. Prove tnat immediately after im- 
pact, the centre of the former sphere will move in a direction 
equally inclined to the axes oi rotation before impact, with 

a velocity — ofl, and that each sphere will rotate with an 

V74 
angular velocity --^ , fl about an axis inclined to its former 
12 

5 

axis of rotation at an angle tan"^ - . 

25. A rigid body moves about a fixed point and is 
struck by a couple whose components about the principal 
axes at 6 are L, M, N, Prove tnat if a second point in the 
line whose direction-cosines are I, m, n with respect to the 
principal axes be also fixed, the vis viva of the motion gene- 
rated will be 

{Ll+Mm + NnY 
AV + Bm^+W 

and show that this is a maximum when the line Z, m, n is 
the instantaneous axis of rotation through 0, when only 
is fixed. 
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26. A string without weight is coiled roimd a tough 
horizontal cylinder, of which the mass is M and radius a, 
and which is capable of turning round its axis. To the firee 
extremity of the string is attached a chain of which the mass 
is m and the length Z; if the chain be gathered close up and 
then let go, prove that if ^ be the angle through which the 
cylinder has turned after a time t before the chain is fully 
stretched, 



ifa..= (f- 



(f-y- 
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CHAPTER IX. 

MISCELLANEOUS EXAMPLES. 

1. A POINT moves in a plane lamina so that a tangent to 
its path bisects the angle between the principal axes at that 
point. Find its path. 

Result. An ellipse or hyperbola whose centre is at the 
centre of gravity of the lamina. 

2. If each element of the area of a triangle ABG be mul- 
tiplied bv the n!^ power of its distance from a straight line 
passing through one angle -4, then the sum of the products is 

2 /S-^^-y-^ ^^ 



(w+l)(m + 2) i8-7 



where fi and 7 are the distances of the angular points 5, G 
from the straight line through the angular point -4, and A is 
the area of the triangle. 

3. A body of any form can turn freelv about one of the 
principal axes at the centre of gravity as a fixed axis. To de- 
termine the moment of the attraction of a very distant centre 
of force about that axis. 

Let the centre of gravity G be the origin, and the prin- 
cipal axes at O the axes of co-ordinates. Let the fixed axis 
be the axis of y. Let x\ y\ z be the co-ordinates of the centre 
of force 8^ and let ^ (r) be the attraction on a unit of mass at 
a distance r. Let SG=p. Let a?, y, z be the co-ordinates 
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of any particle m of the body, and let r be the distance of 8 
from m. Then the moment of the attraction about OF is 

M=^tm'^.[z[x''-x)^x[z'^z)] 

= Xm^{x'z^xz'). 

Now r^^/ix'-xy + iy'-yy+iz'-zY 

OCX + yy' + zJ 

=p -p ' 

the terms depending on the squares of small quantities being 
neglected ; 

. <l>{r) ^ <l> (p) d <l> (/}) Qcx' + yy'+zsf 
* ' r p dp p * p 

Let /=iW, f^f. 

J p ' J dp 

Then the moment of the force is 

^Xmlf-f ^ j [xz-xz) 

^jx"Zmz —fz'^mx 

+£- . {{z'^-x'^) Xmzx+yz'tmay-xytmyz} 

+ ^ x*z'tm(a?-'z'). 
p ^ 

But Xmx = 0, ^mz = 0, and since the axes of co-ordinates 
are principal axes at <?, 2wa?y = 0, Xmyz^O^ 2w«aJ=0. 
Hence the expression for the moment becomes 

M^^x'z'tm{a?^sf). 
P 
Let A, Bf C be the moments of inertia about the axes, 
then we have 



pdp p ^ ' 



Digitized 



by Google 



MISCELLANEOUS EXAMPLEI^. 333 

Let 6 be the angle the plane passing through 8 and the 
axis of y makes with the plane of yz ; then the moment 
tending to turn the body from the plane oiyz is 

Jf = ^^^#^.(a-^) sine cos ^. 
p dp p ^ 

4. An ellipsoid can turn freely about one of its principal 
diameters as a fixed axis, and the particles of the body are 
acted on by the attraction of a distant centre of force situated 
nearly in the principal plane perpendicular to the fixed axis. 
If r<f> (r) be the attraction at a distance r on a unit of mass, 
prove that the time of a small oscillation is 



^^\f^ 



A ' r<l>{r) ' 

where B is the moment of inertia of the ellipsoid about the 
fixed axis ; A, C the moments of inertia' about the other two 
axes ; and r is the distance of the centre of force from the 
centre of the ellipsoid. 

5. The centre of gravity of a disc is constrained to describe 
an orbit which is very nearly circular about a centre of force 
in its own plane. Supposing the force to vary inversely 
as the square of the distance, determine the angular motion of 
the disc. 

Let QA, GC he the principal axes at G, the centre of 
gravity of the disc, and GB the axis perpendicular to the 
plane about which the disc rotates. Let A, 5, G be the 
moments of inertia about GA, GB, GO respectively, and 
let G be greater than ^. Also let j9«i!/^. 

Let be the centre of force, and let Ox be the position 
of OG at the time ^ = 0. Let us suppose that the disc 
turns on its axis in the same direction that the centre of 
gravity describes its circular orbit about ; and let the angle 
xOG = ^ and the angle OGA = 0, the angles being measured 
in the durections of rotation. Let n be the angular velocity 
of G about 0, which wilLbe constant throughout the motion, 
then (f) = nt. 
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Let the moment round G due to the attraction of O on 
the disc, and tending to turn it round in the direction oppo- 
site to the rotation, be Mp^ sin 6 cos 0. 

Then by example (4) 

where p= 00 and ^ is the attraction of at a distance p. 

Then the equation of motion is 

JfP ^^^^ = - Mfaiu tf cos ^; 

.•.;^=:-^.sin2^ Wj 

To simplify the constants let us suppose that at some 
instant durmg the motion the axis OA pointed towards the 
centre of force, and let the time be measured from this epoch. 

Let the initial value of ^ be a. Then when tf = 0, ^ = a ; 






Hence, throughout the motion, 
flm 5 < — • 
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Let «' "be the angular velocily of the disc about G at the 
time« = 0. Then 

a = n — n. 

If w' = 7i, a = 0, and therefore ^ = 0. Hence if the axis 
OA originally pointed towards 0, it will continue to point 
towards throughout the motion. 

If 7i' be very nearly equal to n, a is very small, and there- 
fore is confined between very narrow limits. Hence if the 
axis OA originallv pointed nearly towards 0, then the an- 
gular velocity of the disc would become equal to w, and the 
disc would move so that QA the axis of least moment would 
very nearly point towards throughout the motion. In 
this case is very small and the motion may be found from 
the equation 

d^0 2>" ^ 

which is obtained by neglecting the squares and higher 

powers of in equation (1), Hence the time of a small 

•n X* • 27rA 
oscillation is — , 

P 

This will explain why the moon alwavs turns the same 

face towards the earth, and why the angular velocity about 

its axis always participates in the secular changes in the 

moon's mean motion. 

If n' be not nearly equal to w so that — is equal to 



to tne 



or greater than unity, there are no limits to the value of 0* 

IcOL 

Suppose — = 1, then the equation of motion becomes 



dd 
.'. -^=±acos^; 

. /, €*2-*-l 
/. sm^ = - 



the constant being determined from the condition that 
vanishes when < = 0. Hence as t increases, sin approaches 
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J: 1, or the disc tends to take up that position in which the 
axis of G always points to the centre of force. 

If the disc were placed initially with its axis of greatest 
moment, viz. 00^ pointing towards 0, then »* wonld be nega- 
tive. If d now represent the angle OQV^ and if — ^^ be 
written for o', it will be evident from equation (2) that the 
motion will not necessarily be such as to make GO always 
point to 0. 

6. The point of support of a simple pendulum has a small 
horizontal oscillatory motion represented by x = aBmnt, 
Determine the effect on the small oscillations of the pendulum, 
and show that if Ir? = g, where I is the length of the simple 
pendulum, the vibrations of the pendulum will become large. 
Also determine the effect on the motion, when the point of 
support has a small oscillatory motion proportional to the 
horizontal oscillation of the ball of the pendulimi. 

7. Explain how a person sitting on a chair is able to 
move the chair across the room by a series of jerks, and 
without touching the ground with his feet. ^ 

8. A rectangle whose opposite sides -42?, BG are vertical 
rests on a perfecny smooth horizontal table. A ring P rests 
on a smooth horizontal wire joining the middle points E and 
F of AD^ BG at a distance G from BG, On a sudden the 
rod BG becomes repulsive and drives the ring towards AD, 
Find the velocity of the ring just before it strikes ADj and 
the space through which the rectangle has moved. 

9. An elastic string is rolled without tension round a 
perfectly rough cylinder. One end of the string being 
attached to a fixed point, the cylinder descends by its own 
weight. Supposing the centre of the cylinder to describe a 
straight line, prove that 

where x and y are respectively the unstretched and stretched 
lengths of the string unrolled from the cylinder. 
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King's College, Cambridge. Second Bdition, to which is prefixed 
AESCHINES AGAINST CTESIPHON, with English Notes. Foap. 8vo. 
cloth, 5*. 

DEMOSTHENES—Demosthenes on the Crown. 

Translated by J. P. NORRIS, M.A. Fellow of Trinity College, Cambridge, 
and one of Her Majesty's Inspectors of Schools. Crown 8vo. cloth, S«. 

DBEW.— A Geometrical Treatise on Conic Sections, with 

Copious Examples from the Cambridge Senate House Papers. By W. H. 
DREW, M.A. of St. John's College, Cambridge. Second Master of Black- 
heath Proprietary School. Crown 8vo. cloth, is. 6d. 

PARRAR— Lyrics of Life. 

By FREDERIC W. FARRAR, Fellow of Trinity College, Cambridge. 
Author of " Eric," &c. Fcap. 8vo. cloth, 4*. 6rf. 

FISHER.— The Goth and the Saracen: a Comparison 

between the Historical Effect produced upon the Condition of Mankind by 
the Mahometan Conquests and those of the Northern Barbarians. By £. H. 
FISHER, B.A. Scholar of Trinity CoUege, Cambridge. Crown Byo. 1«. 6d. 

PORD.— Steps to the Sanctuary; or, the Order for Morning 

Prayer, set forth and explained in Verse. By JAMES FORD, M.A., Pre- 
bendary of Exeter Cathedral. Crown Svo. cloth, 2s. 6d. 

FROST— The First Three Sections of Newton's Principia. 

With Notes and Problems in illustration of the subject. By PERCIVAL 
FROST, M.A. late Fellow of St. John's College, Cambridge, and Mathe- 
matical Lecturer of Jesus College. Crown Svo. cloth, lOs. 6d. 

GILL.— The Anniversaries. Poems in Commemoration of 

Great Men and Great Events. By T. H. GILL. Fcap. Svo. cloth, 5s. 

GODFRAY.— An Elementary Treatise on the Lunar Theory. 

With a briel Sketch of the History of the Problem up to the time of Newton. 
By HUGH GODFRAY, M.A. of St. John's College, Esquire Bedell in the 
University of Cambridge. Svo. cloth, 5s. 6d. 

GRANT.— Plane Astronomy. 

Including Explanations of Celestial Phenomena, and Descriptions of Astrono- 
mical Instruments. By A. R. GRANT, M.A., one of Her Majesty's In- 
spectors of Schools, late Fellow of Trintty College, Cambridge. Svo. boards, Cs. 
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HAMILTON.— On Truth and Error : Thoughts, in Prose and 

Verse, on the Principles of Truth, and the Causes and Effects of Error. 
By JOHN HAMILTON, Esq. (of St. Eman's), M.A. St. John's College, Cam- 
bridge. Crown 8vo. cloth, 5«. 

HARE —Charges delivered during the Years 1840 to 1854. 

With Notes on the Principal Events affecting the Church during that period. 
By JULIUS CHARLES HARE, M.A. sometime Archdeacon of Lewes, and 
Chaplain in Ordinary to the Queen. With an Introduction, explanatory 
of his position in the Church with reference to the parties which divide it, 
S vols. 8vo. cloth, 1/. lU. 6d. 

HARE.— Miscellaneous Pamphlets on some of the Leading 

Questions agitated in the Church during the Years 1845—51. 8vo. cloth, lU. 

HARE.— The Victory of Faith. 

Second Bdltlon. 8vo. cloth, St. 

HARE.— The Mission of the Comforter. 

Second Edition. With Notes. 8vo. cloth, I2t, 

HARE.— Vindication of Luther from his English Assailants. 

Second Edition. 8vo. cloth, 7». 

HARE.— Parish Sermons. 

Second Series. 8vo. cloth, 12s. 4 

HARE.— Sermons Preacht on Particular Occasions. 

8vo. cloth. Us. 
*»* The two following Books are included in the Three Volumes of Charges, and 
may still be had separately. 

HARE.— The Contest with Rome. 

With Notes, especially in answer to Dr. Newman'sLectureson Present Position 
of Catholics. Second Edition. 8vo. cloth, 10«. 6tf. 

HARE.— Charges delivered in the Tears 1843, 1845, 1846. 

Never before published. With an Introduction, explanatory of his position 
In the Church with reference to the parties which divide it. 6t. ed. 

HARE.— Portions of the Psalms in English Verse. 

Selected for Public Worship. 18mo. cloth, 2s. 6d. 

HARE.— Two Sermons preached in Herstmonceux Church, 

on Septuagesima Sunday, 1855, being the Sunday after the Funeral of the 
Venerable Archdeacon Hare. By the Rev. H. VENN ELLIOTT, Perpetual 
Curate of St. Mary's, Brighton, late Fellow of Trinity College, Cambridge, 
and the Rer. J. N. SIMPKINSON, Rector of Brington, Northampton, 
formerly Curate of Herstmonceux. 8vo. Is. 6d. 

HARDWICE.— Christ and other Masters. 

A Historical Inquiry into some of the chief Parallelisms and Contrasts 
between Christianity and the Religious Systems of the Ancient World. With 
special reference to prevailing Difficulties and Olijections. By the Ven. 
ARCHDEACON HARDWICK. Part I. Imtroductiow. Part II. Th« 
RsLioiONs of India. Part III. The Rxliqions of China, America, 
AND OcEANicA. Part IV. Relioioks op Egypt and Msdo-Pxrbxa. 8vo. 
cloth. 7s. 6</. each part. 
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HARDWICK—A History of the Christian Church, dnring 
the Middle Ages and the Reformation. (A.D. 590-1600.) 

By Archdeacon Haidwick. Two vols, crown 8to. cloth, 2U. 
Vol. I. History from Gregory the Great to the Excommanication of Lather. 
. With Maps. 

Vol. II. History of the Reformation of the Church. 

Each volume may be had separately. Price 10«. Bd. 
*«* These Volumes form part of the Series of Theological Manuals. 

HARDWICK.— Twenty Sermons for Town Congregations. 

Crown 8vo. cloth, 6s. Gd, 

HA7NES.-0utline8 of Equity. By FREEMAN OLIVER 

HAYNES, Barrister-at-Law, late Fellow of Caius College, Cambridge. 
Crown 8to. cloth, 10«. 

HEDDERWICE.— Lays of Middle Age, and other Poems. 

By JAMES HEDDERWICK. Fcp. 8vo. Si, 

HEMMING.—An Elementary Treatise on the Differential 

and Integral Calculus. By G. W. HEMMING, M.A. Fellow of St. John's 
qollege, Cambridge. Second Edition. 8vo. cloth, 9». 

HERVET.— The Genealogies of our Lord and Saviour Jesus 

Christ, as contained in the Gospels of St. Matthew and St. Luke, reconciled 
with each other and with the Genealogy of the House of David, from Adam to 
the close of the Canon of the Old Testament, and shown to be in harmony with 
the true Chronology of the Times. By Lord ARTHUR HERVEl, M.A. 
Rector of Ickworth. 8vo. cloth, 10«. 6d. 

HERVEY.— The Inspiration of Holy Scripture. 

Five Sermons preached before the University of Cambridge. 8vo. cloth, 3«. 6(/. 

HOWARD.— The Pentateuch; or, the Five Books of Moses. 

Translated into English from the Version of the LXX. With Notes on its 
Omissions and Insertions, and also on the Passages in which it differs from 
the Authorised Version. By the Hon. HENRY HOWARD, D.D. Dean o 
Lichfield. Crown 8vo. cloth. Gsnssis, 1vol. 8«. 6d.; Exodus and Lxvi- 
Txcns, 1 vol. iO«. Bd.; Numbers and Deutsronomt, I vol. 10«. 6^. 

HUMPHRY.— The Human Skeleton (including the Joints). 

By GEORGE MURRAY HUMPHRY, M.D. F.R.S., Surgeon to 
Addenhrooke's Hospital, Lecturer on Surgery and Anatomy in the Cambridge 
University Medical School. With Two Hundred and Sixty Illustrations 
drawn from Nature. Medium 8vo. cloth, 1/. 8«. 

HUMPHRY.—On the Coagulation of the Blood in the Venous 

System during Life. 8vo. 2t. 6d. 

INGLEBY.-Outlines of Theoretical Logic. 

Founded on the New Analytic of Sir William HAMiLToir. Designed for a 
Text-hook in Schools and Colleges. By C. MANSFIELD INGLEBY, M. A., 
of Trinity College, Cambridge. In fcap. 8vo. cloth, 3s. Bd. 
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JAH£SON.~Analogy between the Miracles and Doctiines 

of Scriptare. By F. J. JAMESON, M.A., Fellow of St. Catharine's College, 
Cambridge. Fcap. 8vo. cloth, 2s, 

JAMESON.— Brotherly Connsels to Stndents. Fonr Sermons 

preached in the Chapel of St. Catharine's College, Cambridge. By F. J. 
JAMESON, M.A. Fcap. 8to. limp cloth, red edges, U. 6d, 

JUVENAL.— Juvenal, for Schools. 

With English Notes. By J. E. B. MAYOR, M.A. Fellow and Assistant 
Tutor of St. John's College, Cambridge. Crown 8vo. cloth, 10*. 6d. 

B3NGSLEY.— Two Years Ago. 

By CHARLES KINGSLEY, F.S.A. Rector of Erersley, and Chaplain in Ordi- 
nary to the Queen. Second Sdition. 8 vols, crown 8vo. cloth, II. lU. 6d. 

KINGSLEY.^" Westward Ho !" or, the Voyages and Adven- 
tures of Sir Amyas Leigh, Knight of Burrough, in the County of Devon, in 
the Reign of Her Most Glorious Majesty Queen Elizabeth. New and 
Cheaper Bditlon. Crown 8vo. cloth, 6s. 

KINGSLEY.— Glancus; or, the Wonders of the Shore. 

New and IllUBtrated Edition, corrected and enlarged. Containing 
beautiftOly Coloured Illustrations of the Objects mentioned in the Work. 
Elegantly bound in cloth, with gilt leaves. 7s. 6d. 

KINGSLEY.— The Heroes: or, Greek Fairy Tales for my 

Children. With Eight Illustrations, Engraved by Whtmfer. New 
Edition^ printed on toned paper, and elegantly bound in cloth, with gilt 
leaves. Imp. I6mo. 5s. 

KINGSLEY.— Alexandria and Her Schools: being Four Lec- 
tures delivered at the Philosophical Institution, Edinburgh. With a Preface. 
Crown 8vo. cloth. 5s. 

KINGSLEY.— Phaethon; or Loose Thoughts for Loose 

Thinkers. Third Edition. Crown 8vo. boards, 2t. 

KINGSLEY.— The Recollections of Geoffry Hamlyn. 

By HENRY KINGSLEY, Esq. 3 Vols. U. 11*. 6rf. 

LATHAM.— The Construction of Wrought -Iron Bridges, 

embracing the Practical Application of the Principles of Mechanics to 
Wrought-Iron Girder Work. By J. H. LATHAM, Esq. Civil Engineer. 8vo. 
cloth. With numerous detail Plates. I5s. 

LECTURES TO LADIES ON PRACTICAL SUBJECTS. 

Third Edition^ revised. CroVn 8vo. cloth, 7s. 6d. By Reverends F. D. 
MAURICE, CHARLES KINGSLEY» J. Ll. DAVIES, ARCHDEACON 
ALLEN, DEAN TRENCH, PROFESSOR BREWER, DR. GEORGE 
JOHNSON, DR. SIEVEKING, DR. CHAMBERS, F. J. STEPHEN, Esq., 
and TOM TAYLOR, Esq. 
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LITTLE ESTELLA, and other TALES FOR THE 

YOUNG. With Frontispiece. Royal l6ino. extra cloth, gilt leares, 5«. 

LUDLOW.— British India; its Races, and its History, 

down to 1857. By JOHN MALCOLM LUDLOW, Banrister-at-Law. 2 vols, 
fcap. 8to. cloth, 9$. 

LUSHIN6T0N.— La Nation Boutiqni^re : and other Poems, 

chiefly Political. With a Preface. By the late HENRY LUSHINGTON, 
Chief Secretary to the GoTeroment of Malta. Points Of War. Bj 
FRANKLIN LUSHINGTON, Judge in the Supreme Courts of the Ionian 
Isles. In 1 vol. fcap. Svo. cloth, St. 

LUSHINGTON.- The Italian War 1848-9, and the Last 

Italian Poet. By the late HENRY LUSHINGTON, Chief Secretary to the 
Government of Malta. With a Biographical Preface by G. S. Vxvablxs. 
Crown Svo. cloth, 6*. Bd. 

MACKENZIE.— The Christian Clergy of the first Ten Cen- 
turies, and their Influence on European Civilization. By HENRY 
MACKENZIE, B.A. Scholar of Trinity College, Cambridge. Crown Svo. 
cloth, 6*. 6d. 

MANSFIELD.— Paraguay, Brazil, and the Plate. 

With a Map, and numerous Woodcuts. By CHARLES MANSFIELD, M. A. 
of Clare College, Cambridge. With a Sketch of his Life. By the Rev. 
CHARLES KINGSLEY. Crown Svo. cloth, \2*. 6d, 

M'COY.— Contributions to British Palaeontology; or, First De- 
scriptions of several hundred Fossil Radiata, Articulata, Mollusca,and Pisces, 
firom the Tertiary, Cretaceous, Oolitic, and Palaeozoic Strata of Great Britain. 
With numerous Woodcuts. By Fkederick McCot, F.G.S., Professor of 
Natural History in the University of Melbourne. Svo. cloth, 9*. 

MASSON.— Essays, Biographical and Critical; chiefly on the 

English Poets. By DAVID MASSON, M.A. Professor of English 
Literature in University College, London. Svo. cloth, I2s. 6d. 

MASSON.— British Novelists and their Styles; being a 

Critical Sketch of the History of British Prose Fiction. By DAVID MASSON, 
M.A. Ciown Svo. cloth, 7«. 6d, 

MASSON.— Life of John Milton, narrated in Connexion 

with the Political, Ecclesiastical, and Literary History of his Time. Vol. I. 
with Portraits. 18«. 

MAURICE.— Expository Works on the Holy Scriptures. 

By FREDERICK DENISON MAURICE, M.A., Chaplain of Lincoln's Inn. 

I. -The Patriarchs and Lawgivers of the Old Testament. 

Second Edition. Crown Svo. cloth, 6*. 
This volume contains Discourses on the Pentateuch, Joshua, Judges, 
and the beginning of the First Book of Samuel. 
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MAUBICE.— Expository Works on the Holy Scriptures. 

By FREDERICK DENISON MAURICE, M.A,, ChapUin of Lincoln's Inn. 

n.— The Prophets and Kings of the Old Testament. 

Second Bdition. Crown Svo. cloth, ]0«. 6d. 
This volume contains Discourses on Samuel I. and II., Kings I. and II., 
Amos, Joel, Hosea, Isaiah, Micah, Nahnm, Habakkuk, Jeremiah, 
and Exekiel. 

ni.— The Gospel of St. John; a Series of Discourses. 

Second Edition. Crown Svo. cloth, 10«. 6d. 

IV.— The Epistles of St. John; a Series of Lectures on 

Christian Ethics. Crown 8to. cloth, 7s. Cd. 

MAUBIGE.—Expository Works on the Prayer-Book. 
I.— The Ordinary Services. 

Second Edition. Fcap. Svo. cloth, 5s. 6d, 

H.—The Church a Family. Twelve Sermons on the 

Occasional Services. Fcap. 8to. cloth, 4s. 6d. 

MAURICE.— ^What is Revelation? A Series of Sermons 

on the Epiphany ; to which are added Letters to a Theological Student on the 
Bampton Lectures of Mr. Manssl. Crown 8vo. cloth, lOs. 6d. 

MAURICE.— Sequel to the Inquiry, "What is Revelation?" 

Letters in Reply to Mr. Mansel's Examination of "Strictures on the 
Bampton Lectures.** Crown Svo. cloth, 6s. 

MAURICE.— Lectures on Ecclesiastical History. 

8vo. cloth, 10s. 6d, 

MAURICE.— Theological Essays. 

Second Edition^ with a new Preface and other additions. Crown 8to. 
cloth, lOs. 6d. 

MAURICE.— The Doctrine of Sacrifice deduced from the 

Scriptures. With a Dedicatory Letter to the Young Men's Christian Associa- 
tion. Crown Svo. cloth, 7t. 6d. 

MAURICE.— The Religions of the World, and their Relations 

to Christianity. Third Edition. Fcap. 8to. cloth, 5*. 

MAURICE.— On the Lord's Prayer. 

Third Edition. Fcap. 8vo. cloth, 2s. 6d. 

MAURICE.— On the Sabbath Day: the Character of the 

Warrior; and on the Interpretation of History. Fcap. 8vo. cloth, 2s. Bd. 

MAURICE.— Learning and Working.— Six Lectures on the 

Foundation of Colleges for Working Men, delivered in Willis's Rooms, 
London, in June and July, 1854. Crown 8vo. cloth, 5s. 
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MAUBICE.— The Indian Crisis. Five Sermons. 

Crown 8V0. cloth, 2«. 6d. ' 

MAURICE.— Law's Remarks on the Fable of the Bees. 

Edited, iirith an Introduction of Eighty Pages, by FREDERICK DENISON 
MAURICE, M.A. Chaplain of Lincoln's Inn. Fcp. 8to. cloth, 4«. 64, 

MAURICE.—Miscellaneous Pamphlets:— 
I.— Eternal Life and Eternal Death. 

Crown 8vo. sewed, U. 6d. 

II.— Death and Life. A Sermon. i« i«emot(am «. ». m. 

8vo. sewed. Is. 

III.— Plan of a Female College for the Help of the Rich 

and of the Poor. 8vo. 6d, 

IV.— Administrative Reform. 

Crown 8vo. 3d. 

v.— The Word "Eternal," and the Punishment of the 

Wicked. Fifth Thonsand. 8to. U. 

VI.— The Name "Protestant: " and the English Bishopric 

at Jerusalem. Second Edition. 8vo. S«. 

VII.— Thoughts on the Oxford Election of 1847. 

8to. U. 

VIII.— The Case of Queen's College, London. 

8yo. U. 6d. 

IX.— The Worship of the Church a Witness for the 

Redemption of the World. 8to. sewed, U. 

MATOR.— Cambridge in the Seventeenth Century. 

2 vols. fcap. 8vo. cloth, 18«. 

Vol. I. Lives of Nicholas Ferrar. 

Vol. II. Autobiography of Matthew Robinson. 
By JOHN E. B. MAYOR, M.A. Fellow and Assistant Tutor of St. John's 
College, Cambridge. 
*»* The Autobiography of Matthew Robinson may be had separately, price 9«.(M. 

MAYOR.— Early Statutes of St. John's College, Cambridge. 

Now first edited with Notes. Royal 8yo. 1 Ss. 

*»• The First Part is now ready for delivery. 

MAXWELL.— The Stability of the Motion of Saturn's Rings. 

By J. C. MAXWELL, M.A. Professor of Natural Philosophy in the Uni- 
versity of Aberdeen. 4to. sewed, 6«. 

MOORE.— A New Proof of the Method of Algebra commonly 

called « Greatest Common Measure." By B. T. MOORE, B.A., Fellow of 
Pembroke College, Cambridge. Crown 8vo. 6d. 
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MORGAN.— A Collection of Mathematical Problems and 

Examples. Arranged in the Different Subjects progressively, with Answers 
to si\ the Questions. By H. A. MORGAN, M.A., Fellow of Jesus Col- 
lege. Crown 8to. cloth, 6«. 6d, 

MORSE.— Working for God, and other Practical Sermons. 

By FRANCIS MORSE, M.A. Incumbent of St. John's, Lsdywood, Bit- 
mingham. Second Edition. Fcap. 8vo. cloth, St, 

NAPIER.— Lord Bacon and Sir Walter Raleigh. 

Critical and Biographical Essays. By MACVEY NAPIER, late Editor 
of the Edinburgh Review and of the Bnepclopadia Britanniea. Post 8iro. 
cloth, 7g. ed. 

NORWAY AND SWEDEN.— A Long Vacation Ramble in 

1856. By X and Y. Crown 8to. cloth, 6«. 6d. 

OCCASIONAL PAPERS on UNIVERSITY and SCHOOL 

MATTERS ; containing an Account of all recent University Subjects and 
Changes. Three Parts are now ready, price U. each. 

PARKINSON.— A Treatise on Elementary Mechanics. 

For the Use of the Junior Classes at the University, and the Higher Classes in 
Schools. With a Collection of Examples. By S. PARKINSON, B.D. Fellow 
and Assistant Tutor of St. John's College, Cambridge. Crown 8vo. cloth. 9t. 6d, 

PARKINSON —A Treatise on Optics. 

Crown 8yo. cloth, 10<. 6d, 

PARMINTER.— Materials for a Grammar of the Modem 

English Language. Designed as a Text-book of Classical Grammar for the 
use of Training Colleges, and the Higher Classes of English Schools. By 
GEORGE HENRY PARMINTER, of Trinity College, Cambridge; Rector 
of the United Parishes of SS. John and George, Exeter. Fcap. 8to. cloth, 8«. 6d. 

PEROWNB.-" Al-Adjrmniieh." 

An Elementary Arabic Grammar. By J. J. S. PEROWNE, B.D. Lecturer 
in Divinity in King's College, London, and Examining Chaplain to the 
Lord Bishop of Norwich. 8vo. cloth, St. 

PHEAR.— Elementary Hydrostatics. 

By J. B. Phear, M.A. Fellow of Clare College, Cambridge. Second 
Edition. Accompanied by numerous Examples, with the Solutions. 
Crown 8vo. cloth. St. 6d. 

PHILOLOGY.- The Journal of Sacred and Classical Philology. 

Vols. I to IV. 8vo. cloth, 12*. 6d. each. 

PLAIN RULES ON REGISTRATION OP BIRTHS AND 

DEATHS. Crown 8vo. sewed, \d. ; 9d. per dozen ; Ss. per 100. 

PLATO.— The Republic of Plato. 

Translated into English, with Notes. By Two Fellows of Trinity College, 
Cambridge, (J. LI. Davies M.A., and D. J. Vaughan, M.A.) Second 
Edition. 8vo. cloth, lOf. 6d. 
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PBATEBS FOB WOBEINa MEN OF ALL BANKS: 

Earnestly designed for Family Devotion and Private Meditation and Prayer 
Fcap. 8vo. cloth, red leaves, 2«. 6^. Common Edition, U. 9d. 

PBINCIPLES of ETHICS according to the NEW TESTA- 

MENT. Crown 8vo. sewed, 2s, 

PROCTER.— A History of the Book of Common Prayer: with 

a Rationale of its Offices. By FRANCIS PROCTER, M.A., Vicar of Witton, 
Norfolk, and late Fellow of St. Catherine's College. Fourth Bdltton, 
revised and enlarged. Crown 8vo. cloth, lOs. 6d. 
*»* This forms part of the Series of Theological Manuals. 

PUCELE.— An Elementary Treatise on Conic Sections and 

Algebraic Geometry. With a numerous collection of Easy Examples pro- 
gressively arranged, especially designed for the use of Schools and Beginners. 
By G. HALE PUCKLE, M. A., Principal of Windermere College. Second 
Edition^ enlarged and improved. Crown 8vo. cloth, 7t. 6d. 

RAMSAT.—The Catechiser's Mannal; or, the Church Cate- 
chism illustrated and explained, for the use of Clergymen, Schoolmasters, 
and Teachers. By ARTHUR RAMSAY, M.A. of Trinity College, 
Cambridge. 18mo. cloth, S«.6i/. 

BEICHEL.— The Lord's Prayer and other Sermons. 

By C. P. REICHEL, B.D., Professor of Latin in the Queen's University ; 
Chaplain to his Excellency the Lord-Lieutenant of Ireland ; and late Don- 
nellan Lecturer in the University of Dublin. Crown 8vo. cloth, 7t. 6d. 

ROBINSON.— Missions urged upon the State, on Grounds 

both of Duty and Policy. By C. K. ROBINSON, M.A. Fellow and Assistant 
Tutor of St. Catherine's College. Fcap. 8vo. cloth, S<. 

ROWSELL.-THE ENGLISH UNIVERSITIES AND THE 

ENGLISH POOR. Sermons Preached before the University of Cambridge. 
By T. J. ROWSELL, M.A. Incumbent of St Peter's, Stepney. Fcap. 8vo. 
cloth limp, red leaves, 2$. 

RUTH AND HER FRIENDS. A Story for Girls. 

With a Frontispiece. Third Edition. Royal 16mo. extra cloth, gUtleaves, 5*. 

SALLUST.— Sallust for Schools. 

With EnglUh Notes. Second Edition. By CHARLES MERIVALE, 
B.D.; late Fellow and Tutor of St. John's College, Cambridge, 4cc., Author 
of the "History of Rome," &c. Fcap. 8vo. cloth, it. 6d. 
••The Jugurtha" a»d ••ThbCatilina" hat be had separately, price 2s.6d, 

EACH IN CLOTH. 

SANDARS.-BY THE SEA, AND OTHER POEMS. 

By EDMUND SANDARS, of Trinity HaU, Cambridge. Fcap. 8vo. 
cloth, 4$. 6d. 

SCOURING OP THE WHITE HORSE; or, The Long 

Vacation Ramble of a London Clerk. By the Author of •• Tom Brown's 
School Days." Illustrated by Dotlb. Bisbtli Thousand. Imp. 16m«. 
cloth, elegant, St. 6d. 
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SELWYN.-The Work of Christ in the World. 

Sennons preached before the University of Cambridge. By the Right Rev. 
GEORGE AUGUSTUS SELWYN, D.D. Bishop of New Zealand, formerly 
Fellow of St. John's College. Third Edition. Crown Sto. 2«. 

SELWYN.-A Verbal Analysis of the Holy Bible. 

Intended to facilitate the translation of the Holy Scriptures into Foreign 
Languages. Compiled for the use of the Melanesian Mission. Small folio, 
cloth, lis. 

SIMPSON.— An Epitome of the History of the Christian 

Church during the first Three Centuries and during the Reformation. With 
Examination Papers. By WILLIAM SIMPSON, M.A. Third Edition. 
Fcp. 8vo. cloth, 5s, 

SMITH.— City Poems. 

By ALEXANDER SMITH, Author of '< A Life Drama," and other Poems. 
Fcap. 8vo. cloth. 5s, 

SMITH.— Arithmetic and Algebra, in their Principles and 

Application: with numerous systematically arranged Examples, taken from 
the Cambridge Examination Papers. By BARNARD SMITH, M.A., Fellow 
of St. Peter's College, Cambridge. Seventli Edition. Crown 8vo. 
cloth, 105. 6d. 

SMITH.— Arithmetic for the use of Schools. 

New Edition. Crown Svo. cloth, is. 6d. 

SMITH.— A Key to the Arithmetic for Schools. 

Crown Svo. cloth, 8«. 6d. 

SNOWBALL.- The Elements of Plane and Spherical 

Trigonometry. By J. C. SNOWBALL, M.A. Fellow of St. John's College, 
Cambridge. Nintli Edition. Crown Svo. cloth, 7s. 6d, 

SNOWBALL.— Introduction to the Elements of Plane Trigo- 
nometry for the use of Schools. Second Edition. Svo. sewed, 5s, 

SNOWBALL.— The Cambridge Course of Elementary 

Mechanics and Hydrostatics. Adapted for the use of Colleges and Schools. 
With numerous Examples and Problems. Fonrtli Edition. Crown Svo. 
cloth, 5s, 

SWAINSON.— A Handbook to Butler's Analogy. 

By C. A. SWAINSON, M.A. Principal of the Theological College, and 
Prebendary of Chichester. Crown Svo. sewed, 2s. 

SWAINSON.— The Creeds of the Church in their Relations 

to Holy Scripture and the Conscience of the Christian. Svo. cloth, 9s. 

SWAINSON.-THE AUTHORITY OF THE NEW TESTA- 

MENT; The Conviction of Righteousness, and other Lectures, delivered 
before the University of Cambridge. Svo. cloth, \2s. 

TAIT and STEELE.— A Treatise on Dynamics, with nume- 
rous Examples. By P. G. TAIT, Fellow of St. Peter's College, Cambridge, 
and Professor of Mathematics in Queen's College, Belfast, and W. J.STEELE, 
late Fellow of St. Peter's College. Crown Svo. cloth, \0s, 6d. 

TAYLOR.— The Restoration of Belief. 

By ISAAC TAYLOR, Esq., Author of "The Natural History of Enthu- 
siasm." Crown Svo. cloth, Bs. 6d. 
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•THEOLOGICAL Manuals. 

CHURCH HISTORY: DURING THE MIDDLE AGES AND THE 

REFORMATION (A.d. 590—1600). By ARCHDEACON HARDWICK. 

With Four Maps, 2 vols. Crown 8vo, cloth, price 10«. 6d. each. 
THE COMMON PRAYER : ITS HISTORY AND RATIONALE. By 

FRANCIS PROCTER. Fourth Edition. Crown 8vo. cloth, 10«. 6d. 
HISTORY OP THE CANON OF THE NEW TESTAMENT. By 

B. F. WESTCOTT. Crown 8vo. cloth, 12«. 6d. 

*«* Others are in progress, and will be announced in due time. 

THRING.— A Construing Book. 

CompUed by the Rev. EDWARD THRING, M.A. Head Master of Up- 
pingham Grammar School) late Fellow of King's College, Cambridge. Fcap. 
8to. cloth, 2s. 6d. 

THRING.— The Elements of Grammar taught in English. 

Third Edition. 18mo. bound in cloth, 2«. 

THRING.— The Child's Grammar. 

Being- the substance of the above, with Examples for Practice. Adapted for 
Junior Classes. A NeiRT Edition. 18mo. limp cloth, 1«. 

THRING.— Sermons delivered at Uppingham School. 

Crown 8vo. cloth, 5«. 

THRING.- School Songs. 

A Collection of Songs for Schools. With the Music arranged for four Voices. 
Edited by EDWARD THRING, M.A., Head Master of Uppingham School, 
and H. RICCIUS. Small folio, 7t. ed. 

THRUFP.— Antient Jerusalem : a New Investigation into the 

History, Topography, and Plan of the City, Environs, and Temple. Designed 
principally to illustrate the records and prophecies of Scripture. With Map 
and Plans. By JOSEPH FRANCIS THRUPP, M.A. Vicar of Barrington, 
Cambridge, late Fellow of Trinity College. 8vo. cloth, 15s. 

THUGYDIDES, BOOK VI. With English Notes, and a Map. 

By PERCIVAL FROST, Jun. M.A. late Fellow of St. John's College, 
Cambridge. 8vo. 7*. 6d. * 

TODHUNTER.— A Treatise on the Differential Calculus. 

With numerous Examples. By I. TODHUNTER, M.A., Fellow and 
Assistant Tutor of St. John's College, Cambridge. Third Edition. 
Crown 8vo. cloth, lOs. 6d. 

TODHUNTER.— A Treatise on the Integral Calculus. 

With numerous Examples. Crown 8vo. cloth, lOs. 6d, 

TODHUNTER. — A Treatise on Analytical Statics, with 

numerous Examples. Second Edition. Crown 8 vo. cloth, \Os.€d. 

TODHUNTER.— A Treatise on Conic Sections, with 

numerous Examples. Second Edition. Crown 8vo. cloth, ]0<. 6d. 

TODHUNTER.— Algebra for the use of Colleges and Schools. 

Crown 8vo. cloth, 7s. 6d. Second Edition. 

TODHUNTER.— Plane Trigonometry for Colleges and 

Schools. Crown 8to. cloth, 5s. 

TODHUNTER.~A Treatise on Spherical Trigonometry for 

the Use of Colleges and Schools. Crown 8to. cloth, is. 6d. 
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TODHUNiTEB.— Examples of Analytical Geometry of Three 

Dimensions. Crown 8tq. cioth, is. 

TOM BROWN'S SCHOOL DATS. 

By AN OLD BOY. Seventli Edition. Fcap. 8vo. cloth, 5«. 

TRENCH.— Synonyms of the New Testament. 

By The Very Rev. RICHARD CHENEVIX TRENCH, D.D. Dean of West- 
minster. Fourth Edition. Fcap. 8to. cloth, 5s. 

TBENCH.— Hulsean Lectures for 1845—46. 

CoNXSMTs. 1.— The Fitness of Holy Scripture for unfolding the Spiritual Life 
of Man. 2.— Christ the Desire of all Nations ; or the Unconscious Pro- 
phecies of Heathendom. Fonrtli Edition. Foolscap 8 vo. cloth, 5<. 

TRENCH.— Sermons Preached before the University of Cam- 
bridge. Fcap. 8vo. cloth, 2<. 6d. 

VAUGHAN.— Notes for Lectures on Confirmation. With 

saitable Prayers. By C. J. VAUGHAN, D.D., Head Master of Harrow 
School. Third Edition. Limp cloth, red edges. Is. 6d. 

VAUGHAN.— St. Paul's Epistle to the Romans. 

The Greek Text, with English Notes. By C. J. VAUGHAN, D.D. 8vo. 
cloth, 7s. 6d. 

VAUGHAN.^MEMORLIOiS OP HARROW SUNDAYS. 

A Selection of Sermons preached in Harrow School Chapel. By C. J. 
VAUGHAN, D.D. With a View of the Interior of the Chapel. Crown 8vo. 
cloth, red leaves, 10<. 6d. 

VAUGHAN-— Sermons preached in St. John's Church, 

Leicester, during the years 1855 and 1856. By DAVID J. VAUGHAN, M.A. 
Fellow of Trinity College, Cambridge, and Incumbent of St. Mark's, White- 
chapel. Crown 8to. cloth, 5s. 6d. 

VAUGHAN.— Three Sermons on The Atonement. With a 

Preface. By D. J. Vaughan, M.A. Limp cloth, red edges. Is. 6d. 

WAGNER.— Memoir of the Rev. George Wagner, late of St. 

Stephen's, Brighton. By J. N. SIMPKINSON, M.A. Rector of Brington^ 
Northampton. Second Edition. Crown 8yo. cloth, 9s. 

WATSON AND ROUTH.-CAMBBIDGE SENATE HOUSE 

PROBLEMS AND RIDERS. For the Y«ur I860. With Solutions by H. 
W. WATSON, M.A. and E. J. Rt)UTH, M. A » Grown 8to. cloth, 7s. Cd. 

WESTCOTT.— History of the Canon of the New Testament 

during the First Four Centuries. By BItOOKE POSS WESTCOTT, M.A., 
Assistant Master of 'Harrow School; late Fellow of Trinity College, Cam- 
bridge. Crown 8to. cloth, i2<. 6d. 

*«,« This forms part of the Series of Theological Manuals. 

WESTCOTT. — Characteristics of the Gospel Miracles. 

Sermons preached before the UniYersity of Cambridge. Witli NotOB. By 
B. F. WESTCOTT, M.A., Author of "History of the New Testament 
Canon." Crown 8 vo. cloth, is. 6d. 

WHEWELL.-THE PLATONIC DIALOGUES FOB 

ENGLISH READERS. By W. WHEWELL, D D. Vol. I. Fcap. 8to. 
cloth, 7s. 6d. 
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WHITMORE.— Gilbert Marlowe and Other Poems. 

With a Preface by the Author of ** T(»n Brown's Schooldays." Fcap. Svo. 
cloth, 3«. 6d. 

WILSON.— The Five Gateways of Knowledge. 

By GEORGE WILSON, M.D., F.R.S.E., Regius Professor of Technology in 
the University of Edinburgh. Second Bdition, Fcap. 8to. cloth, 2s. 6d. 
or in Paper Covers, U. 

WILSON.— The Progress of the Telegraph. 

Fcap. 8vo. Is. 

WILSON.— A Treatise on Dynamics. 

By W. P. WILSON, M.A., Fellow of St. John's, Cambridge, and Professor of 
Mathematics in the University of Melbourne. 8vo. bds. 9t. 6d. 

WOLFE.-ONE HUNDRED AND FIFTY ORIGINAI. 

PSALM AND HYMN TUNES. For Four Voices. By ARTHUR 
WOLFE, M.A., Fellow and Tutor of Clare College, Cambridge. Oblong 
royal Svo. extra cloth, gilt leaves, lOs. 6d. 

WORSHIP OF GOD AND FELLOWSHIP AMONG MEN. 

A Series of Sermons on Public Worship. Fcap. Svo. cloth, St. 6d, 

By F. D. MAraicE, M.A. T. J. Rowsell, M.A. J. Ll. Datiss, M.A. 

and D. J. Vaughan, M.A. 

WRIGHT.— The Iliad of Homer. 

Translated into English Verse by J. C. WRIGHT, M.A. Translator of Dante. 
Crown Svo. Books l.—Yl.i*. 

WRIGHT.— Hellenica; or, a History of Greece in Greek, 

as related by Diodorus and Thucydides, being a First Greek Reading 
Book, with Explanatory Notes, Critical and Historical. By J. WRIGHT, 
M.A., of Trinity College, Cambridge, and Head-Master of Sutton Coldfield 
Grammar School. Second Edition, with a Vocabulakt. 12mo. 
cloth, 3«. 6d. 

WRIGHT.— David, King of Israel, 

Readings for the Young. With Six Illustrations after SCHNORR. Rqyal 
16mo. extra cloth, gilt leaves, 5*. 

WRIGHT.— A Help to Latin Grammar; 

or, the Form and Use of Words in Latin. With Progressive Exercises. 
Crown Svo. cloth, 4«. 6d, 

WRIGHT.— The Seven Kings of Rome: 

An easy Narrative, abridged Arom the First Book of Livy by the omission of 
difficult passages, being a First Latin Reading Book, with Grammatical 
Notes. Fcap. Svo. cloth, S«. 

WRIGHT.— A Vocabulary and Exercises on the " Seven 

Kings of Rome." Fcap. Svo. cloth, 2». 6d. 
•»* The Vocabulary and Exercises may also be had bound up with "The Seven 
Kings of Rome." Price 5«. cloth. 

ONE SHILLING, MONTHLY. 

MACMILLAN'S MAGAZINE. 

EDITED BY DAVID MASSON. 
Volume I. is now ready, handsomely bound in cloth, price 7», 6d. 
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